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Abstract. The property that a Jacobi matrix is reflectionless is usually characterized either in terms of Weyl m-
functions or the vanishing of the real part of the boundary values of the diagonal matrix elements of the resolvent. We
introduce a characterization in terms of stationary scattering theory (the vanishing of the reflection coefficients) and
prove that this characterization is equivalent to the usual ones. We also show that the new characterization is equivalent
to the notion of being dynamically reflectionless, thus providing a short proof of an important result of [ ]. The
motivation for the new characterization comes from recent studies of the non-equilibrium statistical mechanics of the
electronic black box model and we elaborate on this connection.

1 Introduction

The purpose of this paper is two fold. First, we wish to advertise a certain point of view regarding full-line
Jacobi matrices that appears absent from the literature. Secondly, we shall use this point of view to give a
new characterization of reflectionless Jacobi matrices.

The point of view we wish to describe has its origin in recent studies of the non-equilibrium statistical
mechanics of the electronic black box model. We will need here only the simplest variant of this model.
The simple electronic black box (SEBB) model describes a quantum dot S coupled to two electronic
reservoirs R, that we will colloquially call ‘left” and ‘right” The system S is described by the Hilbert
space C and energy w € R. The reservoir R;/, is described by a pair (bl/r, hl/r), where )/, is a single
fermion Hilbert space and A/, is a single fermion Hamiltonian. We set

h=h dCah,, ho=h @w® h,.

The fermionic second quantization of the pair (, i) describes the uncoupled SEBB model R; + S + R...
The junctions coupling S to the reservoirs are specified by a choice of unit vectors x;/, € b/, and real
numbers )\; /, describing the strength of the coupling. The corresponding tunnelling Hamiltonian is

hr = hr; + hrs, hrase = Mye (1D Oayel + Ixaye) (1) -
Finally, the coupled EBB model is obtained by the fermionic second quantization of the pair (b, h) where
h=ho+ hr.

In the literature, the Hamiltionian £ is also known as the Friedrichs model or Wigner-Weisskopf atom.



In the study of the SEBB model it is no loss of generality to assume that x;,. is a cyclic vector for ;..
We shall further assume that the operators %y, are bounded. The SEBB model is called non-trivial if the
spectral measure v/, for ;.. and X, is not supported on a finite set.

The relevant transport phenomena in the SEBB model are linked to the choice of the initial state. Suppose
that initially the reservoir R;,. is in equilibrium at inverse temperature 3/, and chemical potential 1, /..
If either 5; # (B, or u; # p, then, in the large time limit, the resulting temperature/chemical potential
differential induces a non-trivial steady state energy/charge flux between the left and the right reservoirs.
The Landauer-Biittiker formalism relates the transport theory of the SEBB model (the values of the steady
state energy and charge fluxes, full counting statistics of the energy and charge fluxes, etc.) to the scattering
theory of the pair (h, hg). For example, the steady state energy/charge flux is given by the Landauer-
Biittiker formula that involves only the initial energy densities of the reservoirs and the scattering matrix
of the pair (h, hg). The same is true for the Levitov-Lesovik formulas for the large deviation functionals
associated to the full counting statistics of energy/charge flux. We refer the reader to the lecture notes
[ , ] for additional information and references to the vast literature on these subjects.

Consider now a full-line Jacobi matrix .J acting on H = ¢?(Z) by
(Ju)k = agup1 + ag—1ug—1 + bruy, (1.1)

where {ay, }rez and {by }rez are bounded sequences of real numbers and aj, # 0 for every k. To such a
matrix one associates a SEBB model as follows. For fixed n € Z, let

MY = C((~con— 1)), HY = E(fn+1,00))

Let J,(J) and Jy(f) be the half-line Jacobi matrices with Dirichlet boundary conditions obtained by restricting
J to Hg) and HELT), respectively. Setting b/, = Hﬁf/”, hiyr = J,(Ll/r), W =bp, Xi = On—1> Xr = Ont1,
Al = Qp_1, Ay = ap, and

Jo =IO + I+ 0,0,)(6,], (1.2)

one arrives at the SEBB model with
ho = Jo, h=J

Thus, a Jacobi matrix naturally induces a non-trivial SEBB model. In turn, a well-known orthogonal
polynomial construction (see Theorem 1.2.4 in [Si]) implies that every non-trivial SEBB model is unitarily
equivalent to a Jacobi matrix SEBB model. This leads to the identification of the class of SEBB models
with the class of Jacobi matrices.

This note is a first step in the exploration of this connection. We shall focus on the following point.
Although the study of the scattering theory of the pair (h, hg) is completely natural from the point of
view of non-equilibrium statistical mechanics, the study of the scattering theory of the corresponding pair
of Jacobi matrices (J, Jp) is, to the best of our knowledge, virtually absent in the literature on Jacobi
matrices. We shall exploit this connection to determine when a Jacobi matrix is reflectionless, a property
which has attracted considerable attention in the recent literature on Jacobi matrices (see Chapter 8 in [Te]
and Chapter 7 in [Si]). Motivated by recent studies of the SEBB model (and in particular by [J1.P]) we shall
propose a definition of reflectionless based on the scattering matrix of the pair (J, Jy) that is, in our opinion,
physically and mathematically natural. We show that this definition is equivalent to the standard definitions
appearing in the literature and also to the dynamical definition introduced in [ ]. A consequence is a
short, transparent proof of the main result of [ ] which has settled a 25 year old conjecture raised in

[DeSi].

The paper is organized as follows. In Section 2 we recall the standard definitions of reflectionless Jacobi
matrices and the result of [ ]. In Section 3 we introduce stationary reflectionless Jacobi matrices and
state our main result. Its proof is given in Section 4. The concepts introduced in this paper go beyond
reflectionless and shed light on the notions of the dynamical reflection probability of [ ] and the spec-
tral reflection probability of [ , , GS] by identifying them with the scattering matrix reflection
probability. This point is discussed in Section 5.

Finally, we remark that, as in [ ], our results can be extended to Schrodinger operators on the real
line and CMV matrices. The extension to Schrodinger operators is somewhat technical due to the lack of



convenient references to the stationary scattering theory of singular perturbations (induced by imposing
boundary conditions). The details can be found in [Z]. The extension to CMV matrices can be found in

[CLP].
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2 Three notions of reflectionless

The Green’s function of the Jacobi matrix (1.1) is defined for z € C\R by
Gnm(z) = <5n7 (J - 2)716m>-
By general principles (see [J] or any book on harmonic analysis) the boundary values

Grm (A £10) = hg)l«sn, (J = AFie) 1om) (2.3)

exist, are finite and non-vanishing for Lebesgue a.e. A € R.

The Weyl m-functions are defined for z € C\R by
mg)(z) = (On—1, (Jff) - 2)715H—1>7 mS’LT)(Z) = (On+1, (JT(LT) - 2)715n+1>-

The boundary values mg /r) (A £10) are defined analogously to (2.3), and are also finite and non-vanishing

for Lebesgue a.e. A € R.

We recall the terminology of [ ]. Let ¢ C R be a Borel set. A Jacobi matrix is called measure theoreti-
cally reflectionless on e if

Re [Grn (A +10)] =0 (2.4)

for Lebesgue a.e. A € ¢ and every n. A Jacobi matrix is called spectrally reflectionless on e if
a2mD (A +i0)m (A —i0) =1 (2.5)

for Lebesgue a.e. A € ¢ and every n.

From the first of the two formulas

1 1
a2mi(z) —my, ()71 a2ymi (z) —m (2)

n—

one derives that if (2.5) holds for A and n, then (2.4) holds for the same A and n. The following is the
well-known converse (see [ , SY, Te] and Theorem 7.4.1 in [Si]).

Theorem 2.1 For Lebesgue a.e. A € R, the following are equivalent.
(1) Re [Gpn(A+10)] = 0 for all n.
(2) Re[Gnn(A+10)] = 0 for three consecutive n’s.

3) (2.5) holds for one n.
(4) (2.5) holds for every n.

An immediate and well-known consequence is



Corollary 2.2 J is measure theoretically reflectionless on ¢ iff it is spectrally reflectionless on e.

Based on the ideas of Davies and Simon [ ], Breuer, Ryckman and Simon introduced in [ ] the
notion of being dynamically reflectionless. We first recall the setup of [ ] adapted to the Jacobi matrix

case. For each n € Z, let y'V) be the characteristic function of (—oo,n — 1] and ) of [n+1,00). Set

e = {io € Hucl) | oratln, i e gl o}

The elements of 'Hli are the states that are concentrated on the left in the distant future/past { — F-oo. The

sets Hri are defined with ng ) replacing X%T). The sets 'Hf/r are related to Hf/r by time-reversal, i.e.,

i, = {zleery,}. @.7)

In what follows H,.(A) denotes the absolutely continuous subspace for self-adjoint A and P,.(A) the
projection onto this subspace. The result of Davies and Simon [ ]is:

Theorem 2.3
Hao(J) =H @ HI =H @ H, . (2.8)

Remark. In [ ] this theorem was proven in the context of Schrodinger operators on the real line. In the
discrete setting considered here the argument is considerably simpler. For completeness and later reference,
we sketch the proof.

Proof. By (2.7) it suffices to prove that Hac(J) = H;” & H; . Since s — limei*/Ce™*/ P, (J) = 0 for

t—o0

any compact C, we have that for any n
Hl-;r = {30 € Hac(J) | tlirgo ||X§f/l)e_it']s0|| = 0} = {‘P € Hac(J) | tlggo eitJXg/r)e_itJW = ‘P} .

Since the commutators [ng / T), J| are finite rank, trace-class scattering theory implies that the limits

P+ =< —lim eit,]x(l/r)efitJPac(J)

l/r — n

isJ

exist, and are furthermore independent of n. From the fact that ¢'*” commutes with PIJ/FT, we obtain that

Poc(J) commutes with P, and so

*

[PJT]* = |s — lim e Py (J)XW/") P (J)e ™1t/

t—o0o

=s = lime™ Poc ()X} Pac(J)e ™" = P}

oo 1/
and
[PJTP _ S;loiom eitJX((Jl/T)e—itJPac(J)eitJXél/T)e—itJPaC(J)
s iy U6 P () = B
Hence, Pf/rr are the orthogonal projections onto ’H;;T. The statement now follows from the identity
Puc(J) = eitJXg)e—itJPac(J> + eitJX;r)e—itJPaC(J) + el [8, ) (Gnle 71 Po ().
O

In what follows P, (A) denotes the spectral projection of a self-adjoint operator A onto a Borel set ¢ and
|S| the Lebesgue measure of a set S. In [ ] the following notion was introduced.



Definition 2.4 A Jacobi matrix is called dynamically reflectionless on ¢ if for any Borel set ¢ C ¢,
Pe,(J)Pac(J) =0 = [e1| =0, 2.9)

and
Pe()[H]] = Pe(J)[H,].

The result of [ ]is
Theorem 2.5 J is dynamically reflectionless on ¢ iff it is spectrally reflectionless on e.

Remark. Theorem 2.5 verifies the conjecture of Deift and Simon [ ] that the a.c. spectrum of ergodic
Jacobi matrices is dynamically reflectionless.

3 The notion of stationary reflectionless

Recall that Jj is given by (1.2). It follows from trace-class scattering theory that the wave operators

we =s — lime'"e 0P, ()
t—too
exist and are complete (here, completeness means that Ran wy = H,.(J)). Note that wy depends on n
(whenever this dependence is clear within the context, we shall not indicate it explicitly). By the spectral
theorem we may identify H,.(Jy) with

Hac(Jo) = Hae(J) ® Hae(J) = L2(R, vy ac) ® L2 (R, vy ac)
where v/, ,. is the a.c. part of the spectral measure for Jél/ " and On—1/0n+1. We recall the well-known

formula
dl/l/r,ac

dA

(apedagogical proof can be found in [J]). It follows from stationary scattering theory [Y] that the scattering
matrix

(A) = %Im [m{/7) (A +10)]

I
S=w w-

acts as multiplication by a unitary 2 X 2 matrix

on Hac(Jo) where

$76(N) = 654 + 250 Gn (A + 10) /T [ (A + 10)]1m [P (A + 10)], (3.10)
j,k € {l,r}, ay = an—1 and a, = a,. In the current setting, the above formula can be also easily

verified by a direct computation which we sketch in the appendix (see [L.a] for more details). Note that
Slr(/\) = Srl()\)~

Motivated by the non-equilibrium statistical mechanics of the SEBB model (and in particular by the work
[JL.P]) we introduce

Definition 3.1 A Jacobi matrix J is called stationary reflectionless on a Borel set ¢ if for one n the scat-
tering matrix s(\) is off-diagonal for Lebesgue a.e. A € e.

Remark. In other words, J is stationary reflectionless on e if, for one n, |s;-(A)| = 1 for Lebesgue a.e.
A € e, or equivalently, s;;(A) = s,-(A) = 0 for Lebesgue a.e. X € e.

Formulas (2.6), (3.10), and Theorem 2.1 immediately give:



Proposition 3.2 J is spectrally reflectionless on ¢ iff J is stationary reflectionless on e.

Remark. In particular, this proposition implies that if the scattering matrix s()\) is off-diagonal for
Lebesgue a.e. A € ¢ and some n, then it is so for all n.

We shall prove
Theorem 3.3 J is dynamically reflectionless on ¢ iff it is stationary reflectionless on e.

This result combined with Proposition 3.2 implies Theorem 2.5.

The proof of Proposition 3.2 is very simple. As we shall see, the proof of Theorem 3.3 is also simple due
to the direct connection with scattering theory. The notion of stationary reflectionless naturally links the
notions of spectral and dynamical reflectionless and is likely to play a role in future developments.

4 Proof of Theorem 3.3

Let

dVl r,ac
Zl/r,ac = {A ’ d/)\ (A) > 0} ) &= El,ac ) E7",1:»(:-

The set £ is an essential support of the a.c. spectrum of Jy. From unitarity and symmetry of the scattering
matrix, we see that for Lebesgue a.e. A,

8”()\) =0 < Srr()\) =0.

Note also that if .J is stationary reflectionless on e, then |e\(2; ac N X ac)| = 0, and in particular [e\E| = 0.
These two observations yield an equivalent formulation of stationary reflectionless that is more suitable for
comparison with being dynamically reflectionless:

Lemma 4.1 J is stationary reflectionless on ¢ iff |e\E| = 0 and, for some n,

si(A) = 0 for Lebesgue a.e. A € e N3y ac,  Spr(A) = 0 for Lebesgue a.e. A € e N Ey 5c.

Since J — Jj is finite rank, £ is an essential support of the a.c. spectrum of .J, and so the condition (2.9) in
the definition of dynamical reflectionless can be replaced by the equivalent condition

le\&| = 0. (4.11)

The key observation is that the projections Plj/ET on the subspaces H?;T (recall the proof of Theorem 2.3)
satisfy

sz/tr = S;:ilgl eit o= itJoy Un)gitdog=itT p (]} =y y /Mt 4.12)
Above, we have used the fact that J, commutes with ng /r) and that Ranw?} = Hac(Jo). Note that the

Plj/tr commute with J and its spectral projections. For ¢, € H,

(0, Pe()PP P o) = (p, Po(J) P Pe(J) P ) = (w Pe( ), X Pwiw_xPw? Pe(J))
= (w o, Po(Jo)x!V sx Y P (Jo)w™ ), (4.13)

where the last line follows by the intertwining property of the wave operators. We write

wj—@ = &l()‘) S2) QZT()‘) S LZ(Ra dVl,aC) S LQ(Ra dVr,ac)a



and the same for w* 1. With this notation, the last line of (4.13) becomes

/ FN) sV v e (V).

4

Since Ran w? = Hac(Jo), we conclude

P.(J)P*P” =0 <= s;(\) =0 for Lebesgue a.e. A € e MY 4.
A similar computation yields

PR(J)PZ_PZ'|r =0 <= 5;(A) =0 for Lebesgue a.e. A € e N3 4,

and two similar statements where Pli is replaced by P and s;; by s,... This, together with Lemma 4.1
and (4.11), yields the theorem.

5 Remarks

The arguments used in the proof of Theorem 3.3 go beyond reflectionless and shed light on the notions of
dynamical and spectral reflection probability.

Dynamical reflection probability. In [ ] (see also [ ]) Davies and Simon introduced the concept
of dynamical reflection probability (also called reflection modulus) as follows. Recall that the projections
Plj/tr satisfy (4.12). J commutes with Pﬁ' P Pl+ and, since J [ Ran PlJr has simple spectrum, there exists

a Borel function R;" on sp(J | Ran P;) such that
PP P =R (J) | Ran P

Rl"' is unique (up to sets of Lebesgue measure zero) and satisfies 0 < R+( ) < 1. One extends R+ to R
by setting ;" () = 1 for A € sp(J | Ran P;*) and defines R;, R;" analogously. The functions R
discused in Section 4 of [ ]in the Schrodinger case (their proofs easily extend to the Jacobi case) In
this context, the main observation of this note is that the formula (4.12) implies the identity

Ry, (\) = [suN =[5 (M.

Spectral reflection probability. To the best of our knowledge, the link between reflection probability and

half-line m-functions was first observed in [ , GS] in the context of Schrodinger operators on the
line. The definition of the spectral reflection probability of [ , GS] was based on suitable generalized
eigenfunctions and was extended to Jacobi matrices in [ ] as follows. Consider the case n = (0. For
z € Cq, letp!/7(2) = {4y (/) (2) }kez be the unique solution of the equation
a1 + ak—1Vk—1 + bphp = 21y, (5.14)
that is square summable at 0o and normalized by w(l/ ") = 1. These solutions are related to m-functions
as
(r)
r z l 1
mf ) = -HE ) = (5.15)
a0 oty (2)

For all k£ and Lebesgue a.e. A the limit
lim (A +ie) = (A +10)
exists and (/™) (\+10) solves (5.14) with z = \. For Lebesgue a.e. A € Y, ac the solution P (A 410) is

not a multiple of a real solution and so (") (X + i0) is also a solution linearly independent of (") (\ +10).
Hence, for Lebesgue a.e. A € ¥, .. we can expand

PO +i0) = (NP (X +i0) + BN (A +i0). (5.16)



The spectral reflection probability of [ , GS, ]is

One extends R,-(A) to R by setting R,.(A) = 1 for A € %, . and defines R;(\) analogously. Using (5.15)
and (5.16) one computes

2
a%m(()r)()\ + i())mgl)()\ +1i0) — 1

a2m” (A +10)m{P (A +10) — 1

RN =

In this context the main observation of this note is that the formulas (2.6) and (3.10) yield the identity
Rr(N) = |5Tr()‘)|2-

Similarly,
Ri(A) = [su(N)]*.

These identities clarify the meaning of the spectral reflection probability and yield
Riyr = Rf;r. (5.17)

Much of the technical work in [ ] was devoted to a direct proof of (5.17) via an implicit rederivation of
the scattering matrix.

A Computation of the scattering matrix

We briefly sketch the derivation of the formula (3.10) for the scattering matrix of the pair (J, Jy). For
details, we refer the reader to [L.a].

It suffices to consider the case n = 0 (recall 1.1). First, we shall show that for ¢ € 'H,
wie =" & e € Hae(J) ® Hae (JS"),
where (recalling that a; = a_; and a, = ay),
Pl (V) = Pac(J5 ) (N) = ayyr {00, (7 = AF10) ).
For any ¢ = ¢, © 9, € Hac(Jé”) & HaC(JO(T)) we have,
(W, i) = (wit,p) = lim ("e™ 09, o) = lim (), 0e™" )

By an abelian limit and the definition of J — Jy we can rewrite the RHS as

t
T (6,6 ) = (0, 0) 1 Jim [ G070~ JoJe 7 p)ds = {u0) — lm(La(e) + L),
o0 — 00 O £
where -
Ly (e) = i/ efesal/rﬁb,eiSJ°5_1/1><50,efis']go>d5.
0

Expanding the first inner product in the above integrand yields
Ly(e) = iaz/r/@z/r@) [/ (80,7 AT Vs | vy ae(N)
R 0

—ay, /R Dy (V)00 (= A — i) "L} v ae (V).



For 1 in a judiciously chosen dense set (see [[.a] or Proposition 7 in [ 1) one can take the limit e — 0%
inside the integral. This yields the formula for w? . The computation for w* is identical.

To compute the scattering matrix, note that for ¢ = ¢; @ v, and = ¢; ® @, in Hac(Jo),

WJ, (S - ]l)(p> = <’(/}7 (wiw* - w*,w,)<p>
= ((ws = w_ ), w_)

— tEIgo«eitJe_itJo _ e_itJeitJO)w, w_<p>

t
tlim fi/ (e*(J — Jo)e #0ah, w_y)ds
— 00 —t

= lim —i/ e eIl (J — Jo)e™#oup, w_ip)ds.
ElO R

The inner product in the above integrand equals
anle 09, 53) (" G, T ) + anfe™ 0, 61) (w 6y, e ),
where we have used the intertwining property of the wave operators. We use our formula for w* to compute
(, (s = 1)g) = E%li(Hu(é') + Hyi(e) + Hir(e) + Hypr(€)),
where

Hyle) = ajap /R e—clsl { /R eiswj(x)dyj,ac(x)] [ /]R N Gog (' + 10)o (V) dwpac (V) | ds,

for j, k € {l,r}. Formally, the computation is completed by noting that

H(e) = ajax /R /R B, (N k(M) Goo (X +i0) [ /R eisw’)“'ds} A0} 00 (N AV e (),

and that
/ elsA=N)=¢lslqs — 2mg(A — \)
R

as € — 0. For a suitable dense set of 1) and ¢, this formal computation can be easily justified (see [La]).

Finally, we remark that the scattering matrix formula (3.10) is valid only after a ‘unitarity’ transformation
which we describe now. For any ¢ € Hac(Jo), let 1()\) denote the vector (¢;()), 1,-(\)) € C2. For ¢ and
@ in Hae(Jo), we have

(o) = / VOB, V(A)p(A))2dA

where (-, -)2 denotes the standard inner product on C? and V() is the 2 x 2 matrix

dvy,ac ()\) 0
V(A) - “ dvy ac
0 (V)

Multiplication by the matrix V() is a unitary operator V' : Hace(Jo) — L*(R, py(\)dN) DL (R, p,-(X\)dN),
with p; ;. the characteristic function of ¥/, ... Our computation shows that the operator VsV 1 acts as
multiplication by the 2 x 2 matrix s(\) given by (3.10) on V'H,c(Jp). In particular, this transformation
ensures that s()) is unitary w.r.t. the standard inner product on C2.
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