As mentioned earlier, the existence of entropy leads
to surprising relations between quantities that at first
sight look unrelated since they are measured with very

different means and do not involve entropy directly.

Examples:
5 2
M Ysound _ C_P, d_P — Ah ’ im K(T) = (AH) ,
RT Cy dl' TAv dT RT?

We shall now discuss these examples. For the last
two we shall introduce and make use of the important

concepts of free energy and chemical potentials.
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(. VELOCITY OF SOUND

From fluid dynamics it is known that the velocity of

5 oP
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where

IS the mass density.



By the formula for the entropy of an ideal gas we have

at constant entropy

const. = TC¢v . yni

which, with PV = nRT', gives

PV = const.

where
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The numerator, Cy +nR, of v is nothing but the the

heat capacity, Cp, at constant pressure:
or=7(57),, =7 |(5r), + (5v) (57),| = v4nr
ol ) p ol )v oV )T \oT ) p

We can thus also write the formula as
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8. THERMODYMIC POTENTIALS

We have seen that the entropy S as a function of its
natural variables (U,V) is a thermodynamic poten-
tial, i.e., it yields the caloric and thermal equations
of state upon differentiation. In practice, it is often
more convenient to use other variables than (U,V), in
particular (T,V) or (T, P).

Define the (Helmholz) Free Energy as

F=U-TS



For a simple system have
dFf = dU —TdS — SdT =TdS — PdV —TdS — SdT,

|.e
dF = —SdT — PdV

which means that

S=—<8—F> and P:_<8_F> .
0T ) v oV )T



The latter is the thermal equation of state. The

caloric equation is given by

U(T.V) = F(T.V) + T (gl;)v.

Like U, S and V the free energy is extensive, i.e., if

we include the mole number n as variable,
F(T,V,n) =nf(T,v)

with

f=F/n and v=1V/n.



It is also additive, for composed systems, provided
all subsystems have the same temperature,

F(T,V]_,...,VK,TL]_,...,TLK) :ZFZ(Ta‘/:ng)
1

Consider now a system together with a thermal reser-
voir at temperature 7. In any process within this
closed, combined system we have, by the second law,

AS + ASres > 0.

Moreover, ASres — AUres/T, and AUyes = —AU (by
the First Law). Hence AS — AU/T > 0.



This can also be written

AF <O0.

We conclude that under the stated conditions the
free energy can only decrease, so the free energy is
at minimum in equilibrium at fixed temperature.

Another important thermodynamic potential is the
Gibbs Free Energy

G=F+PV=U-TS5+ PV.



The fundamental equation in terms of G is
dG = —SdT + VdP

|.e.
oG oG

s==(o7), 2 V=1{5p),

The natural variables of G are thus (T, P). For simple

systems G is extensive:

G(T,P,n) =ng(T,P).



For compound systems G is additive, provided all sub-
systems have the same temperature and pressure:

G(T,P,ny,...,ng) =3 nigi(T, P).
1

Consider now a system together with a thermal reser-

voir at temperature T and a work reservoir (weight)
maintaining a pressure P. In any process in this closed
compound system the we have, by the first and second
laws

AU + AUres + AUpeight =0,  AS + ASres > 0.
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With
AUres —AU — PAV

weight res T T

we obtain
AG < 0.

We conclude that under the stated conditions the
Gibbs free energy can only decrease, so the Gibbs
free energy is at minimum in equilibrium at fixed

temperature and pressure.
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9. THE CLAUSIUS-CLAPEYRON EQUATION

We can apply the minimum principle for the Gibbs
free energy to state the condition for two phases of
a substance, e.g. liquid and gas, to be in equilibrium

with each other.

Let g1(7T, P) and g>(T, P) be the molar Gibbs free en-

ergies for the two phases.
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The Gibbs free energy of one mole of the substance,

divided in a ratio = to (1-x) between the phases, is

ZUg]_(T, P) + (1 — CC)QQ(Ta P)

In equilibrium this must be minimal with respect to

variations of x, so the equilibrium condition is

gl(T7 P) — gQ(Tv P)

This determines the pressure P = P(71) at the coex-

iIstence curve in a (T, P) diagram.
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Differentiating w.r.t. T' gives

= 01(T, P(T)) = go(T, P(T))

dT’
which, because (9g/0T) = —s and (9g/0P) = —uv,
gives
dP(T) As
dT" Avw

with As = s1 — s9, Av = v;, the s; and v; being
respectively the molar entropies and volumina of the

two phases.
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Usually one employs that As = £ where Ah is the
latent heat of the phase transition. This is the same

as hq — ho with
h=u-+ Pv

being the molar enthalpy.

Then the Clausius -Clapeyron equation takes the

form
dP(T)  Ah
dIT  TAv
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10. CHEMICAL POTENTIALS

A mixture of different substances is not a compound
systems in the sense of the earlier definition, and its

Gibbs free energy
G(T,P;n1,...,nK)

may depend nontrivially on all the mole numbers n;.

The equilibrium condition for two mixtures to be in
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equilibrium w.r.t. exchange of one of the substances,

say ¢, Is that
G(l)(T, P; ngl), . ,n%l)) + G(z)(T, P; ngz), . ,n%))

IS at minimum with respect to a variations of n§1> and
n$? with n{ 4 n(?) fixed.

7

T his means that

NONNC



where

| (6G>
i = | ——
i) prm;ss

IS the chemical potential of substance 7 in the mix-
ture.

For a single substance G(7T,P.,n) = ng(T,P) so in
that case the chemical potential is nothing but the
molar Gibbs free energy and the equilibrium condition
IS the same as the one derived before.



For an ideal gas it follows from the formula for en-
tropy and the equation of state that

P
= RTIn— + ¢°(T)
o

while for a mixture of ideal gases it can be argued
that

P.
pi = RTIn—" + g2 (T)
Po
with

T
P, = P
Ntot
the partial pressure of substance .
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The equation for a chemical reaction can always be

written as

O =v1A1 + - + Vg1 Ap4y

where the A are the chemical substances involved

J
and the v; € 7Z the stoichiometrical coefficients.

J
The minimum principle for the Gibbs free energy im-
plies the equilibrium condition

Z I/j,uj — O
J
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For a reaction in a mixture of ideal gases this leads
immediately to the Law of Mass Action:
- l—ll_—[k (E)vz
i=1 \£0
iIs a function of 7' alone, independent of the total
pressure and the mole numbers, namely

AGY(D)
KP(T) ) RT

with
AGO(T) = > v;g3(T).
J
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We can also derive the van't Hoff equation:

Because (g—%)P — _ S we have diTAGO = _ASY. and
d A HO
— N Kp(T) =
o " EP(T) RT?2

where ASO is the entropy change in the reaction and
AHY = AGY + T ASO the heat of reaction.
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STATISTICAL MECHANICS

Statistical mechanics provides recipies for computing
thermodynamic potentials from assumptions about the
microscopic properties of the system.

In classical statistical mechanics the formula for the
entropy of N particles in a volume V with total energy
U is

S=kIn2

21






where
(2 = volume of phase space with energy < U
For indistinguishable particles the phase space volume

should be divided by NI

This method is said to be that of the micro-canonical

ensemble.
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Example: Ideal 3D monoatomic gas, hamiltonian

With Stirlings formula this gives for large N
Q= (const.)N(V/N)N(U/N)3N/2
and hence

3 U V4
S(U.V.N) =Nk |—In— <4+ In— <4+ const.|.
(U.V.N) ~In—+n— +
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The canonical ensemble gives a formula for the free

energy:. Define the canonical partition function as

7z = [ exp(~H(p,q)/kT)dpdq

(divided by N! for indistinguishable particles).

Then the free energy is given by

F=-kKTInZ
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For the ideal gas
Z = (N)"1z{¥
with

71 = V/R3 exp(—p2/2ka)d3p — (const.)(ka)3/2.

This gives the same formula for the entropy as before
in the thermodynamic limit N — oo, V — oo, N/V

fixed.
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ENTROPY FOR NON-EQUILIBRIUM STATES

General remarks:

e [ here exist many variants of non-equilibrium ther-
modynamics: Classical Irreversible Thermodynam-
ics, Extended Irreversible Thermodynamics, ...

e [ he role of Entropy is less prominent than in equi-
librium thermodynamics.
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Consider a system with a space [ of equilibrium
states that is a subset of some larger space I of non-

equilibrium states.

We assume that a relation < is defined on I such
that its restriction to [ is characterized by an entropy

function S as discussed previously.

Basic question: What are the possible extensions

of S to I that are monotone w.r.t. <7
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Assumption for the nonequilibriums states

N1l. The relation < on I satisfies the assumptions Al
(Reflexivity), A2 (Transitivity), A3 (Consistency)
and A6 (Stability) (but A4 (Scaling) and A5 (Split-

ting) are only required on IN).

N2. For every X € [ there are X' X" € I such that
X' <X < X"
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Definition of non-equilibrium entropies

For X €T define

S_(X) :
S_|_(X) :

sup{S(X") : X' err, X' < Xx}
inf {S(X"): X"er,x<x"

Thus S_ measures how large the entropy can be of
an equilibrium state out of which X is created by an
adiabatic process, and 5S4 measures how small the
entropy of an equilibrium state can be into which X

equilibrates by an adiabatic process.
29
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Remark. T he stability assumption implies that the sup

and inf are attained at some states X/, X" e T.

PROPOSITION
(1) Both S_ and Sy are monotone with respect to <.

(2) Any other function S on [ that has this property

and coincides with S on I lies between S_ and S+.

(3) If S4(X) < S_(Y) then X <Y.
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Proof. (1) If X <Y, then X’ < X <Y <Y", so by
transitivity X’ <Y and X < Y". By the definition of
S+ this implies

S (X)=5S(X")<S_(Y) and S4(X)<S(Y)=5.(Y).

(2) Let S be another monotone function w.r.t. < co-

inciding with S on I'. Then

S_(X)=5(X") =58(X") <5(X)
< S(X") =85(X") = S5.(X).
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(3) If If S4(X) < S_(Y) then X" < Y’ and thus
X < X" <Y<Y, which implies X <Y by transitivity.
[]

Two further properties of S+ have only slightly more

complicated proofs:

(4) Under composition, S_ is superadditive and Sy

subadditive.
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(5) The available energy (exergy) of a state X € I

satisfies
(U—=Up)—To(S+—50) < P(X) < (U—-Up)—Tp(S-—50).

Proof of (5): Let Xg € ' be the ““dead” final state
with temperature Ty, energy Uy and entropy Sg. Con-
sider the process X — X" — Xg. The work obtained
in the step X — X" is U — U". In the step X" — X
the maximum work (by the previous reasonings for
equilibrium states in M) is (U" — Up) — T (S(X") — Sp).
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Altogether, using that S(X") =S4, we have

S(X)>U-U"4+ (U" - Upy) — To(S+ — So)
= (U — Up) — To(S+ — So).

An analogous reasoning applied to X’ —+ X — X gives
Px (X)) =U"—Uy—To(5- —8p) >U"—U + ®x,(X)
and hence

b x,(X) < (U —-Up) —To(S- — Sp).
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THEOREM (Role of comparability). The follow-

ing are equivalent:
(i) S_(X)=S54(X) forall X eT.

(ii) There exists a unique S extending S such that
X <Y implies S(X) < S(Y).

(iii) There exists a (necessarily unique!) S extending
S such that S(X) < S(Y) implies X < Y.
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(iv) Every X € [ is comparable with everyY €T, i.e.,
the Comparison Property holds on .

(v) Every X € [ is comparable with every Z € I".

(vi) Every X € [ is adiabatically equivalent to some
zZ el.

Proof. That (i) is equivalent to (ii) follows from the
statements (1) and (2) of the Proposition. Moreover,
(ii) implies (iii) by (3).
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(v) — (ii): If S(X') = S_(X) < 54 (X) = S5(X") there
exists a Z € I with S(X') < S(Z) < S(X'). If (v)
holds, then either Z < X or X < Z. The first pos-
sibility contradicts the definition of S_ and the latter
definition of S;. Hence S_ = Sy, so (v) implies (ii).

It is clear that (vi) — (v) because CP holds on I.
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Finally, (ii) — (vi): Since X' X" €I, and S(X') =
S(X) (by (ii)), we know that X’ ~ X", because the
entropy S characterizes the relation < on [ by as-
sumption. Now X’ < X < X", so X A X' R X" O]

We now address the question whether one of the
equivalent conditions of the Theorem, in particular
(vi), which demands that every non-equilibrium state
under consideration is adiabatically equivalent to an
equilibrium state, can be proved to hold in concrete

situations.
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Stated in other words, the condition requires the op-
erating physicist to bring a non-equilibrium state so
"gently” to equilibrium that the non-equilbrium state
can again be completely restored by an adiabatic op-

eration. Certainly a difficult task!

To discuss this question it is instructive to consider
a very simple “toy model” that captures some salient

features of the problem.

39



A TOY MODEL

T he system consists of two identical silver coins glued
together by a thin layer of finite heat conductivity.
The state of the system as uniquely specified by the
temperatures 77 and 15 of the two coins. Mathemati-
cally, the state space I of this system is thus Ri with
coordinates (77,7») and the equilibrium state space I

Is the diagonal, T7 = T5.
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Assume to begin with that the relation < is defined

by the following ‘restricted’ adiabatic operations:

e Rubbing each of the coins.

e Heat conduction through the connecting layer.

41



Ax

X/l

Jakob Yngvason (Uni Vienna) Entropy 28/34



The ‘forward sector’ Ay = {YV : X < Y} of X =
(T1,7») then consists of all points that can be ob-
tained by rubbing, starting from any point on the line

segment between (747,75) and the equilibrium point
(G(T1 + T2), 5(T1 + T)).

As equilibrium entropy on the diagonal I' we take

S(T,T) =logT.
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The points X’ and X’ are

X' = (min{Ty,T5}, min{Ty,15})
X"=G(T1 + T2), 5(T1 + T2))

and hence

S_(Ty,T5) = min{logT7,log T}
S1(T1,T5) = log(5(T1 + T)).

It is clear that CP does not hold for this relation.
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Extending the relation to another relation by allow-
ing separation of the pieces and reversible thermal

equilibration restores CP and leads to the unique

entropy

S(T1,T2) = 5(log T1 + log T5)

T his corresponds to the framework of Classical Ir-
reversible Thermodynamics (CIT) where the global

state is determined by local equilibrium variables.
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When heat conduction does not obey Fourier's law,
but rather a hyperbolic equation as in Cattaneo’s
law, however, it is necessary to introduce the heat
fluxes as a new independent variables and apply EX-

tended Irreversible Thermodynamics (EIT).

An entropy depending explicitly on the fluxes can be
iIntroduced and this entropy behaves in some respects
better than the CIT entropy that is not monotone

under heat conduction.
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186 7 Extended Irreversible Thermodynamics

Classical Theory
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Fig. 7.2 The evolution of the classical entropy Scir during the equilibration of an
isolated system when use is made of Cattaneo’s equation is given by the dashed curve.

The evolution of the extended entropy Sgjr, obtained from (7.2.15), is represented
by the solid curve, which, in contrast with that of Scyt, increases monotonically



The numerical equality of the extended entropy with
the entropy of some equilibrium state does, however,
not imply that the state with a flux and the equilib-

rium state are adiabatically equivalent.

We conclude that it is highly inplausibe that the CP
property and the corresponding existence of a unique

entropy holds in general.
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SUMMARY

In these lectures we have

1. Defined and discussed the properties of entropy
for equilibrium states, based entirely on the relation

of adiabatic accessibility.

2. Described some important and nontrivial applica-
tions of entropy, introducing concepts like free en-

ergy and chemical potentials on the way.
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3. Briefly sketched connections to equilibrium sta-

tistical mechanics.

4. Disussed the possibilities for defining an entropy
for non-equilibrium states with the conclusion that
a unique entropy can not be expected to exist for such

states in general.
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