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Abstract. We study a microscopic Hamiltonian model describing an N-level quantum system S coupled to
an infinitely extended thermal reservoir R. Initially, the system S is in an arbitrary state while the reservoir
is in thermal equilibrium at inverse temperature (3. Assuming that the coupled system S + R is mixing with
respect to the joint thermal equilibrium state, we study the Full Counting Statistics (FCS) of the energy transfers
S — R and R — S in the process of return to equilibrium. The first FCS describes the increase of the energy of
the system S. It is an atomic probability measure, denoted Ps » ;, concentrated on the set of energy differences
sp(Hs)—sp(Hs) (Hs is the Hamiltonian of S, ¢ is the length of the time interval during which the measurement
of the energy transfer is performed, and ) is the strength of the interaction between S and R). The second FCS,
PR .x,+, describes the decrease of the energy of the reservoir R and is typically a continuous probability measure
whose support is the whole real line. We study the large time limit ¢ — oo of these two measures followed
by the weak coupling limit A — 0 and prove that the limiting measures coincide. This result strengthens the
first law of thermodynamics for open quantum systems. The proofs are based on modular theory of operator
algebras and on a representation of P » ; by quantum transfer operators.

1 Introduction

The 0%"'-law of thermodynamics asserts that a large system, left alone and under normal conditions, approaches
an equilibrium state characterized by a few macroscopic parameters such as temperature and density (see [Ca]
or any book on thermodynamics). In particular, a small system coupled to a large (i.e., infinitely extended)
reservoir at temperature 7' is expected to reach its equilibrium state at the same temperature, irrespective of its
initial state. This specific part of the 0'"-law is often called return to equilibrium. From a mechanical point
of view, return to equilibrium holds if the interaction is sufficiently dispersive, which translates into ergodic
properties of the dynamics.

In this paper we consider a quantum system consisting of an N-level system S coupled to a reservoir R.
We assume that the joint system S + R has the property of return to equilibrium. The precise mathematical
formulation of this property is given in Section 2 (Assumption (M)). Although notoriously difficult to prove,
return to equilibrium has been established for several physically relevant models (spin-boson model, spin-
fermion model, electronic black box model, locally interacting fermionic systems) which are discussed in [ s

We consider the exchange of energy between the system S and the reservoir R. Let A be a parameter describing
the strength of the coupling between S and R and denote by AQs (A, t) the increase of energy of the system S
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and by AQx (A, t) the decrease of energy of the reservoir R during the time period from 0 to ¢. Set
AQs = fim Jin AQs(1). A0 = Jim fim AQR(L1)
As a consequence of energy conservation, we expect that
AQs = AQg. (1.1)

This is well understood and can be proven using Araki’s perturbation theory, see Section 3.

The main goal of this paper is to refine the above result by considering the Full Counting Statistics (abbreviated
FCS) of the energy transfer between S and R. There has been much interest in Full Counting Statistics since
the seminal paper [L.LLL]. We refer the reader to [ ] for additional information and references to the vast
literature on the FCS in quantum statistical mechanics.

We consider the probability distribution Ps » ; of the measured increase of energy of the system S obtained
by performing a first measurement at time 0 and a second one at time ¢. While it is straightforward to define
Ps.x,¢» the analogous definition of the probability measure P » ; for the reservoir must be given in terms of a
relative modular operator due to the fact that the reservoir is infinitely extended (Definition 4.12). We devote
Section 5 to motivating this definition by showing that the correct physical interpretation is recovered in the
case of a confined reservoir.

Our main result (Theorem 4.2) is the following: under suitable (and in a certain sense minimal) regularity
assumptions the weak limit
IP)R = )1\1m lim ]P)R,)\,t

—0t—o0

exists and
PS = lim lim PS)\t = PR.
A—0t—o0 R

Noting that AQs/AQx is the first moment of Ps/Px, Theorem 4.2 is a somewhat surprising strengthening of
the energy conservation law (1.1).

Non-equilibrium open quantum systems describing a finite-level system S coupled to several independent reser-
voirs in thermal equilibrium at distinct temperatures have different physics and are characterized by steady state
energy fluxes across S. An extension of Theorem 4.2 to such situations requires an approach that differs both
technically and conceptually and is discussed in the forthcoming paper [ 1.

The paper is organized as follows. In Section 2 we outline the mathematical framework used in this paper and
state our assumptions. A review of the conservation law (1.1) is given in Section 3. In Section 4 we define
the FCS of the energy transfers for the system and reservoir, Ps » ; and Pz » ¢, and state our main result. The
definition of P » ; is motivated in Section 5. Section 6 is devoted to the proofs.

Throughout the paper we use the algebraic formalism of quantum statistical mechanics which is conceptually
and technically adapted for the problem under study. The Full Counting Statistics has attracted considerable
attention in recent experimental and theoretical physics literature, and we have attempted to make the paper
accessible to readers interested in FCS but not familiar with the algebraic formalism. For this reason we give
detailed proofs and collect some well known constructions and results in Appendix A. This material is standard
and can be found in [ s ]. Modern expositions of the algebraic formalism can also be found in [Pi,

] and pedagogical expositions in [ , Th]. In particular, the exposition in [ ] is geared toward the
application of this algebraic framework to the study of FCS.

Acknowledgment. The research of V.J. and J.P. was partly supported by NSERC. The research of A.P. was
partly supported by NSERC and ANR (grant 12-JS01-0008-01).

2 Mathematical setting and assumptions

We consider a small system S coupled to an infinitely extended reservoir R.
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The system S is completely determined by a finite dimensional Hilbert space Hs, a Hamiltonian Hgs (a self-
adjoint operator on Hs) and a density matrix pgs (a positive operator on Hs such that tr(ps) = 1).

The associated dynamical system is (Os, Ts, ps), where! Os = B(Hs) is the C*-algebra of observables of S,
TE(A) — eitHsAefitHs

is the Heisenberg dynamics on O induced by the Hamiltonian Hs, and” ps(A) = tr(psA) is the initial state
of S. We do not require ps to be faithful. We denote by ds(-) = i[Hs, -] the generator of 7s.

The reservoir R is described by a C*-dynamical system (Ox, 7z ,wr ) in thermal equilibrium at inverse tem-
perature § > 0. Ox is the C*-algebra of observables of R and R 5 ¢ +— 7% a strongly continuous group of
s-automorphisms of O describing the time evolution of R in the Heisenberg picture. We denote by Jr its
generator, 75 = e'% . Finally, wg is a (7, 3)-KMS state on Ox.

The uncoupled joint system S + R is described by the C*-dynamical system (O, 7, w) where
O0=0s®0r, TH=Ts®TR, w=psQwr.

We also introduce the (79, 3)-KMS state
wWo = Ws @ Wr,

where
e~ BHs

ws = tr(e—AHs)
is the thermal equilibrium state of S. In the sequel, when tensoring with the identity and whenever the meaning
is clear within the context we will omit the identity part. With this convention, the generator of 7y is given by
0o = 0s + OR.
Let

Oy =0 +1A[V, -],

where V is a self-adjoint element of O and X is a real coupling constant. The interacting dynamics is 7% = el
and the coupled joint system is described by the C*-dynamical system (O, 7, w).

Remark 2.1 With only minor changes all our results and proofs extend to cases where the reservoir R is
described by a W*-dynamical system (Ox,Tr,wr ), and its coupling to S by an unbounded perturbation V'
satisfying the general assumptions of [DJP]. The details of this generalization can be found in [Pa].

To give a precise formulation of the property of return to equilibrium, we recall the following result from
Araki’s perturbation theory of the KMS-structure (see for example [ , 1. Let ($,m,$) be a GNS
representation of O induced by the state wy. A positive linear functional ¢ on O is wg-normal if it is given by

((A) = tr(pem(A))

for some positive trace class operator p¢ on §) (see Definition A.13). We denote by A be the set of all wy-normal
positive linear functionals on O.

Theorem 2.2 (1) There exists a unique (T, 3)-KMS state in N which we denote by w.
(2) The set of all wy-normal positive linear functionals on O coincides with N.

3)

lim wy = wyg 2.2)
A—0

holds in the norm topology of the dual space of O.

!"Throughout the paper B() denotes the set of all bounded operators on a Hilbert space 7.
2If dim’H < oo, we shall identify positive linear functionals on B(7{) and positive elements of B() according to

C(4) = tr(CA).
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Definition 2.3 The C*-dynamical system (O, 7, w, ) is called ergodic if, for all states { € N and all A € O,

¢
75li)m % / (TR (A))ds = wa(A). (2.3)
>t Jo
It is mixing if
Jim ¢(7X(A)) = wx(4). 24)

For obvious reasons, ergodicity/mixing of (O, 7, w. ) is often called the property of return to equilibrium. (See
[ ] for foundational work on the subject and [ s ,DJ, s s s ] for references and additional
information.)

Our main dynamical assumption is:

Assumption (M) There exists Ao > 0 such that the C*-dynamical system (O, 7y, w)) is mixing
for 0 < |A| < Ao.

We shall also need the following regularity assumption:
Assumption (A) V' € Dom (g ).

Remark 2.4 For motivation and clarification purposes we shall sometimes consider a confined reservoir de-
scribed by a finite dimensional Hilbert space Hz and a Hamiltonian Hz. In this case Ogx = B(Hgr),
O0r(-) =i[Hg, -], and wg (A) = tr(wr A) where

e~ BHR

WR = 7“(67(”171).

Moreover, O = B(H) with H = Hs ® Hg, 7{(A) = ex Ae " with Hy = Hs + Hg + AV, and the
(T, B)-KMS state w), is given by the density matrix

e~ BHx

wy = (oA’

The GNS representation (), 7, ) can be realized in the following way (see [ 1). The Hilbert space §) is
O equipped with the inner product (X |Y) = tr(X*Y"). For A € O the map 7(A) € B(9) is given by

m(A)X = AX.
Finally, the cyclic vector is Qg = wé/ % More generally, any positive linear functional on O can be written as
A tx(CA) = (C2m(A)C2),

where ( is a positive element of O = §).

3 Review of the first law of thermodynamics

If Assumption (M) holds, then
tlim w(Ti(A)) = wr(4)

holds for all A € O. We will study the energy transfer between S and R during the state transition w — w.
The energy increase of S over the time interval [0, ¢] is

AQs (M 1) = w(rl(Hs)) — w(Hs) = /O ({(®s))ds, 3.5)
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where
bs =0)(Hs) = —Xis(V)

is the observable describing the energy flux toward S. For 0 < |A| < Ao, the mixing property yields

AQs(A) = lim AQs(A 1) = wi(Hs) — w(Hs),

and Eq. (2.2) further gives
AQs = lim AQs(A) = ws(Hs) — ps(Hs).

In what follows we assume that Assumption (A) holds. The observable describing the energy flux out of R is
D = Mg (V),

and the decrease of energy of R over the time interval [0, ¢] is

AQr(M 1) = /0 (75 (@) ds. (3.6)

To motivate this definition, consider a confined reservoir R. In this case, according to Remark 2.4, the decrease
of the energy of R is given by

w(HR) ~ () = [ w(ri(en))ds,
with
B = —6\(Hg) = —i[Hy, Hg] = i[Hr, \V] = Aor (V).
Returning to the general case, since g — ®s = A (1), we have
AQr(A\t) = AQs(A\ 1) + Aw(rh(V) = V). 3.7)
For 0 < |\| < Ao, the mixing property implies
AQr(A) = lim AQr(A,t) = AQs(A) + Awr(V) —w(V)),

and Eq. (2.2) shows that
AQR = )1\11% AQR(/\)

satisfies

AQs = AQgR. (3.8)

Relation (3.8) is a mathematical formulation of the first law of thermodynamics (energy conservation) for the
joint system S + R in the process of return to equilibrium described by the above double limit (first £ — oo and
then A — 0).

4 The first law and full counting statistics

Our main goal is to refine the previous result by considering the Full Counting Statistics of the energy transfer
between S and R. We start with the small system S. Let’

Hs= Y eP.

eesp(Hs)

3sp(A) denotes the spectrum of the operator A.
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be the spectral resolution of Hs. Suppose that at time ¢ = 0, when the system is in the state w = ps ® wg, a
measurement of Hg is performed. The outcome e is observed with probability

w(Pe) = ps(Fe).
After the measurement the state of the system is

PepSPe
pS(Pc)

®wR.

This state evolves in time with the dynamics 7). A second measurement of Hg at time ¢ gives e’ with probability

(PepSPe
pS(Pe)

Dr ) (7))

Hence, (P.psP. ® wr)(TL(P.)) is the joint probability distribution of the two measurements. The respective
FCS is the atomic probability measure on R defined by

Psai(S) = Y (PepsPe®wr)(Th(Pe)). (4.9)

e’ —e€S

This measure is concentrated on the set of energy differences sp(Hs) —sp(Hs) and Ps 5 (.S) is the probability
that the measured increase of the energy of S in the above protocol takes value in the set S C R. The measure
Ps, .+ contains full information about the statistics of energy transfer to S over the time period [0, ¢].

We denote by (- )s,x,; the expectation with respect to Ps » ; (and similarly for other measures that will appear
later). If ps and Hs commute, then an elementary computation gives

(Shsae = / sdPs x () = AQs(A,1).
R

We are interested in the limiting values of Ps »; as ¢ — oo and A — 0. Assumption (M) implies that for
0< |)\| < Ao,

Psa(S) = lim Psje(S) = ) wa(Pe)ps(Pe). (4.10)

e'—e€S

If, instead of mixing, we assume that (O, Ty, wy) is ergodic for 0 < |A| < Ao, then (4.10) holds with Ps » ,

replaced with
1 t
7/ ]P)S’)\’Sds.
t Jo

(©)sa =D (€' = e)wa(Pe)ps(Pe) = wa(Hs) — ps(Hs) = AQs(N).

ele

Obviously,

Relation (2.2) further gives

Ps(S) = lim Ps\(5) = > ws(Pe)ps(Pe).
e'—e€S

In particular
()s = AQs.

Note that the limiting FCS Pg is the law of ¢ = E’ — E where E and E’ are independent random variables such
that

Prob[E = e] = ps(P.), Prob[E’ = €']| = ws(P.r).
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For later reference, we note that the characteristic function of Pg is

/ ei“dIPjs(c) = Z ws(ewelPe/)ps(e_”ePe) = ws (e”HS) ps (e_st) . 4.11)
R e,e’€sp(Hs)

We now turn to the Full Counting Statistics for the reservoir R. Recall that (9, 7, £2g) denotes a GNS represen-
tation of O induced by the thermal equilibrium state of the decoupled system wy = ws ® wr. Let M = 7(O)”
be the associated enveloping von Neumann algebra and P the natural cone of the pair (91, (). We denote
by €2 the unique vector representative of the initial state w = ps ® wr in P and by A/, the relative modular
operator of the two positive linear functionals ¢, £ € NV. As usual, we set Ac = A¢|¢. Finally, let n = 1 ® wg.

The following definition will be motivated in Section 5.

Definition 4.1 The FCS of the decrease of the energy of R is the spectral measure Px » ; of the self-adjoint
operator

1

B log AUOT;% 4.12)
for the vector ().
We note that since log A, {2 = 0 and (see [JP6, Section 3])

t
log AnOTftln =log A, + B/O 75 (Pr)ds,
Eq. (3.6) implies
(S)rat = AQR(A1). (4.13)

The two measures Ps » ; and P » . are of course very different. The first one is supported on the discrete set
sp(Hs) — sp(Hs) while, for an infinitely extended reservoir, the second one is typically a continuous measure
whose support is the whole real line. On the other hand, the first law gives

;li% tlgglo@R,A,t = ;12% tlilgo@s,x,t,

and one may ask about the relation between the measures Ps » + and P » + in the double limit ¢ — oo, A — 0.
Our main result is:

Theorem 4.2 Suppose that Assumptions (M) and (A) hold and that 0 < |\| < Ag. Then the weak limits
Pr = tlim Pr oAt

and

P :llm]PR)\
R= S0 Y

exist, and
Pr = Ps.

Remark 4.3 (1) For the definition and basic properties of the weak convergence of probability measures we
refer the reader to Chapter 1 of [Bi].

(2) The proof of Theorem 4.2 gives more information and in particular provides a formula for the characteristic
function of P » in terms of the modular data of the model.
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(3) If instead of mixing we assume ergodicity of (O, 7x,wy) for 0 < |A| < Ag, then Theorem 4.2 holds with
P, replaced with
1 t
- / PR)\ st.
tJo ”

(4) If V is analytic for 7¢ (see Section 2.5.3 in [ ], or Section A.4), then the proof of Theorem 4.2 consid-
erably simplifies. Moreover, one easily establishes that in addition

;IL% tlirrolo@ YRAE = )l\lg}) tlgglok VS At 4.14)

holds for all integers n > 0. Details and additional information can be found in [Pa].

5 Motivation of Definition 4.1

In order to get a physical interpretation of the measure P » ;, let us assume that the reservoir R is confined. It
follows from Definition 4.1 that the characteristic function of P » ; is

/ ¢S dPg 1 4 (c) = (AP, Q).
R

nory ‘In

For a confined system, the relative modular operator of two positive linear functionals (, £ acts on the GNS
Hilbert space $) as*

A<|5X = CXS*I.
It follows that
iy _ WitHx iy —itHx ¥, —ivy
nor;"\nX e AnTe Xn™.
Let
Hrp= Y ¢P.
e€sp(HR)

be the spectral resolution of Hz. One then easily computes
/ 6P +() = tr (wl/zeitH,\ nia/,@efitHAwl/ania/,@>
R o

=tr ((]l ® wif;/’g> e it (pg ® w%{ia/g eitH*)

= Z elole= gy ((]l ® PEr)e_itH* (I1® P.)(ps® wR)eitH*)
e,e’€sp(Hr)

= Y. (s @ Pwr P)(T(Pr)

e.e’€sp(Hr)

from which we can conclude that

Prat(S) = Z (ps @ Pawr Pe)(1X(Per)).

e—e’€S

Comparing this to Eq. (4.9) leads to an interpretation of P » ; analogous to the one of Ps ) ; (except that we
sum over € — &’ € S instead of ¢’ — ¢ € S since we are measuring the decrease of the energy of R).

“Recall Remark 2.4 and see [ ].
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Physically relevant infinitely extended reservoirs R can be obtained as a thermodynamic limit of confined
reservoirs R,,. In such cases, and under very general assumptions, the FCS of the infinitely extended system is
the weak limit of the FCS of confined systems (see Section 5 in [ D, i.e.,

P'R,A,t = hm ]P)Rn,k,t-
n—oo

The measure Pr ), contains full information about the statistics of energy transfers out of ‘R over the time
interval [0, ¢].

6 Proofs

6.1 Notation and preliminaries

According to Remark 2.4, a GNS representation of Ogs induced by ws is given by (s, 7s, 2s) where the
Hilbert space s is Os = B(Hs) equipped with the inner product (X|Y) = tr(X*Y). Given A € Og, the
linear map w5(A) € B(Hs) is given by

s (A)X = AX,

and Qs = w‘ls/ = Hs. The corresponding natural cone Ps C $Hs and modular conjugation Js : Hs — Hs are

Ps={Xe€Hs|X >0}, JsX=X".
Let Ls € B($s) be defined by
LsX = [Hs, X] = (7s(Hs) — Jsms(Hs)Js)X.
One easily checks that forallt € Rand A € O,

Ts(tE(A)) = etlomg(A)e s, e thsPg = Pg, Lsfls = 0.

The operator L is the standard Liouvillean of the dynamical system (Ogs, 7s,ws).

Let (Hgr,mr, Q%) be a GNS representation of O induced by the state wr and denote by M = 7wr(Or)”
the associated enveloping von Neumann algebra. Since wg is a (7g, 5)-KMS state, the cyclic vector 25 is
separating for M. Let Pr, Jr, Ar be the natural cone, modular conjugation, and modular operator of the
pair (M, Qr). As a consequence of Tomita-Takesaki theory (see Sections A.5 and A.6 of the Appendix), the
standard Liouvillean of (Ox, 7z, wr), i.€., the unique self-adjoint operator L on ) such that

Tr(TR(A)) = e Rrp (A)e R, e HRPr = Pg, LrQr =0,
forallt € Rand A € Og, is related to the modular operator by

1

e =5

log Ag.
Set
H =95 HR, T=Ts®@mR, Qo =0s®Qr,
M=rs5(0s) @Mp, P=Ps®Pr, J=Js®JIr,
Lo=Ls+ L.

The triple (), 7, Q) is a GNS representation of O induced by wg. 9 = 7(O)” and the natural cone and mod-
ular conjugation of the pair (91, )) are P and J. The operator Ly is the standard Liouvillean of (O, 79, wp).
Moreover, for any t € R and A € O, one has

W(T;\(A)) _ eit(L0+>\7l'(V)),n.(A)e*it(Lo*F)\ﬂ'(V)).
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Recall that a positive linear functional ¢ on O belongs to N (i.e., is wo-normal) iff there exists a positive trace
class operator p¢ on ) such that, forall A € O,

((A) = tr(pcm(A)).

Such a functional obviously extends to 91, and we denote this extension by the same letter. As a consequence of
modular theory (see Section A.3) there exists a unique vector €0 € P, called the standard vector representative
of (, such that

C(A) = (Q2c]AQ)

for all A € 9. The standard vector representative of = 1 ® wg is
Q, =12 0g,

and the standard vector representative 2 = ), of the initial state w = ps ® wg is

Q=p? @0 =7(pd* @ 1)Q,. (6.15)

For later reference, we recall some results of Araki’s perturbation theory of the KMS structure (see [ s
Chapter 5] and [ 1). First

Qg € Dom (e~ 2(E0FA=(VD)), (6.16)

and the vector
0, = e—%(Lo+Aw(V>>QO 6.17)

is well-defined. Moreover, the vector-valued function
2z e 2o tATVIO e g (6.18)
is analytic inside the strip 0 < Re z < /2, and norm continuous and bounded on its closure. The map
RoA— Q€9
is real analytic, 2, € P, and, for A € 9,

(QA|AQ)
wr(A) = =1,
1252
The standard Liouvillean of (O, 75, w) is given by
Ly = Lo + M(V) = Ax(V)J,

and it satisfies _ . '
m(tL(A)) = e Eram(A)e A e AP =P, LyQy, =0.

It is well-known [ s , Pi] that the ergodic properties of (O, Ty, w,) can be characterized in terms of the
spectral properties of Ly.> More precisely, (O, Ty, w, ) is ergodic iff 0 is a simple eigenvalue of L and mixing
iff
L Q) (]
w — lime'*fr = |7 (6.19)
|t]—o0 (12112

In particular, the last relation holds if the spectrum of L on the orthogonal complement of CS2y is purely
absolutely continuous.

Recall that n = 1 ® wg with wr a (7, 3)-KMS state. The proof of Theorem 4.2 is centered around the
function

Faila) = (QAY —tan> = / P dPg x4 (S).
R

noTy

5This aspect of modular theory is sometimes called Quantum Koopmanism.

10



Energy conservation, counting statistics, and return to equilibrium

By the properties of the weak convergence of measures (see Chapter 1 in [Bi]), Theorem 4.2 is equivalent to
the following statements: for 0 < |A| < Ag and v € R, the limit

Faliy/P) = lim F . (iv/5) (6.20)
exists and defines a continuous function R 3  +— F) (iy/3) such that, for v € R,
lim 7\ (i/8) = ws (e7%) ps (e71¢). (6.21)

By (4.11), the right-hand side in (6.21) is the characteristic function of Ps. The existence of the limit (6.20)
and the continuity of v — F)(iy/3) are equivalent to the statement that P » , converges weakly as t — oo to
a probability measure P » whose characteristic function is Fy (iy/3). The relation (6.21) is equivalent to the
statement that P ) converges weakly to Ps as A — 0.

We finish this section by recalling some basic properties of the relative modular operator A First, since

nory ‘In°
n=1®wg € N, the modular conjugation .J,, and the modular operator A,, of the pair (901, Q,)) are given by
Ip=J, 48, = e PL® (see Proposition A.26 and Eq. (A.40)), and

JI=T=1, A =9, JAS=AFJ (6.22)
Moreover, by the result of [JP3, Eq. (2.13)],

Aot

T]OT)\

, — eit(L()+)\7l'(V))Anefit(Lo+)\W(V)) — F>\ (t)AnF; (t), (623)

where ' (t) is the unitary _ .
\(t) = elf(FotAm(V))eitlo, (6.24)

One easily checks that I'y (¢) satisfies the Cauchy problem
OTA(t) =iALA(H)m(7(V)), Ta(0) = L.
Hence, for any B € 9/,
OB, Tx(t)] =iA[B,Ta()]m(r5(V),  [B,TA(0)] =0,
and uniqueness of the solution of the Cauchy problem gives that
La(t) em’" =m (6.25)

forall \,t € R.

6.2 Proof of Theorem 4.2

We start by establishing a few basic properties of the function

Fri(a) = (QA® _,

nory ‘In nory *In

Q) =AY, Q= / P dPr x 4().
R
Lemma 6.1 Forany A\ € Rand anyt € R, one has
Fa(0) =1, 0 < Fae(l) < dimHs.
Proof. The relations F) ;(0) = 1 and F ;(1) > 0 are obvious. By Eq. (6.15) and (6.23), one has

1 1 % 1
Fae(l) = [1A7 QI* = AT ()7 (pg @ 1)y,

nory tIn

11
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Using (6.25) and the anti-unitarity of the modular conjugation J we derive

Far(1) = [JAFT )7 (p3 @ D> = I7(pg @ DTAB)Q[* < [[2]* = dim Hs.

For S C R, we denote
S(S)={z€C|Rez € S}.

Lemma 6.2 For any A € R and any t € R, the function oo — Fy () is analytic in the strip S(]0, 1[) and
bounded and continuous on its closure. Moreover, the bound

sup |Fx ()] <14 (dimHs — 1)Rea (6.26)
teR

holds for any o € &([0, 1]).
Proof. For o € [0, 1], the convexity of the exponential function yields
e < (1 —a)+ ae®
so that, by the previous Lemma,
Faila) < (1—a)Fre(0) + aFry(l) <1+ (dimHs — 1)
The fact that |e*| = eR°* yields the rigidity of F) 4, i.e.,
|Fxe(@)] < Fae(Rea),

from which the bound (6.26) follows. Writing F ;(«) as the sum of the two Laplace transforms

Fi (o) = / AP 7 1),
R:(:

we deduce from the previous estimate that f;ft (resp. Fy,) is analytic on the strip S(] — o0, 1]) (resp.
S(]0, o0[)). Hence, Fy ; is analytic on &(]0, 1]). For o, &’ € &(] — 00, 1]), one has

FLe) = F@)] < [ 165 = e dr 06),

R+

and the simple estimate
|e“/3C — e < 26

allows us to apply the dominated convergence theorem and conclude that F /\+ ; is continuous in &(] — oo, 1]).
One shows in a similar way that ¥, , is continuous in &([0, oo[). O

Lemma 6.3 Forany A € R and any § €]0, 1], one has

sup |0aFa(a)] < 0.
teR,ae&(]0,8[)

Proof. By Relation (4.13), one has

AQr(Mt) = — / o dProx ¢ (<) + / dPro(o)
R— R

The inequality e” > z and Lemma 6.1 further give

/ cdProas(s) < B [ FdPras(c) < A Fra(l) < B~ dim Hs.
R+ R+

12
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It follows that

By Lemma 6.2 and a well known property of Laplace transforms one has, for o € &(]0, 1]),

Thus, using the elementary estimate ze®* < (1 — a)*le"” valid for ¢ < 1 and =z € R, we further get

The result now follows from Eq. (3.5) and (3.7) which imply that [AQx (A, t)| < 2||Hs + AV]|.

Next, we derive an alternative representation of the function F ; on the line % + iR. To this end, we set

/7 <] dPrx(s) < B dimHs — AQr(A, ).

10aFs(a)] < 3 / o] AP x.4() + / el P )
R- R

< dimHs — BAQr(A 1) + (1 — Rea) ' Fa (1)

EA =Lgr+7(Hs+ \V),

OaFasla) = B / e dPrp 4(<).
R

< (14 (1 =Rea) ')dimHs — BAQR(\ ).

Lemma 6.4 Forany )\ t,s € R, one has

Proof. Set R = F(pé ® 1) € M. Eq. (6.15), (6.23) and the relation Aé AQ, = JA*Q, yield

1,
2+1s

noty *In

Q= r(p2 ® 1)

1 PP S
Tt ( + is) = (e rQeltlrellslng, ).

2

Q = T\())ALAZTS () R, = T() AL TR (1),

Using Eq. (6.22) and the fact that R commutes with Ai,f = ¢ 105L® we derive

Ta(t) A JRDA(£)Q2y, = Ta(t) JRAPTA () = Ta(t)(JRI)JAPTA (1),

Since JRJ € 9V, relation (6.25) and the fact that A;is JQ, = Q, yield

DA(t)(JRT)JAST\(£)Q, = (JRI)TA(H)JASTA () A, JQ, = (JRI)TA(HTA (L),

where

Ta(t) = JARTA(t)A, .

Since JRJQ = €, it follows from (6.27)~(6.29) that

For A = A* € B($), set A; = elL'®r Ae~itL® and denote by UY is the solution of the Cauchy problem

The following properties are easy consequences of the uniqueness of the solution to this problem.

() U4y =

eit(LR +A) e*itLR

Fia (5 +is) = @O0,

atUA = lUﬁl Ata

U4(0) = 1.

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

13
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(2) If A € 9, then U, € M.
(3) IfA,BeM, thenUYy_ 5, =ULJULJ.
@) ASULAZS = U

iBs

Set M = w(Hs + A\V). Since Ly = Lr + 7n(Hs) — Jr(Hg)J and Lo + A\m(V) = Lrg + M — Jw(Hg)J, it
follows from (6.24) and (6.30) that

DA(t) = UnUnligy:  Ta() = (JUL_,, I)(TUs () )"
and hence
CA(OTA®) = (Uh JUN 0 D) Uk I Uk gy D) = Upg JUG T e FRe e,
From the fact that EA =Lr+Mand Ly =Lr + M — JMJ, we deduce
eitLAeiﬁSEA — (U]tWJU]tV[JeitLR)U][\?eiﬂSLR

— U]tw (JU]tM J) (eitL’R U][\ilsefitLR )eitLReiﬁsLR

— U& (eitLR Uﬁefit[ﬂ/{ )eiﬂsLRefiBSLR (JU]tyj J)eiBSLReitL'R

_ eitfA eiﬁszefitLR (JU}tM J)eitLR

—ifBs
= 0T JUL, | JeitEr
= e8I, ()T (t)eitLo.

Since el'LoQ), = (,, the result follows from Eq. (6.31). O

We are now in position to investigate the behavior of F) ; in the limits £ — oo and A — 0.

Lemma 6.5 Suppose that 0 < |\| < Xo. Then the limit

Fa(a) = lim Fy () (6.32)

exists for o € S([0,1[). The function o — Fyx(a) is analytic on &(]0,1[) and continuous on S([0, 1]).
Moreover,

1 1 =~ i 3sT
- : ) *lﬁSL/\Q O 1,35L/\Q
fk<2+ls> e e RIGCNECZY

holds for s € R.

Proof. The previous lemma and Eq. (6.19) yield that for 0 < |[A| < A\p and s € R,

1 1 & gl s
li = Fis ) = = (Qe TN (Q) [ Q,).
im Fiy <2 +15) ||Q)\||2< |e )\>< )\|e 7]>

t—o00

Lemma 6.2 and Vitali’s convergence theorem imply that the limit (6.32) exists uniformly on compact subsets
of 6(]0, 1[), and that the limiting function o — Fy(«) is analytic on &(]0, 1]).

Let K C &([0, 1[) be compact. Then there exist § €]0, 1[ and k > 0 such that K C K = [0, §] + i[—k, k]. Set

Cs = sup |00 Fx ()]
teR,a€&(]0,6])

By Lemma 6.3, Cs < co. If ¢ > 0 is small enough, then r = ¢/12Cs < ¢ and the uniform convergence on
compacts in (6.32) ensures that there exists 7' > 0 such that |F) () — Fa(a)| < €/3 for any ¢ > T and

14
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a € K, = {a € K|Rea > r}. Since for any o € K there exists o’ € K, such that |o — /| < 2r and
therefore | F () — Fa(a')| < €/6, one has

[Faea) = Fas(@)] < | Faila) = Faule)] 4+ [Fas(a) = Fas(a)
+ | Fai(@) = Fala)| 4 |Fas(@') = Fald)| <,

for any a € K and s,t > T It follows that F) ; converges uniformly in K as ¢ — oo, the limiting function F
being continuous. |

Since the function R 5 a — F)(ic) is continuous, there exists a unique Borel probability measure Pz » on R
such that

/]R PR A (¢) = Faliv/B)

for any v € R. An immediate consequence of the last lemma is:

Proposition 6.6 For 0 < |A| < Ao,
tlim ]PR,)\,t = P’R")\.

Lemma 6.7 Forvy € R,
Fir/8) = lim F(1n/5) = ps (77115 ws (67715)
Proof. For s € R, set
G (s) = Qe Try), G2 (s) = (eI,

Writing Ly = Lo + (V) — Jr(Hs)J and noticing that Ly + Ar(V) = Lg + 7(Hs + AV) — Jr(Hs)J
commutes with Jw(Hg).J, we obtain

ggl)(s) _ <§|e—iﬂsJ7r(Hs)Je—iBS(Lg—i-ATr(V))Q)\>.

Araki’s perturbation theory (recall (6.16)—(6.18)) implies that the function

R>s— g/(\l)(s) = <§\2|efiBsJ7r(H$)Jefiﬁ(sfi/2)(Lo+)\7r(v))QO>

)

has an analytic continuation to the strip 0 < Im s < % which is bounded and continuous on its closure. Thus,
for v € R, one has

1 e .
g (; ‘ i) _ (el 3 - In(HS) (Lot (V) gy

and it immediately follows that

1 ~ . .
lim gV (; +3 i) = (Q|Jr(e 2HNHS) 1O) = 273 pg(e~THs), (6.33)

where Z = tr(e=#Hs). Since 0, = Z3 Jr(e2H5).JQ, one has, with the notation of the proof of Lemma 6.4,
GIINQ, = USreP IO, = URQ, = Z3US In(e215)J00 = Z% Jr(e3 1) JUL Q)
= 7% Jn(e31s) JeisIremi0br 0y = 73 Jr(eFHe) Je P Irqy,
and hence

eiﬁsEAQn _ Z%Jﬂ(egHs)Jeiﬁst(Hs)Jeiﬁs(L0+>\7r(V))QO

_ Z%eiB(sfi/2)J7r(H5)Jeiﬁs(LoJr)\ﬂ-(V))QO.

15



Jaksi¢, Panangaden, Panati, Pillet

Araki’s perturbation theory implies that the function
RS g§2)(8) _ Z%<Q)\|Ci,(3(sfi/2).l7r(H,5)JCi,Gs(LngMr(V))QO>

also has an analytic continuation to the strip 0 < Im s < % which is bounded and continuous on its closure. For
v € R, one gets

1 . .
G (; 4= i) = 73 (Qy|Jr(e ) Jei(LotAm(V)) Q) ).

2
Since
lim Q) = Qo, (6.34)
A—0
we conclude that
1 1 . 1 .
lim G (; +3 i) = 73 (Qo|Jm(e HS ) JQ) = Z3ws(eHS). (6.35)

Finally, recall that for s € R,

7 (5+15) = 1o 0 )

Analytic continuation of this relation to

combined with (6.33)—(6.35) gives the result. O

An immediate consequence of the last lemma (recall (6.21)) is

Proposition 6.8
lim PR7 A= Ps.
A—0

This completes the proof of Theorem 4.2.

A Summary of the algebraic framework

For the reader’s convenience, we give here a simplified presentation of some well known constructions, restrict-
ing ourselves to the material we have been using throughout the paper. When possible, we give reference to
precise parts of [ , ] where detailed proofs can be found.

We first recall some basic definitions.
Definition A.1 (1) A Banach algebra .A equipped with an involution = is called C*-algebra if
A=Al = [|A]I*

for all A € A. We always assume a C*-algebra admits an identity denoted by 1.
(2) A linear functional w on A is positive if w(A*A) > 0 forall A € A.
(3) A positive linear functional on A is a state if w(1) = 1.

(4) A state is said to be faithful iff w(A*A) = 0 implies A = 0.

Proposition A.2 A positive linear functional on a C*-algebra is automatically continuous.

16
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Let A, B denote C*-algebras.

Definition A.3 A linear map ¢ : A — B is called x-morphism iff, for all A, B € A,
(1) ¢(AB) = ¢(A)p(B),
2) ¢(A%) = o(A)".

If, furthermore, ¢ is bijective, it is called *-isomorphism. A *-isomorphism with A = B is called a *-
automorphism.

Proposition A.4 If ¢ is a x-morphism then ||$(A)|| < ||A||. In particular, ¢ is continuous.

Definition A.5 Let H be a Hilbert space and C C B(H). A vector 2 € H is called cyclic for C iff CQ2 is dense
in H, and separating iff CQ) = C’'<) for some C,C’ € C implies C' = C".

Definition A.6 A representation of a C*-algebra A is a pair (H, ) where H is a complex Hilbert space and
7 : A — B(H) is a x-morphism. A cyclic representation of A is a triple (H,r,2) such that (H,7) is a
representation of .4 and the unit vector ) € H is cyclic for 7(.A).

A.1 Canonical cyclic representation

Given a C*-algebra A, it is always possible to find a cyclic representation (see [ , Thm 2.3.16]).

Theorem A.7 (Gelfand-Naimark-Segal) Let w be a state over the C*-algebra A. There exists a cyclic repre-
sentation (H,, 7, Q) of A such that, for all A € A,

w(A) = Q|7 (A)Q).

Moreover, this representation is unique up to unitary equivalence.

Definition A.8 The triple (H,,, 7, {2, ) in the previous theorem is called the canonical cyclic representation
or the GNS representation of A induced by w.

The representation (H,,, 7., {),) is constructed as follows. Equip the vector space A with the positive semi-
definite sesquilinear form

(A|B) = w(A*B). (A.36)
By the inequality w(B*A*AB) < || A||?w(B* B), the set

T, = {A € A|w(A*A) = 0}

is a closed (left) ideal and the quotient .A/Z,, equipped with the inner product induced by (A.36) is a pre-Hilbert
space, the completion of which is H,,. For A € A, define 7, by

Tw(A): X +Z,—» AX +7T,.
Clearly, the vector ), = 1 + Z,,, is cyclic for 7, (A) and satisfies
w(A) = (Qu|mu(A4)Q0)

forall A € A.

17



Jaksi¢, Panangaden, Panati, Pillet

A.2  von Neumann Algebras

Definition A.9 A C*-algebra I C B(H) is called a von Neumann algebra if it is closed with respect to the
strong topology of B(H).

If C C B(H), we denote by C’ its commutant, i.e., the set
C'={AeB(H)|[A C]=0forall C €C}.
Here we give some characterization of von Neumann algebras.

Theorem A.10 (von Neumann) Let 9 C B(H) be a C*-algebra. The following conditions are equivalent:

(1) 9 is a von Neumann algebra.
2) M =M.
(3) M is closed with respect to the weak topology of B(H).

A.3 Normal states

Definition A.11 (1) The o-weak topology on B(H) is the locally convex topology induced by the semi-norms

A | (@, ]AT,,)

neN

)

where ®,,, U,, € H are such that ), ||®,* and 3, | ¥,,]|? are finite.

(2) A linear functional on the von Neumann algebra 9t C B(H) is normal if it is o-weakly continuous.

Several properties can be used to characterize normal states of a von Neumann algebra, see [ , Thm 2.4.21].
We recall the most useful one for this paper.

Theorem A.12 A state w on von Neumann algebra O C B(H) is normal iff there exists a density matrix p,,,
i.e., a positive trace class operator on H with unit trace, such that w(A) = tr(p,A) forall A € M.

Let w be a state on the C*-algebra A and (H,,, 7, €2, ) the induced GNS representation. The von Neumann
algebra 7, (A)" C B(H,,) is called the enveloping von Neumann algebra. 7, (A) is o-weakly dense in 7, (A)"”
and the state w has a unique normal extension to m,,(A)" given by

G(A) = (Qu]AQ). (A37)

Definition A.13 A state 7 on A is w-normal if it extends to a normal state on ,,(A)", i.e., if there exists a
density matrix p, on H,, such that n(A) = tr(p,m.(A4)).

A.4 KMS states
Definition A.14 A C* (resp. W*) dynamical system is pair (A, 7) where A is a C*-algebra (resp. a von
Neumann algebra) and 7 is a strongly (resp. o-weakly) continuous one-parameter group of x-automorphisms

of A. A state w on A is 7-invariant if w o 7t = w for all t € R.

Definition A.15 Let (A, 7) be a C* (resp. W*) dynamical system. A € A is called analytic for 7 if there
exists a function f : C — A such that

18
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(1) f(t)=74A)fort € R,

(2) for any state (resp. any normal state) 7 on A, the function z — n(f(z)) is entire analytic.

The set of analytic elements for 7 is denoted by A..
Theorem A.16 The set A; is a dense (resp. o-weakly dense) x-subalgebra of A.

Definition A.17 Let (A, 7) be a C* (resp. W*) dynamical system and 5 € R. A state (resp. a normal state) w
on A is said to be a (7, 3)-KMS state iff

w(AT(B)) = w(BA)
forall A,B € A..

A (7, 3)-KMS state describes a thermal equilibrium state at inverse temperature (3. In particular, it is 7-invariant
(a , Prop. 5.3.3]). If A is finite dimensional and 7¢(A4) = e!*f Ae=''# for some self-adjoint Hamiltonian
H € A, then the state

tr(e PH A
o) = TC T
r(e?H)
is the unique (7, 5)-KMS state.

We note also that if 3, 3 € R\ {0} and w is (7, 3)-KMS, then it is also (7, 3)-KMS for the dynamics 7* = TtB/B,

Proposition A.18 Let (A, T) be a C*-dynamical system and w a (7, 3)-KMS state for some 3 € R. Let
(Hy, 7w, Q) be the induced GNS representation.

(1) The cyclic vector Q,, is separating for the enveloping von Neumann algebra m,,(A)".
(2) The state & (the normal extension (A.37) of w to m,,(A)") is faithful.

(3) If B # O, there exists a unique W*-dynamical system (7,7, (A)") such that 7 (7, (A)) = 7, (7' (A)) for
allt e Rand A € A.

@) G is (7, §)-KMS.

A.5 Modular theory
Given a von Neumann algebra 91 C B(H) and a vector 2 € H which is separating for 97, the map
S(AQ) = A*Q
defines an anti-linear operator on the subspace 901€). If 2 is cyclic for 9, then this operator is densely defined.

Proposition A.19 [BR 1, Prop. 2.5.9] If Q2 is cyclic and separating for I, then S has a closed extension S with
dense domain Dom (S) D 9.

Since S is a closed operator it admits a unique polar decomposition given by
S =JAZ,
where J is anti-unitary and A = S5 is positive. By definition, one has
JATAQ = A*Q (A.38)

forall A € M. Let P C H denote the closure of the set {AJAJQ| A € M}.
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Definition A.20 A is the modular operator, J the modular conjugation, and P the natural cone of the pair
(oM, Q).

Some basic properties that follow easily from the definition are J 2=21,J0=0A0=Q,J A3 = A—3J
(see [ , Prop. 2.5.11]). Much deeper is the following:

Theorem A.21 (Tomita-Takesaki) Let A and J be the modular operator and modular conjugation of (9, Q).

Then,
JMJ =M,
and forallt € R,
ATINAT = on,
AP =P.

Corollary A.22 The modular operator of (M, QY) defines a W*-dynamical system (I, o) given by
ol(A) = ATAATT,
Moreover, the state

(©]AQ)
o, BHAN)
1212

is KMS for o at inverse temperature 3 = —1.
Definition A.23 o is the modular group of the pair (91, Q).

Theorem A.24 (Takesaki) The modular group o is the unique dynamics on I for which the state w is KMS
at inverse temperature 3 = —1.

Definition A.25 A state w on the C*-algebra A is called modular if the cyclic vector €2, of the induced GNS
representation is separating for the enveloping von Neumann algebra 7, (A)”. In this case, we denote by A,
Jw, P, and o, the modular operator, the modular conjugation, the natural cone and the modular group of the

pair (7, (A)", Q).

Proposition A.26 [ , Proposition 2.5.30, Theorem 2.5.31] Let w be a modular state on the C*-algebra A.
For any w-normal state v on A there exists a unique unit vector Q,, € P, such that v(A) = (Q, |7, (A)Q,) for
all A € A. Moreover, Q,, is separating for m,,(A)" iff it is cyclic. In that case, the modular conjugation and
the natural cone of the pair (7, (A)",Q,) satisfy J, = J,, and P, = P,,.

Definition A.27 €, is the standard vector representative of the state v.

We now state an important consequence of Takesaki’s theorem (see [ , Thm. 5.3.10]).

Proposition A.28 Ler w be a modular state on the C*-algebra A and 3 € R\ {0}. Then 7" = o, 8 defines
the unique W*-dynamical system on ,,(A)" such that the normal extension @ is (T, 3)-KMS.

By the above proposition, given a (7, 3)-KMS state w, the relation
o (1'(A)) = 0,17 (s (A)) (A.39)

identifies 7 with the modular dynamics o,.
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A.6 The standard Liouvillean

Concerning the implementation of C*-dynamical systems by unitary groups in GNS representations, one has
the following general result (see [ , Corollary 2.5.32] and [Pi, Theorem 4.43]).

Proposition A.29 Let w be a modular state on the C*-algebra A and denote by (H,,, 7y, ),) the induced
GNS representation. For any strongly continuous one-parameter group 7 of *-automorphisms of A there exists
a unique self-adjoint operator L on 'H,, such that, for allt € R,

9] ‘
tlp, =P,

() . .
e, (A)e_ltL = 7, (1" (A))

forall A € A
Definition A.30 The operator L is the standard Liouvillean of the triple (A, 7, w).

The standard Liouvillean L also satisfies [J,,, ¢!*X] = 0, from which one deduces
eitLﬂ'w(A)/e_itL c (A)I

If wis a (1,3)-KMS state, the identification (A.39) of 7 with the modular group o,, given by Takesaki’s
theorem A.24 translates as

L= —% log A, . (A.40)

A.7 Relative modular operator

Let 9 C B(H) be a von Neumann algebra and ¥, ® € H. If @ is separating for I, then Sy (AP) = A*¥
defines an anti-linear operator on the subspace 91®.

Proposition A.31 ([Arl, D) If ® is cyclic and separating for M, then Sy ¢ has a closed extension g\]”q)
with a dense domain Dom (§q1|q>) D M. If J is the modular conjugation of the pair (I, @), then

— 1
Seje = JAY 5

ekl al . ..
where Ay|p = S\mq}s\p‘@ is positive.

Definition A.32 Let w be a modular state on the C*-algebra .A. For any w-normal state v on .4, we define the
relative modular operator of v w.r.t. w by
Al/|w = AQ,,|Qwa

where €, 2, € P, are the standard vector representatives of w and v.
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