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1 Introduction

In these lectures we shall study an "atom”, S, described by finitely many
energy levels, coupled to a "radiation field”, R, described by another set
(typically continuum) of energy levels. More precisely, assume that S and R
are described, respectively, by the Hilbert spaces hs, hr and the Hamiltonians
hs, hg. Let h = hs ® hr and hg = hs ® hr. If v is a self-adjoint operator on
b describing the coupling between & and R, then the Hamiltonian we shall
study is hx = ho + Av, where A € R is a coupling constant.

For reasons of space we shall restrict ourselves here to the case where S
is a single energy level, i.e., we shall assume that hs = C and that hs = w
is the operator of multiplication by a real number w. The multilevel case will
be considered in the continuation of these lecture notes [JP3]. We will keep
hbr and hr general and we will assume that the interaction has the form
v =w + w*, where w : C — hgr is a linear map.

With a slight abuse of notation, in the sequel we will drop & whenever the
meaning is clear within the context. Hence, we will write « for a & 0, g for
0Dy, ete. If w(l) = f, then w=(1]-)f and v = (1|-)f + (f]-)1.

In physics literature, a Hamiltonian of the form

ha = ho + A((A[-)f + (f]-)1), (1)

with A € R is sometimes called the Wigner- Weisskopf atom (abbreviated
WWA) and we will adopt that name. Operators of the type (1) are also often
called Friedrichs Hamiltonians [Fr]. The WWA is a toy model invented to
illuminate various aspects of quantum physics; see [AJPP1, AM, Ar, BR2,
CDG, Dal, Da4, DK, Fr, FGP, He, Maa, Mes, PSS].

Our study of the WWA naturally splits into several parts. Non-perturbative
and perturbative spectral analysis are discussed respectively in Sections 2 and
3. The fermionic second quantization of the WWA is discussed in Sections 4
and 5.

In Section 2 we place no restrictions on hg and we obtain qualitative infor-
mation on the spectrum of Ay which is valid either for all or for Lebesgue a.e.
A € R. Our analysis is based on the spectral theory of rank one perturbations
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[Ja, Sil]. The theory discussed in this section naturally applies to the cases
where R describes a quasi-periodic or a random structure, or the coupling
constant A is large.

Quantitative information about the WWA can be obtained only in the
perturbative regime and under suitable regularity assumptions. In Section 3.2
we assume that the spectrum of hg is purely absolutely continuous, and we
study spectral properties of hy for small, non-zero A\. The main subject of
Section 3.2 is the perturbation theory of embedded eigenvalues and related
topics (complex resonances, radiative life-time, spectral deformations, weak
coupling limit). Although the material covered in this section is very well
known, our exposition is not traditional and we hope that the reader will learn
something new. The reader may benefit by reading this section in parallel with
Complement Cyy in [CDG].

The second quantizations of the WWA lead to the simplest non-trivial
examples of open systems in quantum statistical mechanics. We shall call
the fermionic second quantization of the WWA the Simple Electronic Black
Boz (SEBB) model. The SEBB model in the perturbative regime has been
studied in the recent lecture notes [AJPP1]. In Sections 4 and 5 we extend the
analysis and results of [AJPP1] to the non-perturbative regime. For additional
information about the Electronic Black Box models we refer the reader to
[AJPP2].

Assume that hr is a real Hilbert space and consider the WWA (1) over the
real Hilbert space R@® hr. The bosonic second quantization of the wave equa-
tion 9240, + hatby = 0 (see Section 6.3 in [BSZ] and the lectures [DeB, Derl] in
this volume) leads to the so called FC (fully coupled) quantum oscillator model.
This model has been extensively discussed in the literature. The well-known
references in the mathematics literature are [Ar, Dal, FKM]. For references
in the physics literature the reader may consult [Br, LW]. One may use the
results of these lecture notes to completely describe spectral theory, scatter-
ing theory, and statistical mechanics of the FC quantum oscillator model. For
reasons of space we shall not discuss this topic here (see [JP3]).

These lecture notes are on a somewhat higher technical level than the
recent lecture notes of the first and the third author [AJPP1, Ja, Pi]. The
first two sections can be read as a continuation (i.e. the final section) of the
lecture notes [Ja]. In these two sections we have assumed that the reader
is familiar with elementary aspects of spectral theory and harmonic analysis
discussed in [Ja]. Alternatively, all the prerequisites can be found in [Ka, Koo,
RS1, RS2, RS3, RS4, Ru]. In Section 2 we have assumed that the reader is
familiar with basic results of the rank one perturbation theory [Ja, Sil]. In
Sections 4 and 5 we have assumed that the reader is familiar with basic notions
of quantum statistical mechanics [BR1, BR2, BSZ, Ha]. The reader with no
previous exposure to open quantum systems would benefit by reading the last
two sections in parallel with [AJPP1].

The notation used in these notes is standard except that we denote the
spectrum of a self-adjoint operator A by sp(A). The set of eigenvalues, the
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absolutely continuous, the pure point and the singular continuous spectrum
of A are denoted respectively by sp,,(A), sp,.(4), sp,,(A), and spy.(A). The
singular spectrum of A is spg,,(A4) = sp,,(A) Usps.(A4). The spectral sub-
spaces associated to the absolutely continuous, the pure point, and the sin-
gular continuous spectrum of A are denoted by Hac(4), bpp(A), and hs(A).
The projections on these spectral subspaces are denoted by 1..(A), 1pp(A),
and 1. (A).

Acknowledgment. These notes are based on the lectures the first author
gave in the Summer School ”Large Coulomb Systems—QED”, held in Nord-
fjordeid, August 11—18 2003. V.J. is grateful to Jan Dereziniski and Heinz
Siedentop for the invitation to speak and for their hospitality. The research
of V.J. was partly supported by NSERC. The research of E.K. was supported
by an FCAR scholarship. We are grateful to S. De Bievre and J. Derezinski
for enlightening remarks on an earlier version of these lecture notes.

2 Non-perturbative theory

Let v be a positive Borel measure on R. We denote by vac, Vpp, and v the
absolutely continuous, the pure point and the singular continuous part of
v w.r.t. the Lebesgue measure. The singular part of v is Vsing = Vpp + Vsc-
We adopt the definition of a complex Borel measure given in [Ja, Ru]. In
particular, any complex Borel measure on R is finite.

Let v be a complex Borel measure or a positive measure such that

/ dv(t)
< Q.
r 1+t

The Borel transform of v is the analytic function

F,,(Z)E/Rdy(t), z € C\R.

t—=z

Let v be a complex Borel measure or a positive measure such that

dv(t)
/R 5 < 0. (2)

The Poisson transform of v is the harmonic function

P(z.y) =y / dvit)

R (2 —1)?+y%

.’I]+ly€C+,

where Cy = {2 € C| £Imz > 0}.
The Borel transform of a positive Borel measure is a Herglotz function,
i.e., an analytic function on C, with positive imaginary part. In this case

P,(z,y) = Im F,(z +iy),
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is a positive harmonic function. The G-function of v is defined by

[ ) . Blny)

We remark that G, is an everywhere defined function on R with values in
[0, 00]. Note also that if G, (x) < oo, then lim, o Im F, (z + iy) = 0.
If h(z) is analytic in the half-plane C, we set

h(z £10) = lim h(x £ iy),
yl0

whenever the limit exist. In these lecture notes we will use a number of stan-
dard results concerning the boundary values F,(x 4 i0). The proofs of these
results can be found in [Ja] or in any book on harmonic analysis. We note in
particular that F, (x£10) exist and is finite for Lebesgue a.e. z € R. If v is real-
valued and non-vanishing, then for any a € C the sets {x € R| F, (x£i0) = a}
have zero Lebesgue measure.

Let v be a positive Borel measure. For later reference, we describe some
elementary properties of its Borel transform. First, the Cauchy-Schwartz in-
equality yields that for y > 0

v(R)Im F, (z + iy) > y|F, (¢ +iy)[*. (3)
The dominated convergence theorem yields

lim yIm F,(iy) = lim y|F,(iy)| = v(R). (4)

Yy—oo

Assume in addition that ¥(R) = 1. The monotone convergence theorem
yields

Jim o (yTm Py (iy) = o | Fo (1))

1~f/ L1 2 (1) dv(s)
= 1m — — vV vi{s
y—oo 2 Jpep \2+y?  s2+y? (t—iy)(s+iy)

li 1 / —y2 73’2 (t — s)2dw(t) du(s)
= 1m - — S vV Vs
v=00 2 Jrxr t* +y? s +y?

1 2
_ E/RXR@_S) dv() du(s).

If v has finite second moment, [, t*dv(t) < co, then

%/RXR(t — 8)2dv(t) duv(s) = /Rthu(t) — (/R tdu(t))2- (5)

If [, t?dv(t) = oo, then it is easy to see that the both sides in (5) are also
infinite. Combining this with Equ. (4) we obtain
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. 2 )2 2

where the right hand side is defined to be co whenever [, t*dv(t) = oc.
In the sequel |B| denotes the Lebesgue measure of a Borel set B and ¢,
the delta-measure at y € R.

2.1 Basic facts

Let hr,f C hr be the cyclic space generated by hg and f. We recall that bz, ¢
is the closure of the linear span of the set of vectors {(hg —2)71f |2z € C\R}.
Since (C @ hr, )+ is invariant under hy for all A and

hA|(<ce9hR,f)L = h73|(<cexarm,f)L )

in this section without loss of generality we may assume that hzr ; = br,
namely that f is a cyclic vector for hg. By the spectral theorem, w.l.o.g. we
may assume that

br = L*(R, dur),

and that hg = z is the operator of multiplication by the variable z. We will
write

Fr(z) = (fl(hr —2)71f).
Note that Fr = Fy2,,, . Similarly, we denote Pg(z,y) = Im Fr(z + iy), etc.
As we shall see, in the non-perturbative theory of the WWA it is very

natural to consider the Hamiltonian (1) as an operator-valued function of two
real parameters A and w. Hence, in this section we will write

haw=ho+w=wdz+A((f] )1+ 1])f).
We start with some basic formulas. The relation
ATt - B'=A"YB-A)B,
yields that
(haw —2) 1= (w—2)""1=ANw—2)" hrw—2)"1f,
(haw = 2)71f = (hr —2) 71 f = A(fl(hr — 2) 7 ) (haw — 2) 7L

It follows that the cyclic subspace generated by hy . and the vectors 1, f, is
independent of A and equal to b, and that for A # 0, 1 is a cyclic vector for
hxw. We denote by /ﬁ"“’ the spectral measure for hy, and 1. The measure
p* contains full spectral information about hy ., for A # 0. We also denote by
F , and G, the Borel transform and the G-function of ,u)"f“’. The formulas
(7) yield
1

w—2z—AFg(z2) ®)

F)\yw(z) =
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Since F ,, = F_» ., the operators hy , and h_)  are unitarily equivalent.
According to the decomposition h = hs ® hr we can write the resolvent
Taw(2) = (haw — 2)7! in matrix form

o (z) ISR (2)
Taw(z) =

e () X5 ()

A simple calculation leads to the following formulas for its matrix elements

Tffu (2) = Fxw(2),

rsR(2) = APy u(2)1(fl(hg —2)71+), ©
1R5(2) = =AFxu(2)(hr — 2)7 1 f(1] ),

rRE(z) = (hr — 2) 7' + N2 Faw(2)(hr — 2)  f(fl(hr — 2) 1)

Note that for A # 0,

F)\)Q(Z)

P oy(z) = —2—~— .
ho(2) 14+ wF(2)

This formula should not come as a surprise. For fixed A # 0,
h)\)w = h)\.,O + w(1| ~)1,

and since 1 is a cyclic vector for hy,, we are in the usual framework of the
rank one perturbation theory with w as the perturbation parameter! This
observation will allow us to naturally embed the spectral theory of hy ., into
the spectral theory of rank one perturbations.

By taking the imaginary part of Relation (8) we can relate the G-functions
of ur and pM* as

- 1+/\2G73(I)
Cw—2 — N2FR(z +i0)[2’

G)\_’w (33) (10)

whenever the boundary value Fg(x + i0) exists and the numerator and de-
nominator of the right hand side are not both infinite.

It is important to note that, subject to a natural restriction, every rank
one spectral problem can be put into the form hj ,, for a fixed A # 0.

Proposition 1. Let v be a Borel probability measure on R, f(x) =1 for all
x € R, and A # 0. Then the following statements are equivalent:

1. There exists a Borel probability measure ur on R such that the corre-
sponding p™M0 is equal to v.
2. [ptdv(t) =0 and [, t*du(t) = A,

Proof. (1) = (2) Assume that ug exists. Then hy ol = Af and hence



8 V. Jaksié, E. Kritchevski, and C.-A. Pillet
/tdy(t) = (1|ha,0l) =0,
R

and
/ 2av(t) = [haol|2 = A2.
R

(2) = (1) We need to find a probability measure pr such that

Fr(z) =72 (—z - F,,l(z)> , (11)
for all z € C4. Set .
H,(2)=—-2z- i)

Equ. (3) yields that C4 > z — A"2Im H,(z) is a non-negative harmonic
function. Hence, by a well-known result in harmonic analysis (see e.g. [Ja,
Koo]), there exists a Borel measure pg which satisfies (2) and a constant
C > 0 such that

A"2Im H,(z + iy) = Pr(z,y) + Cy, (12)

for all  + iy € C;. The dominated convergence theorem and (2) yield that

i FROY) / dur(t) _
y—00 Y y—oo Jp t2 + 92
Note that I F, (iy) 2 £ (i)
. yin o, Qy) —y= | £y (1Y
yIm H, (iy) = - , 13
) M 19)
and so Equ. (6) yields
im A
Yy—00 y

This fact and Equ. (12) yield that C' = 0 and that
Fr(z) = \"2H,(2) + C, (14)
where C is a real constant. From Equ. (4), (13) and (6) we get
pr(R) = Jm y Im Fr(iy)
=22 lim yIm H,(iy)

Yy—00

=7 (/R t2du(t) — </R tdl/(t)>2> =1,

and so pug is probability measure. Since
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_ ReF,(iy)
|F ()

Equ. (14), (4) and the dominated convergence theorem yield that

Re H,(iy) =

MC) = — lim Re H,(iy)

Yy—oo
= lim y*Re F,(iy)
Y—00
2
= lim dv(t)

Y—0 Jr 2 +y2

= / tdv(t) = 0.
R
Hence, C1 = 0 and Equ. (11) holds. O

2.2 Aronszajn-Donoghue theorem
For X # 0 define
Thw ={r € R|Gr(z) <00, 2 —w+ NFg(z +i0) =0},
Syw={reR|Gr(z) =00, 2 —w+ NFr(z +i0) = 0}, (15)
L={zeR|ImFr(x+1i0) > 0}.

Since the analytic function C; 3 z — 2 — w + A?Fg(2) is non-constant and
has a positive imaginary part, by a well known result in harmonic analysis
ITw| = |Srw| = 0. Equ. (8) implies that, for w # 0, z —w + N2 Fr(z +i0) = 0
is equivalent to F) o(z + i0) = —w™!. Moreover, if one of these conditions is
satisfied, then Equ. (10) yields

wW?Gro(z) =14+ NGr ().
Therefore, if w # 0, then
Trhw ={z €R|Grp(x) <00, Fyo(z+i0) = —w™ 1},
Srw ={z €R|Grp(x) =00, Fypo(z+i0) = —w™1}.

The well-known Aronszajn-Donoghue theorem in spectral theory of rank
one perturbations (see [Ja, Sil]) translates to the following result concerning
the WWA.

Theorem 1. 1.7T), is the set of eigenvalues of hy .. Moreover,

1
Aw _
top = g T G () - (16)

€T W
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If w # 0, then also

1
Aw _
Fpp Z W2 G () Oz

CCGT)MW

2. w is not an eigenvalue of hy, for all A # 0.
. e is concentrated on S .
4. For all \,w, the set L is an essential support of the absolutely continuous

spectrum of h.. Moreover sp,.(hxw) = spa.(hr) and

o

1
dpde (x) = - Im Fy (2 +10) dz.

Aw

5. For a given w, {§Gy, | A > 0} ds a family of mutually singular measures.

6. For a given X\ # 0, {u% |w # 0} is a family of mutually singular mea-

sing
sSures.

2.3 The spectral theorem

In this subsection A # 0 and w are given real numbers. By the spectral theo-
rem, there exists a unique unitary operator

UM 1 — L(R,dy), (7)

such that U’\*"h,\w(U)“‘")_1 is the operator of multiplication by z on the
Hilbert space L?(R,du**) and UM*1 = 1, where 1(x) = 1 for all z € R.
Moreover,
UM = U @ Uy & UL,
where
Uze? t bac(haw) — LA(R, due),

US‘I’)‘" hpp(haw) — LQ(R,dugbw)7
U+ Buelln) — D2(R, i),

are unitary. In this subsection we will describe these unitary operators. We
shall make repeated use of the following fact. Let u be a positive Borel measure
on R. For any complex Borel measure v on R denote by v = vac + Vsing the
Lebesgue decomposition of v into absolutely continuous and singular parts
w.r.t. p. The Radon-Nikodym derivative of v, w.r.t. p is given by

Py(z,y)  dvac

lim ————= = x),
yl0 P#(ZE,y) d,u ( )

for p-almost every x (see [Ja]). In particular, if u is Lebesgue measure, then

dv,e

dx

(), (18)

lim P,(z,y) =7
lin 75, (2, y)
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for Lebesgue a.e. . By Equ. (8),
Im F) ,(z 4 i0) = A? | Fy (2 +i0)|* Im Fr (2 + i0), (19)
and so (18) yields that
dpge” 2 WiRoae
dx dx

In particular since F),(z +10) # 0 for Lebesgue a.e.  and f(z) # 0 for
pr-a.e. T, N and pg ac are equivalent measures.

Let o =a® ¢ €hand

= X[z +10)2|f ()

(20)

M) = g [l - 270 - (lme -2 70|, zec

The formulas (7) and (9) yield that

u«mw—zrww=ﬂwwma—xﬂmﬁ—@*m), (21)

and so
M(z) =ImF) (2 (a A fl(hr — 2)~ 1‘%’))

AR (@) (3w =~ 07 +9)79))
=ImF) ,(2) (a - Af|(hr — 2)_1%0)>
~aB.@ [ LU i

g (t—2)2 442
This relation and (18) yield that for pg ac-a.e. z,

M(z +10) = Im F ,,(z + 10) (a - Mf|(hg —x — 10)_1947)) (22)

—AF (- iO)mcp(x) T %(m)

On the other hand, computing M (z) in the spectral representation (17)
we get
Uo)t) | 5

M(z) = —————=du™“(t).

)=y [ G A
This relation and (18) yield that for Lebesgue a.e. x,
dup

M(x +10) = (U26) (@) 7 -2 (a)

Since pR ac and p are equivalent measures, comparison with the expression
(22) and use of Equ. (8) yield
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Proposition 2. Let p =a® p € . Then

p(z)

(UL*¢)(x) = a — Mf|(hg —x —i0)"Ly) — AFso(z +10)f(z)

We now turn to the pure point part U};\]’)“’. Recall that T) , is the set of
eigenvalues of hy .. Using the spectral representation (17), it is easy to prove
that for x € T,

(L(hrw — 2 —iy)"'9) Floxwgyme (@ +1y)

lim
w10 (1(haw —x —iy)~11) w0  Fro(z +iy)

1
The relations (21) and (23) yield that for € Ty, the limit
Hy(e +10) = lim (f|(hr — 2 —iy)'¢), (24)

= (U™¢)(z). (23)

= lim

exists and that (UM ¢)(x) = a — AH,(x + i0). Hence, we have:
Proposition 3. Let 9 = a @ ¢ € . Then for x € Ty ,,,
(U2 9)(z) = a — AH,(z +10).

The assumption z € Ty, makes the proof of (23) easy. However, this
formula holds in a much stronger form. It is a deep result of Poltoratskii [Po]
(see also [Ja, JL]) that

. (1|(h>\,w - T — iy)_1¢)
o (e =2 —iy) 1)

= (UM ¢)(x) for pX* —ae. . (25)

sing

Hence, the limit (24) exists and is finite for u?i;l“jg—a.e. x. Thus, we have:
Proposition 4. Let g = a ® ¢ € . Then,
(UZe6)(x) = a — NHy(z +i0),

sing
where UQ;;‘; = Uﬁfj" @ USAC"”.
We finish this subsection with the following remark. There are many uni-
taries
Wb — L*(R, dp™),

such that Why W ! is the operator of multiplication by z on the Hilbert
space L2(R, du™*). Such unitaries are completely determined by their action
on the vector 1 and can be classified as follows. The operator

UA7WW71 . LQ(R,d‘u)\,w) N L2(R, d,u/)\’w),

is a unitary which commutes with the operator of multiplication by x. Hence,
there exists § € L>°(R,du™) such that |f| = 1 and

W = oUM.

‘We summarize:
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Proposition 5. Let W : h — L2(R,du™*) be a unitary operator. Then the
following statements are equivalent:

1. Why oW~ is the operator of multiplication by x on the Hilbert space
L2(R,dp™).
2. There exists 0 € L= (R,du™¥) satisfying 0] = 1 such that

(Wo)(z) = 0(2)(U¢)(x).

2.4 Scattering theory

Recall that hg is the operator of multiplication by the variable x on the space
L2(R,dpg). UM hy ,(UM)~1 is the operator of multiplication by x on the
space L#(R,duM*). Set

hRac = hrlp.e(hr)> P wac = hawlpae(nn)-
Since bac(hR) = L2 (R, d,UfR,ac)a

bac(h%w) = (U;\c)w)_llP(Rv d,u,;‘éw),

and the measures pg .. and uéé‘“ are equivalent, the operators hg .. and

hxw,ac are unitarily equivalent. Using (20) and the chain rule one easily checks
that the operator

duae

dun,ac(x) (U2 )(x) = [AFrw(x +10) f(2)| (U ¢) (),

(W) (z) =

is an explicit unitary which takes hac(ha ) onto hac(hr) and satisfies
W)\"wh)\,w,ac = hR,acW)\"w-

Moreover, we have:

Proposition 6. Let W : hac(hrw) — bac(hr) be a unitary operator. Then
the following statements are equivalent:

1. W intertwines hy o ac 0nd hR ac, i.c.,
Wh)\,w,ac = hR,aCW (26)
2. There exists @ € L°(R, dur ac) satisfying 0] = 1 such that

(Wo)(z) = 0(z)(W<¢)(x).

In this subsection we describe a particular pair of unitaries, called wave oper-
ators, which satisfy (26).
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Theorem 2. 1. The strong limits

U;jw =s—lim eith“’efitholac(ho)v (27)

t—+oo

exist and Ran U)j\fw = Bac(hrw)-
2. The strong limits

Q)jfw =s —jltim elthog=itha .o Lac(hrw), (28)
’ t—Foo
exist and Ran in = Bac(ho)-

3. The maps Uy, : Bac(ho) = Bac(haw) and 25, : Bac(haw) — bac(ho) are
unitary. Ufw!?fw = lac(hrw) and waU/\iw = 1,c(ho). Moreover, Qi:w
satisfies the intertwining relation (26).

4. The S-matriz S = QIWUA_’W is unitary on Bac(ho) and commutes with
hO,aC-

This theorem is a basic result in scattering theory. The detailed proof can

be found in [Ka, RS3].
The wave operators and the S-matrix can be described as follows.

Proposition 7. Let p = a ® p € h. Then
(25,0)(@) = p(x) = Af (@) Faw(z £10)(a = A(f|(hr — 2 Fi0)"'¢)).  (29)

Moreover, for any v € hac(ho) one has (S¢)(x) = S(z)yY(x) with

S(z) = 1+ 2miN2Fy o (2 + i0)| f(:v)|2%(;v). (30)

Remark. The assumption that f is a cyclic vector for hg is not needed in
Theorem 2 and Proposition 7.

Proof. We will compute Q)‘f_w. The case of (2,  is completely similar. Let
¥ € Bac(ho) = bac(hr). We start with the identity

t
(leithoe e ¢) = (]g) — iA / (Bl f) (1w g)ds.  (31)

Note that (]¢) = (¥l¢), ($lei™™ f) = (]e= f), and that
Jim (lei"0e= 0 g) = lim (oo 0y|g)
— (U3, ¥19)
)

Hence, by the Abel theorem,
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(W12 ,0) = (¥le) - 1,7}?8 INL(y), (32)
where -
L(y) _ / e_ys(1/J|ei5h0f)(1|e_i8h’\""¢) ds
0
Now,
/ (e ) (1o ) ds
A [/ (Ler*EFv=e)g)ds| dpg,ac(@)
(33)
= 1| h>\ w T ly)_1¢) dMR,ac(x)
= ) dNR ac( )
where

gy(@) = (1|(hrw — 2 — iy)~'¢).
Recall that for Lebesgue a.e. z,
gy(7) — g(z) = (1 (hrw — 2 —i0)"1¢), (34)

as y | 0. By the Egoroff theorem (see e.g. Problem 16 in Chapter 3 of [Ru],
or any book on measure theory), for any n > 0 there exists a measurable set
R, C Rsuch that [R\ R,| < 1/n and g, — ¢ uniformly on R,. The set

J{% € LR, dpm ac) [ supp ¢ C Ry},
n>0

is clearly dense in bhac(hg). For any ¢ in this set the uniform convergence
gy — g on supp® implies that there exists a constant C'y, such that

|Ef(gy - g)| S O¢|Ef| € Ll(Rad,uR,ac)'

This estimate and the dominated convergence theorem yield that

nm/w P —

yl0

On the other hand, Equ. (32) and (33) yield that the limit

yl0 Jr

exists, and so the relation

(012500) = (Wle) = A [ T @)1l = 2 = 10)16) i )
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holds for a dense set of vectors ¥. Hence,

(23 ,0)(2) = p(2) = Af(2)(A](hrw — z —i0)7'9),

and the formula (21) completes the proof.
To compute the S-matrix, note that by Proposition 6, ijw = 0L WA,
where

. (2) = (2@ ARyl £i0)f(x)
+ (WA«1)(z) AFyo(z +10)f(z)]

Since
S =0 Us, =28 (02, ) =0, W W) =6,0_,
we see that (S¢)(z) = S(x)y(x), where

S() = 0, () (@) = 2elrt0) _w o N rle —10)

 Fw(r—i0)  w—a2— NFg(x+i0)’

Hence,
S(x) = 14 2iA2F) ,, (2 + i0)Im Fr (z 4 i0)
dur ..
= 1427\ F) (7 + iO)If(:E)F%(x).
X
O

2.5 Spectral averaging

We will freely use the standard measurability results concerning the measure-
valued function (\,w) — p**. The reader not familiar with these facts may
consult [CFKS, CL, Jal.

Let A # 0 and

=

A _ Aw W
(B) —/Ru (B) dw,

where B C R is a Borel set. Obviously, 7i* is a Borel measure on R. The
following (somewhat surprising) result is often called spectral averaging.

Proposition 8. The measure i is equal to the Lebesque measure and for all

g € LY(R,dx),
Lo = [ | [ st

The proof of this proposition is elementary and can be found in [Ja, Sil].
One can also average with respect to both parameters. It follows from
Proposition 8 that the averaged measure

A,w
ﬁ(B):l/ HB)
RQ

T 14+ )22

is also equal to the Lebesgue measure.



Mathematical Theory of the Wigner-Weisskopf Atom 17
2.6 Simon-Wolff theorems

Recall that x + A\2Fr (z +i0) and F) o(x +1i0) are finite and non-vanishing for
Lebesgue a.e. z. For A # 0, Equ. (10) gives that for Lebesgue a.e x,

1+ A2Gr(x)

Gnol) = 7+ \2Fr (z +10)|

5 = |Faolz +10)[2(1 + A2Gr(x)).

These observations yield:

Lemma 1. Let B C R be a Borel set and X # 0. Then Gr(z) < oo for
Lebesgue a.e. x € B iff Gy o(z) < oo for Lebesgue a.e. © € B.

This lemma and the Simon-Wolff theorems in rank one perturbation theory
(see [Ja, Sil, SW]) yield:

Theorem 3. Let B C R be a Borel set. Then the following statements are
equivalent:

1. Gr(z) < 0o for Lebesque a.e. x € B.
2. For all X # 0, u)"“’ (B) = 0 for Lebesgue a.e. w € R. In particular,

cont

p (B) = 0 for Lebesgue a.e. (\,w) € R2.

Theorem 4. Let B C R be a Borel set. Then the following statements are
equivalent:

1. Im Fr(z 4+1i0) = 0 and Gr(z) = 0o for Lebesgue a.e. x € B.
2. For all A # 0, e (B) + pp(B) = 0 for Lebesgue a.e. w € R. In partic-
ular, ) (B) + ,ugi)“’(B) =0 for Lebesgue a.e. (\,w) € R2.

Theorem 5. Let B C R be a Borel set. Then the following statements are
equivalent:

1. Im Fr(z +10) > 0 for Lebesgue a.e. x € B.
2. For all X # 0, px“ (B) = 0 for Lebesque a.e. w € R. In particular,

sing

u:‘i"né(B) =0 for Lebesgue a.e. (\,w) € R2.

Note that while the Simon-Wolff theorems hold for a fixed A and for a.e.
w, we cannot claim that they hold for a fixed w and for a.e. A—from Fubini’s
theorem we can deduce only that for a.e. w the results hold for a.e. A. This
is somewhat annoying since in many applications for physical reasons it is
natural to fix w and vary A. The next subsection deals with this issue.

2.7 Fixing w

The results discussed in this subsection are not an immediate consequence of
the standard results of rank one perturbation theory and for this reason we
will provide complete proofs.
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In this subsection w is a fixed real number. Let
7e(B) = [ i (man

where B C R is a Borel set. Obviously, “ is a positive Borel measure on R
and for all Borel measurable g > 0,

[owan) = [ | [ awaro]|ar

where both sides are allowed to be infinite.
We will study the measure 7 by examining the boundary behavior of its
Poisson transform P, (z,y) as y | 0. In this subsection we set

I(z) = (w—2)Fr(2).
Lemma 2. For z € C,

_ T [1(2)] + Rel(z)
V2 1(z)] '

Proof. We start with

rie = [ | [ st o
= Im/RF,\,w(:v +iy) dA.

Equ. (8) and a simple residue calculation yield

/ (o +iy)dh = ——
R

Fr(2)\/ 725

where the branch of the square root is chosen to be in C;. An elementary
calculation shows that

Vil +iy)’

where the branch of the square root is chosen to have positive real part,
explicitly

P,(z,y) =Im

Vw = % (\/|w|+Rew—|—isign(Imw) vV |wl —Rew) . (35)

This yields the statement. [
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Theorem 6. The measure T% 1is absolutely continuous with respect to Le-
besgue measure and

dg“ . /[l(z +1i0)| + Rel(x +i0)

dz (@) V2 |l(z +i0)] (36)

The set
E={z|ImFr(x+1i0) > 0} U{z| (w — z)Fr(z +10) > 0},
is an essential support for ¥ and ™ is concentrated on € for all X # 0.

Proof. By Theorem 1, w is not an eigenvalue of hy ,, for A # 0. This implies
that @ ({w}) = 0. By the theorem of de la Vallée Poussin (for detailed proof
see e.g. [Ja]), 7is,, is concentrated on the set

{z |z # w and lifl&Pw(x—i-iy) = 00}.
y

By Lemma 2, this set is contained in

S ={z| lim Fr(z +1iy) = 0}.
yl0

Since SN Sy C {w}, Theorem 1 implies that p7“ (S) = 0 for all A # 0. Since

sing
IS| = 0, ux®(S) = 0 for all \. We conclude that p**(S) = 0 for all A # 0,
and so

7(S) = / §(S) dA = 0.

Hence, 7ig,, = 0. From Theorem 1 we now get
— — 1 .
dp¥(z) = dpl(x) = — Im F,,(z + i0) dz,
™

and (36) follows from Lemma 2. The remaining statements are obvious. [J

We are now ready to state and prove the Simon-Wolff theorems for fixed
w.

Theorem 7. Let B C R be a Borel set. Consider the following statements:

1. Gr(z) < 0o for Lebesgue a.e. x € B.
2. ;Lé(;;)t(B) =0 for Lebesgue a.e. X € R.

Then (1) = (2). If B C &, then also (2) = (1).

Proof. Let A={x € B|Gr(z) =} NE.

(1)=(2) By assumption, A has zero Lebesgue measure. Theorem 6 yields that
“(A) = 0. Since Gr(x) < oo for Lebesgue a.e. x € B, Im Fg(z +10) = 0 for
Lebesgue a.e. x € B. Hence, for all A\, Im F), ,,(z +i0) = 0 for Lebesgue a.e.
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x € B. By Theorem 1, u;*(B) = 0 and the measure u2“|p is concentrated
on the set A for all A # 0. Then,

A,w . A,w A,w _ —w _
/R,usc (B)d)\—/R,usC (A)d/\g/Ru (A)dr=m“(A) =0.

Hence, p2* (B) = 0 for Lebesgue a.e .
(2)=(1) Assume that the set A has positive Lebesgue measure. By Theorem
1, ugi)”(A) =0 for all A # 0, and

/ proms (A) dX = / pte(A)dA =1 (A) > 0.
R R

Hence, for a set of A's of positive Lebesgue measure, o (B) > 0. O

Theorem 8. Let B C R be a Borel set. Consider the following statements:

1. Im Fr(z +10) = 0 and Gr(x) = oo for Lebesgue a.e. x € B.
2. 113 (B) + pp(B) = 0 for Lebesgue a.e. X € R.

Then (1) = (2). If B C &, then also (2) = (1).

Proof. Let A= {z € B|Gr(z) <oo}NE.

(1)=(2) Since Im Fr (x +1i0) = 0 for Lebesgue a.e. x € B, Theorem 1 implies
that p2:“(B) = 0 for all A. By Theorems 1 and 6, for A # 0, p)|p is
concentrated on the set A. Since A has Lebesgue measure zero,

and so p(B) = 0 for Lebesgue a.e. \.

(2)=(1) If Im Fr(z+10) > 0 for a set of z € B of positive Lebesgue measure,
then, by Theorem 1, ) (B) > 0 for all . Assume that Im Fg (x +i0) = 0 for
Lebesgue a.e. x € B and that A has positive Lebesgue measure. By Theorem
1, pi (A) =0 for all A # 0 and since A C £, Theorem 6 implies

/ fip (A) dA = / pM(A)dX =¥ (A) > 0.
R R

Thus, we must have that u}’;i)“(B) > ( for a set of A’s of positive Lebesgue
measure. [

Theorem 9. Let B C R be a Borel set. Consider the following statements:

1. Tm Fr(z 4+ i0) > 0 for Lebesgue a.e. x € B.
2. /L;\ifg(B) = 0 for Lebesgue a.e. A € R.

Then (1) = (2). If B C &, then also (2) = (1).
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Proof. (1)=-(2) By Theorem 1, for A # 0 the measure uii’nwg|3 is concentrated
ontheset A = {x € B|Im Fr(z+i0) = 0}NE. By assumption, A has Lebesgue
measure zero and

/ pe (A)dx < / M (A)dA = ¥ (A) = 0.
R R

Hence, for Lebesgue a.e. A € R, ug‘ing(B) =0.
(2)=(1) Assume that B C £ and that the set

A={z € B|Im Fg(x +1i0) = 0},

has positive Lebesgue measure. By Theorem 1, u)“(A) = 0 for all ), and

[raar= [ ema=p) >o
R R

Hence, for a set of A’s of positive Lebesgue measure, u;\i’n“’g(B) > 0.0

2.8 Examples

In all examples in this subsection hg = L?([a, b],dur) and hyg is the operator
of multiplication by x. In Examples 1-9 [a, b] = [0, 1]. In Examples 1 and 2 we
do not assume that f is a cyclic vector for hx.

Ezample 1. In this example we deal with the spectrum outside ]0, 1[. Let

Ao —/0 @) dpr (), Ay _/o /@) dur ().

T rz—1

Obviously, Ag €]0, 00] and A; € [—o0, 0. If A2 > w/ Ay, then hy ,, has a unique
eigenvalue e < 0 which satisfies

1 2
_xe [ U@y =0. 37
| duro) (37)
If A2 < w/ Ay, then hy,, has no eigenvalue in | — 00, 0[. 0 is an eigenvalue of

haw iff A2 = w/Ag and [ |f(2)]*z~2dur (z) < co. Similarly, if
(w—1)/A1 < N2,

then hy,, has a unique eigenvalue e > 1 which satisfies (37), and if
(w—1)/A1 > N\,

then h) ,, has no eigenvalue in |1, 00[. 1 is an eigenvalue of hy , iff
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(w—=1)/4; = A2,
1 _
and [ |f(z)]*(z — 1)?dpr(z) < co.

Ezample 2. Let dug (x) = dx|j 1, let f be a continuous function on ]0, 1], and
let

S = {z €]0,1[| f(=) # 0}.

The set S is open in ]0,1[, and the cyclic space generated by hg and f is
L?(S,dx). The spectrum of

hxwlcor2(s,dz)) .

is purely absolutely continuous and equal to [0,1] \ S. Since for z € S,
limy o Im Fr(z +iy) = n|f(z)|*> > 0, the spectrum of hy, in S is purely
absolutely continuous for all A # 0. Hence, if

S:U]an,bn[,

is the decomposition of § into connected components, then the singular spec-
trum of hy , inside [0, 1] is concentrated on the set U,{an, b, }. In particular,
hx,w has no singular continuous spectrum. A point e € Up{an, b, } is an eigen-
value of hy ,, iff

/1 @ o and w_e_Az/Ide_o. (38)
0 0

(x —e)? x—e

Given w, for each e for which the first condition holds there are precisely two
N’s such that e is an eigenvalue of hy,. Hence, given w, the set of \’s for
which hjy ., has eigenvalues in |0, 1] is countable. Similarly, given A, the set of
w’s for which hy ., has eigenvalues in 0, 1 is countable.
Let
Z={ze01]| f(x) =0},

and g = sup,cy Gr(x). By (16), the number of eigenvalues of h) ,, is bounded
by 1+ A?g. Hence, if g < oo, then hy, can have at most finitely many
eigenvalues. If, for example,

|f(@) = f(y)] < Clz —y|°,

for all z,y € [0,1] and some ¢ > 1/2, then

g_”9f|ﬂm2&—$mAWﬂQ;ﬂ@E&

zeZ ( z€Z (t —z)?

t —x)?
<$1/1_41__a<m
= e Jo (=D ’
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and hy, has at most finitely many eigenvalues. On the other hand, given
A # 0, w, and a finite sequence £ = {ej,...,e,} €]0, 1], one can construct a
C* function f with bounded derivatives such that F is precisely the set of
eigenvalues of hy , in ]0, 1].

More generally, let E = {e,} CJ0,1[ be a discrete set. (By discrete we
mean that for all n, inf;x, e, —e;| > 0 — the accumulation points of E are
not in F). Let A # 0 and w be given and assume that w is not an accumulation
point of E. Then there is a C*° function f such that E is precisely the set of
eigenvalues of hy , in ]0, 1[. Of course, in this case f’(z) cannot be bounded.
The construction of a such f is somewhat lengthy and can be found in [Kr].

In the remaining examples we assume f = 1. The next two examples are
based on [How].

Ezample 3. Let ugr be a pure point measure with atoms pg (z,) = a,. Then

Gr0) =3

If }°, /an < 00, then Gr(z) < oo for Lebesgue a.e. z € [0,1] (see Theorem
3.1 in [How]). Hence, by Simon-Wolff theorems 3 and 7, for a fixed A # 0 and
Lebesgue a.e. w, and for a fixed w and Lebesgue a.e. A, hy,, has only a pure
point spectrum. On the other hand, for a fixed A # 0, there is a dense G set

of w € R such that the spectrum of hy ,, on |0, 1] is purely singular continuous
[Gor, DMS].

Ezample 4 (continuation). Assume that x,, = z,(w) are independent random
variables uniformly distributed on [0, 1]. We keep the a,’s deterministic and
assume that ) +/a, = co. Then, for a.e. w, Gg . (z) = oo for Lebesgue a.e.
x € [0, 1] (see Theorem 3.2 in [How]). Hence, by Simon-Wolff theorems 4 and
8, for a fixed A # 0 and Lebesgue a.e. w, and for a fixed w and Lebesgue a.e.
A, the spectrum of hy ,,(w) on [0, 1] is singular continuous with probability 1.

Ezample 5. Let v be a probability measure on [0, 1] and

dur(2) = 5 (dzlo) + dv(z)) .

1
2
Since for all z €]0, 1],

T
liminf Im Fr(x +iy) > —,
im inf Im r(x +1iy) > )
the operator hy, has purely absolutely continuous spectrum on [0, 1] for all
A # 0. In particular, the singular spectrum of hg associated to Vg disappears
under the influence of the perturbation for all A # 0.
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Ezample 6. This example is due to Simon-Wolff [SW]. Let

o
pn =27" Z dja-n,
j=1

and pr = Y., Gnjin, where a, > 0, >° a, = 1 and ) 2"a, = oo. The
spectrum of hg,, is pure point and equal to [0,1] U {w}. For any x € [0,1]
there is j, such that |j,/2™ — x| < 27", Hence, for all n,

/ aalt) |

r(t—x)*

and Gg(z) = oo for all z € [0,1]. We conclude that for all A # 0 and all w
the spectrum of hy ,, on [0,1] is purely singular continuous.

Ezample 7. Let uc be the standard Cantor measure (see [RS1]). Set
Vin(4) = po(A+727"),

and
oo 2m
_ -2
HR = €XJo,1] Z n Z Vjns
n=1 j=1

where ¢ is the normalization constant. Then Gg(x) = oo for all z € [0, 1] (see
Example 5 in Section IL.5 of [Si2]), and the spectrum of hy , on [0, 1] is purely
singular continuous for all A, w.

Ezample 8. The following example is due to del Rio and Simon (Example
7 in Section IL5 of [Si2]). Let {r,} be the set of rationals in ]0,1/2[, a, =
min(3="" 1, r,,1/2 —1,),

I, =|rn —an,rn+ap[ U]l =1 —an, 1 —ry + ay|,

and S = U,I,. The set S is dense in [0,1] and |S| < 2/3. Let dug =
|S|"txsdz. The spectrum of hg is purely absolutely continuous and equal
to [0, 1]. The set S is the essential support of this absolutely continuous spec-
trum. Clearly, for all A\,w, sp,.(hxo) = [0,1]. By Theorem 5, for any fixed
A # 0, hy,, will have some singular spectrum in [0,1] \ S for a set of w’s of
positive Lebesgue measure. It is not difficult to show that Gr(z) < oo for
Lebesgue a.e. z € [0,1] \ S (see [Si2]). Hence, for a fixed A, hy, will have
no singular continuous spectrum for Lebesgue a.e. w but it has some point
spectrum in [0, 1]\ S for a set of w’s of positive Lebesgue measure.

For a given w, hy ,, has no singular continuous spectrum for Lebesgue a.e. A.
Note that for Lebesque a.e. € R\ S, Fr(x +i0) = Re Fr(z 4+10) # 0. Since
the set S is symmetric with respect to the point 1/2, we have that for all
z € Cy, ReFr(z) = —Re Fr(—2z + 1/2). Hence,
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Re Fr(x) = —Re Fr(—z + 1/2), (39)

and if |w| > 1, then the set
{z € [0,1]\ S| (w — ) Fr(x) > 0}, (40)

has positive Lebesgue measure. Theorem 9 yields that for a given w €]0, 1],
hx will have some point spectrum in [0,1] \ S for a set of A’s of positive
Lebesgue measure. If w €]0, 1], the situation is more complex and depends on
the choice of enumeration of the rationals. The enumeration can be always
chosen in such a way that for all 0 < e < 1, |SNJ0, €]| < e. In this case for any
given w the set (40) has positive Lebesgue measure and hy ,, will have some
singular continuous spectrum in [0, 1]\ S for a set of A’s of positive Lebesgue
measure.

Ezample 9. This example is also due to del Rio and Simon (Example 8 in
Section IL.5 of [Si2]). Let
2m—1

J I 1
Sy = o T T 3on on ;
U } 2n 4n22n7 20 + 4n22n

J=1

and S = U, S,,. The set S is dense in [0, 1] and |S| < 1. Let dur = |S|"txs da.
Then the absolutely continuous spectrum of hy ,, is equal to [0, 1] for all A\, w.
One easily shows that Ggr(x) = oo on [0,1] (see [Si2]). Hence, for a fixed A,
h,w will have no point spectrum on [0, 1] for Lebesgue a.e. w but it has some
singular continuous spectrum in [0,1]\ S for a set of w’s of positive Lebesgue
measure.

For a given w, hy ., will have no point spectrum inside [0, 1] for Lebesgue
a.e. A. The set S is symmetric with respect to 1/2 and (39) holds. Since for
any 0 <e <1, |SN[0,¢€| < e, for any given w the set

{z € [0,1]\ S| (w — ) Fr(x) > 0},

has positive Lebesgue measure. Hence, Theorem 9 yields that for a given w,
h will have some singular continuous spectrum in [0,1] \ S for a set of A’s
of positive Lebesgue measure.

Ezample 10. Proposition 1 and a theorem of del Rio and Simon [DS] yield
that there exist a bounded interval [a, b], a Borel probability measure pug on
[a,b] and Ag > 0 such that:

1. Spae(hrw) = [a,b] for all A\ w.

2. for a set of w’s of positive Lebesgue measure, hy, . has embedded point
spectrum in [a, b].

3. for a set of w’s of positive Lebesgue measure, h), ., has embedded singular
continuous spectrum in [a, b].
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Ezxample 11. Proposition 1 and a theorem of del Rio-Fuentes-Poltoratskii
[DFP] yield that there exist a bounded interval [a,b], a Borel probability
measure ug on [a,b] and A\g > 0 such that:

1. spyc(haw) = [a,b] for all A\, w.
2. for all w € [0, 1], the spectrum of h), ., is purely absolutely continuous.
3. for all w ¢ [0, 1], [a,b] C 8Pging(hrrg,w)-

2.9 Digression: the semi-circle law

In the proof of Proposition 1 we have solved the equation (11) for px. In this
subsection we will find the fixed point of the equation (11). More precisely, we
will find a finite Borel measure v whose Borel transform satisfies the functional
equation

1
H(z) = —2—MNH(z)’
or, equivalently
NH(2)?+2H(2)+1=0. (41)

The unique analytic solution of this equation is

V22 —4X2 — 2
H(z) = ——F5—
2)2
a two-valued function which can be made single valued by cutting the complex
plane along the line segment [—2|\|,2|A|]. Only one branch has the Herglotz

property H(C;) C C4. This branch is explicitly given by

_1é&-1
N E+T

z— 2|}
z 42|\’

H(z) §

where the branch of the square root is determined by Re& > 0 (the so-called
principal branch). In particular, H(x + iy) ~ iy~! as y — 400, and by a well
known result in harmonic analysis (see e.g. [Ja]) there exists a unique Borel
probability measure v such that F,(z) = H(z) for z € C;. For all z € R,

limIm F, (x + iy) = sa(x),
yl0

where
402 — 2

sx(z) = 2)2
0 if |z > 2|\
We deduce that the measure v is absolutely continuous w.r.t. Lebesgue mea-
sure and that

if 2| < 2,

dv(z) = 77 sy (x)d.
Of course, v is the celebrated Wigner semi-circle law which naturally arises in
the study of the eigenvalue distribution of certain random matrices, see e.g.
[Meh]. The result of this computation will be used in several places in the
remaining part of our lectures.
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3 The perturbative theory

3.1 The Radiating Wigner-Weisskopf atom

In this section we consider a specific class of WWA models which satisfy the
following set of assumptions.

Assumption (Al) hr = L*(X,dz; &), where X = (e_,e;) C R is an open
(possibly infinite) interval and £ is a separable Hilbert space. The Hamiltonian
hr = z is the operator of multiplication by z.

Note that the spectrum of hg is purely absolutely continuous and equal
to X. For notational simplicity in this section we do not assume that f is a
cyclic vector for A . This assumption is irrelevant for our purposes: since the
cyclic space h; generated by hy and 1 is independent of A for A # 0, so is
bt C hr and h)\|hf = hR|hf has purely absolutely continuous spectrum.

Assumption (A2) The function
o) = [ @) de,

is in L'(R, dt).

This assumption implies that z + || f(x)||« is a bounded continuous func-
tion on X. Note also that for Imz > 0,

FR(Z): ||f(I)Hﬁ dI—l/Oooelzsg(S)dS

x T—Z

Hence, Fr(z) is bounded and continuous on the closed half-plane C. In
particular, the function Fg(x + i0) is bounded and continuous on R. If in
addition ¢"g(t) € L*(R,dt) for some positive integer n, then ||f(z)||% and
Fr(z +10) are n-times continuously differentiable with bounded derivatives.

Assumption (A3) w e X and || f(w)]|s > 0.

This assumption implies that the eigenvalue w of hy is embedded in its
absolutely continuous spectrum.

Until the end of this section we will assume that Assumptions (A1)-(A3)
hold. We will call the WWA which satisfies (A1)-(A3) the Radiating Wigner-
Weisskopf Atom (abbreviated RWWA).

In contrast to the previous section, until the end of the paper we will keep
w fixed and consider only A\ as the perturbation parameter. In the sequel we
drop the subscript w and write F for F) ., etc.



28 V. Jaksié, E. Kritchevski, and C.-A. Pillet

Since ||f(x)||s is a continuous function of x, the argument of Example 2
in Subsection 2.8 yields that iy has no singular continuous spectrum for all
A. However, hy may have eigenvalues (and, if X # R, it will certainly have
them for A large enough). For A small, however, the spectrum of k) is purely
absolutely continuous.

Proposition 9. There exists A > 0 such that for 0 < |\| < A the spectrum of
hy is purely absolutely continuous and equal to X.

Proof. By Theorem 1, the singular spectrum of h) is concentrated on the
set
S ={reR|w—1z— NFgr(z+i0) = 0}.

Since Im Fr (w +10) = || f(w)||% > 0, there is € > 0 such that
Im Fr(z +i0) > 0,

for |t — w| < e. Let m = max,cg |Fr(z +i0)| and A = (¢/m)'/2. Then, for
Al < A and = ¢Jw — €,w + €], one has |w — x| > \?|Fr(z + i0)|. Hence, S
is empty for 0 < |A| < A, and the spectrum of hy|y, is purely absolutely
continuous.

We finish this subsection with two examples.

Example 1. Assume that hr = L%(R?,d%) and let hg = —A, where A is the
usual Laplacian in R?. The Fourier transform

- 1 ik
o(k) = W/Rde M o(x) da,

maps unitarily L?(R%, d?z) onto L?(R¢,d?k) and the Hamiltonian hr becomes
multiplication by |k|?. By passing to polar coordinates with 7 = |k| we identify
L?(R4,d%%) with L%(R,,r?ldr;f), where & = L?(S971 do), S9! is the
unit sphere in R%, and do is its surface measure. The operator hr becomes
multiplication by 72. Finally, the map

a—2 _
(@) =272 o),
maps L2(R?, d%z) unitarily onto L?(X,dx; &) with X = (0, 00), and
(hr@)* () = 2" (2).

This representation of hr and hx (sometimes called the spectral or the energy
representation) clearly satisfies (A1).

The function f# satisfies (A2) iff the function g(t) = (fle”*"= f) is in
LY(R,dt). If f € L?(R?,d%) is compactly supported, then g(t) = O(t=4/?),
and so if d > 3, then (A2) holds for all compactly supported f. If d = 1,2,
then (A2) holds if f is in the domain of |z|? and its Fourier transform vanishes
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in a neighborhood of the origin. The proofs of these facts are simple and can
be found in [BR2], Example 5.4.9.

Ezample 2. Let hr = (*(Z,), where Z, = {1,2,---}, and let

=5 3 (0l Do + Gl 13,

neZy

where 6, is the Kronecker delta function at n € Z,;. hg is the usual dis-
crete Laplacian on ¢?(Z, ) with Dirichlet boundary condition. The Fourier-sine
transform

G(k) = @ > @(n)sin(kn),
ne’ly

maps ¢?(Z; ) unitarily onto L?([0,7],dk) and the Hamiltonian hxr becomes
multiplication by cos k. Finally, the map

o7 (z) = (1 — 22) 43 (arccos ),
maps ¢?(Z. ) unitarily onto L?(X,dx), where X = (—1,1) and
(hr@)* () = 2¢¥ ().

If f has bounded support in Z,, then |f#(x)]?> = (1 — 22)/2P;(x), where
Pg(x) is a polynomial in z. A simple stationary phase argument yields that
g(t) = O(|t|=3/?) and Assumption (A2) holds.

3.2 Perturbation theory of embedded eigenvalue

Until the end of this section A is the constant in Proposition 9.

Note that the operator hg = w @ x has the eigenvalue w embedded in the
absolutely continuous spectrum of z. On the other hand, for 0 < |A| < A the
operator hy has no eigenvalue—the embedded eigenvalue has ”dissolved” in
the absolutely continuous spectrum under the influence of the perturbation. In
this subsection we will analyze this phenomenon. At its heart are the concepts
of resonance and life-time of an embedded eigenvalue which are of profound
physical importance.

We set D(w,r) = {z € C||z — w| < r}. In addition to (A1)-(A3) we will
need the following assumption.

Assumption (A4) There exists p > 0 such that the function
Ct 3 z — Fr(z),

has an analytic continuation across the interval Jw — p,w + p[ to the region
C4 U D(w, p). We denote the extended function by F (2).
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It is important to note that F}(z) is different from Fr(z) for Imz < 0.
This is obvious from the fact that

Im Pr(z +i0) — Im Fr(z — i0) = 27| f()[|% > 0,

near w. In particular, if (A4) holds, then p must be such that Jw—p,w+p[C X.
Until the end of this subsection we will assume that Assumptions (A1l)-
(A4) hold.

Theorem 10. 1. The function Fy(z) = (1|(hx — 2)7'1) has a meromorphic
continuation from Ci to the region C U D(w, p). We denote this contin-
uation by Fyf (2).

2. Let 0 < p' < p be given. Then there is A’ > 0 such that for |\ < A’
the only singularity of Fy(2) in D(w,p') is a simple pole at w(\). The
function A — w(A) is analytic for |A\| < A" and

W) = w4+ aA? + O\,
where az = —Fr(w +1i0). In particular, Imas = —7|| f(w)[|% < 0.
Proof. Part (1) is simple—Assumption A4 and Equ. (8) yield that

1

F(2) =
v () w—z—NF}(z)

is the mermorphic continuation of C4 3 z +— Fy(z) to C4+ U D(w, p).
For a given p’, choose A’ > 0 such that

o> LA sup [FE(2))
z|=p’
By Rouché’s theorem, there is an € > 0 such that for [A| < A’ the function
w — z — A2} (2) has a unique simple zero w()) inside D(w, p’ + €) such that
lw(A) —w| < p’ — €. This yields that Fy (2) is analytic in C4 U D(w, p’ + €)
except for a simple pole at w(A). The function

P\ = 7|€,z|_p/ 2F (2)dz = ,i Wf

w—z|=p’

is analytic for [A| < A’. Similarly, the function

n=0 |

is analytic and non-zero for |A| < A’. Since
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we see that w(A) is analytic for |A| < A with the power series expansion

w(A) = Z A"y,
n=0

Obviously, ap = w and

1 F;{(z) .
=—— dz = —Ff(w) = -F 0).
@2 27 |w—2z|=p’ z—Ww “ R(W) R(w+l )

The same formula can be obtained by implicit differentiation of
w—w\) = NFE(w(N) =0,
at A=0.0

Theorem 10 explains the mechanism of ” dissolving” of the embedded eigen-
value w. The embedded eigenvalue w has moved from the real axis to a point
w(A) on the second (improperly called “unphysical”) Riemann sheet of the
function F(z). There it remains the singularity of the analytically continued
resolvent matrix element (1|(hy — z)~'1), see Figure 1.

physi cal Ri emann sheet

Fig. 1. The resonance pole w(\).

We now turn to the physically important concept of life-time of the em-
bedded eigenvalue.

Theorem 11. There exists A” > 0 such that for |\ < A" and all t >0
(1|e—ith>\1) _ e—itw()\) + O()\Q)
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Proof. By Theorem 9 the spectrum of h) is purely absolutely continuous for
0 < |A| < A. Hence, by Theorem 1,

1 1
dp(z) = dp.(z) = ;ImFA(:zr +i0)dz = ;ImF;r(x) dz.

Let A" and p’ be the constants in Theorem 10, A” = min(A’, A), and suppose
that 0 < |A| < A”. We split the integral representation

(1) = [ e ), (43)
X
into three parts as
w—pl wp’ eq
VT Y
e_ w—p’ w—+p’
Equ. (8) yields
Im F} (z)

+ 12
Im Py (@) = Ao N2 FL ()2

and so the first term and the third term can be estimated as O(\?). The
second term can be written as

I(t) = ! /w+p/ e it (F;r(x) - m) dz.

271 Sy

The function 2 + F} (%) is meromorphic in an open set containing D(w, p)

with only singularity at w(\). We thus have

I(t) = —R(\) e ™™ 4 / = (B (2) - FE (3) dz,
v
where the half-circle v = {z | |z —w| = p/,Im z < 0} is positively oriented and
R(A) = Res,—,(n) FY (2).
By Equ. (42), R(\) = Q(X\)/2wi is analytic for |A] < A” and
R(\) = -1+ 0(\?).
Equ. (8) yields that for z €
1

Fj(z):w—z

+O0(\).

Since w is real, this estimate yields

Ff(2) ~ F (2) = O(X2).
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Combining the estimates we derive the statement. [J

If a quantum mechanical system, described by the Hilbert space § and the
Hamiltonian hy, is initially in a pure state described by the vector 1, then

P(t) =|(1]e™™ )P,

is the probability that the system will be in the same state at time ¢. Since
the spectrum of hy is purely absolutely continuous, by the Riemann-Lebesgue
lemma lim;_,, P(t) = 0. On physical grounds one expects more, namely an
approximate relation

P(t) ~ e 1T, (44)

where I'(A) is the so-called radiative life-time of the state 1. The strict ex-
ponential decay P(t) = O(e~ %) is possible only if X = R. Since in a typical
physical situation X # R, the relation (44) is expected to hold on an in-
termediate time scale (for times which are not ”too long” or ”too short”).
Theorem 11 is a mathematically rigorous version of these heuristic claims and
I'(A) = —2Imw(\). The computation of the radiative life-time is of paramount
importance in quantum mechanics and the reader may consult standard ref-
erences [CDG, He, Mes]| for additional information.

3.3 Complex deformations

In this subsection we will discuss Assumption (A4) and the perturbation the-
ory of the embedded eigenvalue in some specific situations.

Ezample 1. In this example we consider the case X =]0, col.

Let 0 < 0 < /2 and A(0) = {z € C|Rez > 0,|Argz| < §}. We denote by
HZ(6) the class of all functions f : X — & which have an analytic continuation
to the sector A(J) such that

17112 = sup / (e )|z < oo,
10|<sJ X

The class H2(8) is a Hilbert space. The functions in H3(J) are sometimes
called dilation analytic.

Proposition 10. Assume that f € H32(5). Then Assumption (A4) holds in
the following stronger form:

1. The function Fgr(z) has an analytic continuation to the region CL U .A(J).
We denote the extended function by Fi (z).
2. For 0 < ¢ <6 and € > 0 one has

sup |F5 (2)] < oo
|z|>€,2€ A(8")
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Proof. The proposition follows from the representation

ey = [ MM g, oo [ GV Co ) T

x T—2 elfy — 2

which holds for Im z > 0 and —4 < 6 < 0. This representation can be proven
as follows.
Let () be the half-line e’ R ;. We wish to prove that for Im z > 0

Uy, [ (@I,
v(6)

x T—2Z w—z

To justify the interchange of the line of integration, it suffices to show that
0 —ip ip
i 1, [0 SNl g
n— oo 0 |rne1¥’ — Z|

along some sequence r,, — co. This fact follows from the estimate

0 e ¥y ey
/X Ug 2| (f( - WHeFD)sl 4ol 4z < copf)2.

el — z|

O

Until the end of this example we assume that f € H3(5) and that Assump-
tion (A2) holds (this is the case, for example, if ' € H2(5) and f(0) = 0).
Then, Theorems 10 and 11 hold in the following stronger forms.

Theorem 12. 1. The function
Fx(2) = (1|(ha — 2)7'1),
has a meromorphic continuation from C, to the region Cy U A(J). We
denote this continuation by Fy (z).
2. Let 0 < §' < § be given. Then there is A" > 0 such that for |\| < A’ the
only singularity of Fy (z) in A(&') is a simple pole at w(\). The function
A — w(A) is analytic for |\ < A" and
w\) = w+ May + 0O\,
where az = —Fr(w +1i0). In particular, Imas = —7|| f(w)[|% < 0.
Theorem 13. There exists A" > 0 such that for |A\| < A” and all t >0,
(1|e—ith,\1) _ e—itw(k) + O()\2t_l).

The proof of Theorem 13 starts with the identity

(1e=t1) = 2 /X e £(2) |3 |F5 (2) 2 da.
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Given 0 < ¢’ < § one can find A” such that for |A| < A”

(1) = e N [ e () F (@) (w) dw, (46)

efi‘s/]R+

and the integral on the right is easily estimated by O(t~1). We leave the details
of the proof as an exercise for the reader.

Ezample 2. We will use the structure of the previous example to illustrate
the complex deformation method in study of resonances. In this example we
assume that f € H3(9).

We define a group {u(f) |8 € R} of unitaries on h by

u(®) : a® f(z) — ade®?f(fr).

Note that hg(0) = u(—0)hgu(f) is the operator of multiplication by e~ %z.

Set ho(0) = w @ hr(0), fo(x) = u(—0)f(z)u(d) = f(e %), and
ha(0) = ho(0) + A ((1]-)fo + (fol -)1) -

Clearly, h(0) = u(—0)hyu(9).

We set S(0) = {z||Imz| < 6} and note that the operator ho(#) and the
function fy are defined for all @ € S(d). We define hy(6) for A € C and 6 € S(0)
by

ha(0) = ho(0) + A (1] ) fo + (f5]-)1) -

The operators hy(6) are called dilated Hamiltonians. The basic properties of
this family of operators are:

1. Dom (hy(#)) is independent of A and 6 and equal to Dom (hg).
2. For all ¢ € Dom (hg) the function C x S(d) 3 (A, 0) — hx(0)¢ is analytic.
3. If Im# = Im ¢, then the operators hy(6) and hy(6') are unitarily equiva-
lent, namely
ho(0') = u(—(0" — 0))ho(0)u(8’ — 6).
4. 8Pess(ho(0)) = e R, and spyje.(ho(0)) = {w}, see Figure 2.

The important aspect of (4) is that while w is an embedded eigenvalue
of ho, it is an isolated eigenvalue of ho(f) as soon as Imé < 0. Hence, if
Imé& < 0, then regular perturbation theory can be applied to the isolated
eigenvalue w. Clearly, for all A, sp,(hx(0)) = sp(ho(6)) and one easily shows

that for A small enough spyisc(hr)(0) = {®(A)} (see Figure 2). Moreover, if
0 < p < min{w,w tan 8}, then for sufficiently small A,

7{ U0~ )
B\ = Lzzel=r .
GO CRDREE
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0 w

SPess (1 ()

Fig. 2. The spectrum of the dilated Hamiltonian hx(0).

The reader should not be surprised that the eigenvalue @(\) is precisely the
pole w(\) of Fy (2) discussed in Theorem 10 (in particular, () is independent
of #). To clarify this connection, note that u(6)1 = 1. Thus, for real § and
Imz >0,

Fr(2) = (1](hy — 2)71) = (1](h(8) — 2)~11).

On the other hand, the function R 3 6 +— (1|hx(f) — 2)711) has an analytic
continuation to the strip —¢ < Im6 < Imz. This analytic continuation is a
constant function, and so

Ff(2) = (1](ha(0) — 2)7'1),

for =6 <Imé < 0 and z € C4 U A(JIm@|). This yields that w(A) = @(A).

The above set of ideas plays a very important role in mathematical physics.
For additional information and historical perspective we refer the reader to
[AC, BC, CFKS, Der2, Si2, RS4].

Ezample 3. In this example we consider the case X = R.
Let 6 > 0. We denote by HZ(J) the class of all functions f : X — & which
have an analytic continuation to the strip S(J) such that

1913 = sw [ e+ i0)[ e < oc.
[0|<sJ X
The class HZ(5) is a Hilbert space. The functions in H2(J) are sometimes

called translation analytic.

Proposition 11. Assume that f € HZ(5). Then the function Fr(z) has an
analytic continuation to the half-plane {z € C|Imz > —4}.

The proposition follows from the relation

PRy LG Yy CCELT CEL

x r—2z x+i0 — z
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which holds for Imz > 0 and —¢ < @ < 0. The proof of (47) is similar to the
proof of (45).

Until the end of this example we will assume that f € H2(5). A change of
the line of integration yields that the function

ot) = [ @) da,
satisfies the estimate |g(t)| < e°Il|| f]|2, and so Assumption (A2) holds. More-
over, Theorems 10 and 11 hold in the following stronger forms.
Theorem 14. 1. The function
F(2) = (1](hx = 2)7'1),
has a meromorphic continuation from Cy to the half-plane
{z€C|Imz > —§}.

We denote this continuation by Fyf (2).

2. Let 0 < §' < § be given. Then there is A" > 0 such that for |\| < A’ the
only singularity of Fy (2) in {z € C|Imz > —4§'} is a simple pole at w(N).
w(A) is analytic for |\ < A" and

W) = w4+ Mag + O\,
where ay = —Fr(w +10). In particular, Imas = —7|| f(w)|% < 0.

Theorem 15. Let 0 < §' < § be given. Then there exists A” > 0 such that
for |\l < A” and allt >0

(1|e—ithA 1) _ e—itw()\) + O()\ze_‘;/t).

In this example the survival probability has strict exponential decay.

We would like to mention two well-known models in mathematical physics
for which analogs of Theorems 14 and 15 holds. The first model is the Stark
Hamiltonian which describes charged quantum particle moving under the in-
fluence of a constant electric field [Her]. The second model is the spin-boson
system at positive temperature [JP1, JP2].

In the translation analytic case, one can repeat the discussion of the pre-
vious example with the analytic family of operators

ha(0) =w @ (@+6) + A ((1-)fo + (f5 1),
where fg(x) = f(x + 0) (see Figure 3). Note that in this case

Spess(hk (9)) = Spess(ho (9)) =R+ilm6.
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A

*w(N)

y—Imé

SPess (1 (6))

Fig. 3. The spectrum of the translated Hamiltonian hy(0).

Ezxample 4. Let us consider the model described in Example 2 of Subsection

3.1 where f € ¢?(Z,) has bounded support. In this case X =] —1,1[ and
1 A2
1 — 22
Fr(z) = Tj Py(x) dz, (48)
—1 -

where Py(x) is a polynomial in z. Since the integrand is analytic in the cut
plane C\{z € R||z| > 1}, we can deform the path of integration to any curve
v joining —1 to 1 and lying entirely in the lower half-plane. This shows that
the function Fr(z) has an analytic continuation from Cy to the entire cut
plane C\ {z € R||z| > 1}. Assumption (A4) holds in this case.

3.4 Weak coupling limit

The first computation of the radiative life-time in quantum mechanics goes
back to the seminal papers of Dirac [Di] and Wigner and Weisskopf [WW].
Consider the survival probability P(t) and assume that P(t) ~ e ') where
(M) = ATy + O(A3) for A small. To compute the first non-trivial coefficient
I's, Dirac devised a computational scheme called time-dependent perturbation
theory. Dirac’s formula for 'y was called Golden Rule in Fermi’s lectures [Fer],
and since then this formula is known as Fermi’s Golden Rule.

One possible mathematically rigorous approach to time-dependent pertur-
bation theory is the so-called weak coupling (or van Hove) limit. The idea is
to study P(t/A?) as A — 0. Under very general conditions one can prove that

: 2\ _ —tl'y
lim P(t/)?) =2,
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and that ' is given by Dirac’s formula (see [Da2, Da3]).
In this section we will discuss the weak coupling limit for the RWWA. We
will prove:

Theorem 16. Suppose that Assumptions (A1)-(A3) hold. Then

)

;in% (1|e—ithx/>\21) . e—itw/,\zeitFR(erio) -0

for any t > 0. In particular,

lim |(1]e /A" 1)|2 = o= 2m I @)I5e
A—0

Remark. If in addition Assumption (A4) holds, then Theorem 16 is an imme-
diate consequence of Theorem 11. The point is that the leading contribution
to the life-time can be rigorously derived under much weaker regularity as-
sumptions.

Lemma 3. Suppose that Assumptions (A1)-(A3) hold. Let u be a bounded
continuous function on X. Then

lim

lim )\2/ efitac/)\zu(x”F)\(x+iO)|2dx_ u(w) —it(w/A? —Fr (w+i0)) =0,
- X

TF@)Z°

for any t > 0.

Proof. We set [,(7) = |w — 7 — A2 Fr(w +1i0)| =2 and
I\(t) = /\2/Xe_im/’\2u(x)|F,\(:v+iO)|2d:C.
We write u(z)|F)(z +i0)|? as
u(W)ly (@) + (u(@) — u(w))l(z) + u(@) (|Fr(@ +i0)* — (@),
and decompose I (t) into three corresponding pieces Iy »(t). The first piece is

e—it:l)/)\2

et
_ 12
Lalt) = Aulw) /67 (@ =2 = ?Re Fr (0 +10)2 + (\Im Fr(w 1 10))2

The change of variable

_ z—w+ MNRe FPr(w+1i0)
NIm Fr(w +10)

and the relation Im Fg (w + i0) = || f(w)||% yield that

L) = e—it(w/)\2—Re Fr (w+i0))

1 e+ (\) 4—itlm Fr (w+i0)y
Lw) / c. - dy,

IF@)IE 7™ Je_ o y? +1
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where

2 Cx W Re Fr(w +10)
7|l f(W)lI% 7| f(W)lI%

as A — 0. From the formula

D[R e
T J_oo y? +1 |

ex(N) =A™

— Fo0,

we obtain that

_ u(w) e—it(w/)\2—FR(w+i0)) o
0 = T e w

as A — 0.

Using the boundedness and continuity properties of u and [, one easily
shows that the second and the third piece can be estimated as

B <X [ Ju(e) = u(w) 1o (o) do.
Isa(t)] < A2 /X (@) || Fa(z +10)? = 1 (2)| da.

Hence, they vanish as A — 0, and the result follows from Equ. (49). O

Proof of Theorem 16. Let A be as in Proposition 9. Recall that for 0 <
|A] < A the spectrum of hy) is purely absolutely continuous. Hence, for A small,

1 .

—/ e_‘m/’\2ImF,\(:C+iO)dx

TJx

1 .

= —/ ef‘tx/)‘2|F,\(:v+iO)|QImFR(:E+iO)dx
s

s

(1|e—ith)\/)\21) —

—ita /A2 :
- AQ/X‘% /X f(@)||R |Fa( +10)[2de,

where we used Equ. (19). This formula and Lemma 3 yield Theorem 16. O

The next result we wish to discuss concerns the weak coupling limit for
the form of the emitted wave. Let pr be the orthogonal projection on the
subspace hr of b.

Theorem 17. For any g € Co(R),
lim (pre "V 1g(hr)pre "N 1) = g(w) (1 - e 2 IR - (s0)
Proof. Using the decomposition

prYg(hr)pr = (Pr9(hR)PR — 9(ho)) + (9(ho
= —g(w)(A] )1+ (g(ho) — g(hx)) + g(hx),
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we can rewrite (pre= /A 1|g(hg)pre /2" 1) as a sum of three pieces.
The first piece is equal to

~g(@)| (17D = —g(w)e 2T, (51)
Since A — h) is continuous in the norm resolvent sense, we have
lim [lg(hx) = g(ho)l| = 0,
and the second piece can be estimated
(e~ "1 (g(ho) — g(ha))e™ A" 1) = o(1), (52)
as A — 0. The third piece satisfies
(M2 g (hy)e™ A1) = (1]g(ha)1)
= (g(ho)1) + (1|(g(hx) — g(ho))1)  (53)
= g(w) +o(1),

as A — 0. Equ. (51), (52) and (53) yield the statement. OJ

Needless to say, Theorems 16 and 17 can be also derived from the
general theory of weak coupling limit developed in [Da2, Da3]. For addi-
tional information about the weak coupling limit we refer the reader to
[Da2, Da3, Der3, FGP, Haa, VH].

3.5 Examples
In this subsection we describe the meromorphic continuation of

Fa(z) = (1|(ha — 2)7'1),

across sp,.(hy) in some specific examples which allow for explicit computa-
tions. Since Fi(z) = F_»(z), we need to consider only A > 0.

Ezample 1. Let X =]0, 0o[ and
f@)=7712@0)4 (1 + o)~ 1/2

Note that f € H2(6) for 0 < § < 7/2 and so f is dilation analytic. In
this specific example one can evaluate Fr(z) directly and describe the entire
Riemann surface of Fy(z), thus going far beyond the results of Theorem 12.

For z € C\ [0,00) we set w = /—2, where the branch is chosen so that
Rew > 0. Then iw € C; and the integral

Fr(2) T[> V2t dt \/§/°° t2 dt
Z)= — = — _—
R mJo 1+t2t—2z 7w J_1+t* 24 w?’
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is easily evaluated by closing the integration path in the upper half-plane and
using the residue method. We get

1

Frz) = —————.
®(2) w2 +v2w+1

Thus Fx is a meromorphic function of w with two simple poles at w = e®317/4,
It follows that Fr(z) is meromorphic on the two-sheeted Riemann surface of
v/—z. On the first (physical) sheet, where Rew > 0, it is of course analytic.
On the second sheet, where Rew < 0, it has two simple poles at z = +i.

In term of the uniformizing variable w, we have

w2—|—\/§w—|—1
(w2 + w)(w? + V2w + 1) — A2

F>\(2) =

For A > 0, this meromorphic function has 4 poles. These poles are analytic
functions of A except at the collision points. For A small, the poles form two
conjugate pairs, one near +i,/w, the other near e*37/4, Both pairs are on the
second sheet. For A large, a pair of conjugated poles goes to infinity along the
asymptote Rew = —+/2/4. A pair of real poles goes to +o0. In particular, one
of them enters the first sheet at A = /w and h, has one negative eigenvalue

for A > \/w. Since
1 [>* V2 ot

Gr(®) =2 0 1+82(t—x)?
is finite for x < 0 and infinite for > 0, 0 is not an eigenvalue of hy for
A = y/w, but a zero energy resonance. Note that the image of the asymptote
Rew = —+/2/4 on the second sheet is the parabola {z = z+iy |z = 2y>—1/8}.
Thus, as A — o0, the poles of F (z) move away from the spectrum. This means
that there are no resonances in the large coupling limit.

The qualitative trajectories of the poles (as functions of A for fixed values
of w) are plotted in Figure 4.

Ezample 2. Let X =R and
fla) =72 (1 +2%)712

Since f € HZ(J) for 0 < § < 1, the function f is translation analytic. Here
again we can compute explicitly Fz(z). For z € C4, a simple residue calcula-

tion leads to ) ) d .
& t
F, = — = — .
=(2) w/ool+t2t—z z+1

Hence,
z+1i

A2 — (z+1)(z —w)’
has a meromorphic continuation across the real axis to the entire complex
plane. It has two poles given by the two branches of

F)\(Z) =
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4 0<w<1/2 w=1/2

¥
> >
e e

1/2<w<1 \ w>1
* N W
i@

Fig. 4. Trajectories of the poles of F)\(z) in w-space for various values of w in
Example 1. Notice the simultaneous collision of the two pairs of conjugate poles
when w = A\ = 1/2. The second Riemann sheet is shaded.

w—1i++/(w+1)?+4X\2

W) = - ,

which are analytic except at the collision point w = 0, A = 1/2. For small
one of these poles is near w and the other is near —i. Since

w() = —% + (g £2) +0(1/3),
as A — oo, hy has no large coupling resonances. The resonance curve w(\) is
plotted in Figure 5.

Clearly, sp(hy) = R for all w and A. Note that for all z € R, Ggr(z) = o0
and
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)\2
@+ (O —a(e— @)

Hence, the operator hy has purely absolutely continuous spectrum for all w
and all A # 0.

Im F)\(x +10) =

SPac (h)\)

Fig. 5. The poles of F(z) for Example 2.

Ezample 3. Let X =] — 1,1 and

2
fla)y=4/= (1=
i
(Recall Example 2 in Subsection 3.1 and Example 4 in Subsection 3.3 — hg
and hr are (2(Z,) and the discrete Laplacian in the energy representation
and f = 67.) In Subsection 2.9 we have shown that for z € C\ [-1, 1],

(54)

where
z—1
S=VaEr
The principal branch of the square root Re{ > 0 corresponds to the first
(physical) sheet of the Riemann surface R of Fr(z). The branch Re{ < 0

corresponds to the second sheet of R. In particular,

Fr(z +10) = 2(—z +1iv1 — 22).

To discuss the analytic structure of the Borel transform F)(z), it is convenient
to introduce the uniformizing variable

2 1+¢

CFr(z)  1-=¢

which maps the Riemann surface R to C\ {0}. Note that the first sheet of R is
mapped on the exterior of the unit disk and that the second sheet is mapped

w =
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Fig. 6. Mapping the cut plane C\ [—1, 1] to the exterior of the unit disk

on the punctured disk {z € C|0 < |z| < 1} (see Figure 6). The inverse of this

map is
1 +1
z==(w+—].
2 w

For z € C\ [—1,1] the function Fy(z) is given by

—2w
w? — 2ww + 1 — 4)\2°

F(z) =

and thus has a meromorphic continuation to the entire Riemann surface R.
The resonance poles in the w-plane are computed by solving

w? — 2ww+1— 42 =0,
and are given by the two-valued analytic function
w=w+ V42 +w? — 1.

We will describe the motion of the poles in the case w > 0 (the case w < 0 is
completely symmetric). For 0 < A < v/1 — w?/2 there are two conjugate poles
on the second sheet which, in the w-plane, move towards the point w on a
vertical line. After their collision at A = v/1 — w?/2, they turn into a pair of
real poles moving towards +oo (see Figure 7). The pole moving to the right
reaches w = 1 at A = /(1 — w)/2 and enters the first sheet of R. We conclude
that hy has a positive eigenvalue
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1 1
w+()\)_§<w—|— 4/\2+w2—1+w+m),

for A > /(1 — w)/2. The pole moving to the left reaches w = 0 at A = 1/2.
This means that this pole reaches z = oo on the second sheet of R. For
A > 1/2, the pole continues its route towards w = —1, i.e., it comes back from
z = 0o towards z = —1, still on the second sheet of R. At A = /(1 +w)/2, it
reaches w = —1 and enters the first sheet. We conclude that h) has a negative
eigenvalue

1 1
w()\)_§<w— 4A2+w2—1+w_ 4)\2+w2_1),

for A > /(1 4+ w)/2. The trajectory of these poles in the z cut-plane is shown

Fig. 7. The trajectories of the poles of F) in the w-plane. The second sheet is
shaded.

on Figure 8. For clarity, only one pole of the conjugate pair is displayed.

FEzxample 4. In Examples 1-3 there were no resonances in the large coupling
regime, i.e., the second sheet poles of F)\ kept away from the continuous
spectrum as A — oo. This fact can be understood as follows. If a reso-
nance w(A) approaches the real axis as A — oo, then it follows from Equ.
(8) that Im Fr(w(A\)) = o(A~2). Since under Assumptions (A1) and (A2)

Fr is continuous on C4, we conclude that if limy_, w()\_) = w € R, then
Im Fr(w +i0) = 0. Since || f(z)||s is also continuous on X, if @ € X, then
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z
-1 T w 1 (w+w™h)/2
- N 2\ -
- ‘ v = e
\

Fig. 8. The trajectories of the poles of F) in the z-plane. Dashed lines are on the
second sheet.

we must have f(@w) = 0. Thus the only possible locations of large coupling
resonances are the zeros of f in X. We finish this subsection with an example
where such large coupling resonances exist.

Let again X =] — 1, 1] and set

The Borel transform

is easily evaluated by a residue calculation and the change of variable
r=(ut+ut)/2.

Using the same uniformizing variable w as in Example 3, we get

Fa) =1 (1425 ) 1 (55)

and

F(2) = (56)

2wt — dwwd 4+ (2 — A\2)w? — N2’
We shall again restrict ourselves to the case 0 < w < 1. At A = 0 the de-
nominator of (56) has a double zero at w = 0 and a pair of conjugated zeros
at w +1iv1 —w?. As X increases, the double zero at 0 splits into a pair of
real zeros going to +oo. The right zero reaches 1 and enters the first sheet at
A= +2(1—-w). At A = /2(1 +w), the left zero reaches —1 and also enters
the first sheet. The pair of conjugated zeros move from their original posi-
tions towards +i (of course, they remain within the unit disk). For large A
they behave like

2w 2w(2+ 5iw)

w:j:i—i—ﬁ— )\4

Thus, in the z plane, F)\ has two real poles emerging from 4oo on the second
sheet and traveling towards +1. The right pole reaches 1 at A = /2(1 —w)

+O0\°).
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and becomes an eigenvalue of hy which returns to +o0o as A further increases.
The left pole reaches —1 at A = /2(1 + w), becomes an eigenvalue of hy,
and further proceeds towards —co. On the other hand, the eigenvalue w of hg
turns into a pair of conjugated poles on the second sheet which, as A — oo,
tend towards 0 as
2w 4w(l + 2iw) _
w(A) = SR ve— +0(\79),

see Figure 9. We conclude that k) has a large coupling resonance approaching
0 as A — oo.

Ny

Fig. 9. The trajectories of the poles of F)\ in the z-plane. Dashed lines are on the
second sheet.

4 Fermionic quantization

4.1 Basic notions of fermionic quantization

This subsection is a telegraphic review of fermionic quantization. For addi-
tional information and references the reader may consult Section 5 in [AJPP1].

Let b be a Hilbert space. We denote by I'(h) the fermionic (antisymmet-
ric) Fock space over §, and by I';,() the n-particle sector in . @y denotes
the vacuum in T'(h) and a(f),a*(f) the annihilation and creation operators
associated to f € b. In the sequel a™ ( f) represents either a(f) or a*(f). Recall
that ||a”(f)|| = ||f||. The CAR algebra over h, CAR(h), is the C*-algebra of
bounded operators on I'(h) generated by {a*(f)|f € b}.

Let u be a unitary operator on f. Its second quantization

C(u)lr, ) =u®- - @u=u®",

defines a unitary operator on I'(h) which satisfies
L(u)a® (f) = a® (uf)T(u).

Let h be a self-adjoint operator on . The second quantization of " is a
strongly continuous group of unitary operators on I'(h). The generator of this
group is denoted by dI'(h),

ith

T(eith) = oitdl(h).
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dI'(h) is essentially self-adjoint on I'(Dom k), where Dom h is equipped with
the graph norm, and one has

dI'(h omm =" @ --@Ihel®- -1
()Ir, Domp) = ey I® - QIR I ® - ®
k-1 n—=k
The maps
rH(a (f)) = T g# (f)e 1Al () — o # (glth f),

uniquely extend to a group 7 of *-automorphisms of CAR(). 7 is often called
the group of Bogoliubov automorphisms induced by h. The group 7 is norm
continuous and the pair (CAR(h), 7) is a C*-dynamical system. We will call it
a CAR dynamical system. We will also call the pair (CAR(h), 7) the fermionic
quantization of (b, h).

If two pairs (hy,h1) and (ha, ho) are unitarily equivalent, that is, if
there exists a unitary w : b — By such that uhiu™' = hy, then the
fermionic quantizations (CAR(h1),m1) and (CAR(h2),72) are isomorphic—
the map o(a? (f)) = a¥ (uf) extends uniquely to a *-isomorphism such that
cori=1loo.

4.2 Fermionic quantization of the WWA

Let hy be a WWA on h = C @ hr. Its fermionic quantization is the pair
(CAR(h), 7n), where

Tﬁ(a#(gb)) - eitdF(hA)a#(gb)efitdF(hA) = at (el ).

We will refer to (CAR(H), 7») as the Simple Electronic Black Box (SEBB)
model. This model has been discussed in the recent lecture notes [AJPP1].
The SEBB model is the simplest non-trivial example of the Electronic Black
Box model introduced and studied in [AJPP2].

The SEBB model is also the simplest non-trivial example of an open quan-
tum system. Set

th(a# (@) = a?(e™a),  th(a*(g)) = a¥ (R yg).

The CAR dynamical systems (CAR(C), 7s) and (CAR(hr), 7r) are naturally
identified with subsystems of the non-interacting SEBB (CAR(h), 79). The
system (CAR(C), 7s) is a two-level quantum dot without internal structure.
The system (CAR(hr), 7r) is a free Fermi gas reservoir. Hence, (CAR(hy), 7o)
describes the interaction of a two-level quantum system with a free Fermi gas
reservoir.

In the sequel we denote Hy = dI'(hy), Hs = dI'(w), Hg = dI'(hg), and

V = d0(v) = a*(f)a(1) + a* (Da(f).

Clearly,
Hy = Hy+ AV.
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4.3 Spectral theory

The vacuum of I'(h) is always an eigenvector of Hy with eigenvalue zero. The
rest of the spectrum of H) is completely determined by the spectrum of h)
and one may use the results of Sections 2 and 3.2 to characterize the spec-
trum of Hy. We mention several obvious facts. If the spectrum of h) is purely
absolutely continuous, then the spectrum of Hy is also purely absolutely con-
tinuous except for a simple eigenvalue at zero. Hy has no singular continuous
spectrum iff hy has no singular continuous spectrum. Let {e; };cs be the eigen-
values of hy, repeated according to their multiplicities. The eigenvalues of Hy
are given by

spp(Hy) = {Zniei | n; € {0, 1},Zni < oo} U {0}.

icl iel

Until the end of this subsection we will discuss the fermionic quantization
of the Radiating Wigner-Weisskopf Atom introduced in Section 3.2. The point
spectrum of Hy consists of two simple eigenvalues {0,w}. The corresponding
normalized eigenfunctions are

v, = a(l)" Py, n=0,1.

Apart from these simple eigenvalues, the spectrum of Hy is purely absolutely
continuous and sp,.(Hp) is equal to the closure of the set

{e—i—zgci‘xieX,eE{O,w},nzl}.

i=1

Let A be as in Theorem 9. Then for 0 < |A\| < A the spectrum of H) is purely
absolutely continuous except for a simple eigenvalue 0.
Note that

(W ]e™ 0 ) = (a(1)Pyle™ 2 a(1)Py)
= (a(1)Pyla(e™)Dy) = (L[ 1).

Similarly,
(| (Hx = 2)7") = (1|(hx — 2)7'1).

Hence, one may use directly the results (and examples) of Section 3 to describe
the asymptotic of (¥;|e ##>¥;) and the meromorphic continuation of

(CJr Sz (W1|(H)\ — Z)ilwl). (57)
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4.4 Scattering theory
Let hy be a WWA on h = C @ hg. The relation

7o ' o Ta(a¥ (¢)) = a¥ (e e g),
yields that for ¢ € hac(hy) the limit

lim rgt o Tﬁ(a#(@) = (I#(Q)T@a

t—oo

exists in the norm topology of CAR(h). Denote
TXac = TleAR(hac(hk))a TR,ac = TR|CAR(haC(hR))-

By the intertwining property (26) of the wave operator £2,", the map

o (a*(9)) = a* (125 9),

: P + + - -
satisfies oy o Ty .. = T . © 0y . Hence, oy is a *-isomorphism between the

CAR dynamical systems (CAR(Bac(hr)); Trac) and (CAR(Bac(hr)), TR ac)-
This isomorphism is the algebraic analog of the wave operator in Hilbert
space scattering theory and is often called the Mgller isomorphism.

5 Quantum statistical mechanics of the SEBB model

5.1 Quasi-free states

This subsection is a direct continuation of Subsection 4.1. A positive linear
functional 7 : CAR(h) — C is called a state if n(I) = 1. A physical system P
is described by the CAR dynamical system (CAR(h), 7) if its physical observ-
ables can be identified with elements of CAR(h) and if their time evolution is
specified by the group 7. The physical states of P are specified by states on
CAR(h). If P is initially in a state described by n and A € CAR(b) is a given
observable, then the expectation value of A at time ¢ is n(7¢(A)). This is the
usual framework of the algebraic quantum statistical mechanics in the Heisen-
berg picture. In the Schrodinger picture one evolves the states and keeps the
observables fixed, i.e., if 77 is the initial state, then the state at time ¢ is no 7.
A state 7 is called T-invariant (or stationary state, steady state) if no 1t =17
for all ¢.
Let T be a self-adjoint operator on h such that 0 < T < I. The map

nr(a®(fn) - a*(fr)a(gr) - - algm)) = Onmdet{(gilTf;)}, (58)

uniquely extends to a state nr on CAR(H). This state is usually called the
quasi-free gauge-invariant state generated by T. The state nr is completely
determined by its two point function
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nr(a*(f)a(g)) = (9| f)-
Note that if A=}, f;(g;]-) is a finite rank operator on b, then

dr(A) = Za*(fj)a(gj),

and

nr(d0(4)) = Tr (TA) = Y (4| ;). (59)

J

Let (CAR(h),7) be the fermionic quantization of (b, h). The quasi-free
state np is T-invariant iff e**T = Tei*" for all ¢ € R. In particular, the quasi-
free state generated by T' = o(h), where g is a positive bounded Borel function
on the spectrum of h, is 7-invariant. The function g is the energy density of this
quasi-free state. Let 3 > 0 and p € R. Of particular importance in quantum
statistical mechanics is the quasi-free state associated with T' = gg,,(h), where
the energy density og,, is given by the Fermi-Dirac distribution

1
opu(e) = D11 (60)
We denote this state by 73,,. The pair (CAR(bh), 7) and the state ng, describe
free Fermi gas in thermal equilibrium at inverse temperature 8 and chemical

potential pu.

5.2 Non-equilibrium stationary states

In this subsection we assume that hy has purely absolutely continuous spec-
trum. We make this assumption in order to ensure that the system will evolve
towards a stationary state. This assumption will be partially relaxed in Sub-
section 5.5, where we discuss the effect of eigenvalues of h). We do not make
any assumptions on the spectrum of hg.

Let nr be a quasi-free state on CAR(C @ hr) generated by T = a @ Tr.
We denote by nr, the quasi-free state on CAR(hr) generated by Tr. We
assume that 17, is T7r-invariant and denote by T'r ac the restriction of T’z to
the subspace hac(hr).

Let ¢1,---,¢, € h and

A=a®(dr)---a® (dn). (61)
Since nr is Tp-invariant,
nr(7h(A))) = nr(rg* o 74(A))
— nT(a#(efithoeithk¢1) .. a#(efithoeith)\ ¢n))7

hence
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Jim nr(r4(4)) = nr( (@5 1) - a* (25 62).

Since the set of observables of the form (61) is dense in h, we conclude that
for all A € CAR(h) the limit

0y (A) = lim nr(75(4)),

exists and defines a state 77 on CAR(h). Note that 7, is the quasi-free state
generated by Ty = (£25)*T12; . Since Ran 2, = bac(ho) = hac(hr), we have

Ty = (92,) Tr.ac2y , (62)

and so

+ +
M = NMTr.ac © 0>

where Uj\_ is the Mgller isomorphism introduced in Subsection 4.4. Obvi-

ously, nj\' does not depend on the choice of a and on the restriction of T'g
t0 Bging (A ). Since

ith + _—ithy __ —\* ithr —ithr H— __ +
e T e = (£2,7) e "R, e 0, =T,

n;\r is Ty-invariant.

The state n;r is called the non-equilibrium stationary state (NESS) of the
CAR dynamical system (CAR(h), 7») associated to the initial state nr. Note
that if A=3",¢;(1;]-), then, according to Equ. (59),

{ (dT(A)) = Tr (T AR, ) = Z(Q;ijTQ;¢j). (63)

J

By passing to the GNS representation associated to 1 one can prove the
following more general result. Let A" be the set of states on CAR(h) which
are normal with respect to nr (the set A/ does not depend on the choice of
«). Then for any n € " and A € CAR(b),

Jim n(73(4)) =1 (A).

If Tr = o(hr) for some bounded Borel function ¢ on the spectrum of hg,
then the intertwining property of the wave operator implies that T;' = o(hy)
and hence nj\“ = 7N)y(hy)- In particular, if the reservoir is initially in thermal
equilibrium at inverse temperature § > 0 and chemical potential ;. € R, then
ny is the quasi-free state associated to (e#ha=1) 4 1)~1 which is the thermal
equilibrium state of (CAR(H), 7») at the inverse temperature 5 and chemical
potential u. This phenomenon is often called return to equilibrium.
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5.3 Subsystem structure

In the rest of these lecture notes we assume that hr is multiplication by x on
hr = L?(X,du; R), where X C R is an open set and £ is a separable Hilbert
space. The internal structure of R is specified by an orthogonal decomposition
£ =M K. We set hr, = L*(X,du; &) and denote by hg, the operator of
multiplication by x on hz,. Thus, we can write

M M
br = Pbr.,  hr =P hxr,. (64)
k=1 k=1

We interpret (64) as a decomposition of the reservoir R into M indepen-
dent subreservoirs Rq,---,R;.
According to (64), we write f = ®M | fr and we split the interaction v as

v = 2119\/1:1 v, where
vp = (1] ) fe + (ful -)1.
The wave operators Qf and the scattering matrix S have the following form.

Proposition 12. Let o =a® ¢ € §. Then
(23 9)(x) = p(x) = Af (@) Fa(z £10)(a = A(f|(hr — = F10) ') (65)

Moreover, for any ¢ € L*(X,dpac; R) one has (Sv)(z) = S(x)y(x) where
S(z) : R — R has the form

(51) () = (a) + 20N F (2 +10) 2 (0) () o) f (@), (66)

This result is deduced from Proposition 7 as follows. Let hr s be the cyclic
space generated by hg and f and dug(z) = || f(z)||%du(z) the spectral mea-
sure for hg and f. Let U : br s — L?*(R,dur) be defined by U(Ff) = F,
F € L*(R,dug). U is unitary, hg = UhgrU™"! is the operator of multiplica-
tion by x, and U f = 1. We extend hg to hr = L*(R,dur) © bz , by setting
hgr = hg on h%%,f‘ Proposition 7 applies to the pair of operators ho = w® hg
and ~ ~
hx = ho + A((1]- )L+ (1] -)1),

acting on C & 673. We denote the corresponding wave operators and S-matrix
by fZ)j\[ and S. We extend U to h=Cobrs® b%if by setting Uy = 1 on
Co bﬁf. Clearly,

OF=Uv"'0fu,  S=U"'sy,

and an explicit computation yields the statement. We leave the details of this
computation as an exercise for the reader.

The formula (65) can be also proven directly following line by line the
proof of Proposition 7.
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5.4 Non-equilibrium thermodynamics

In the sequel we assume that f € Dom hg. In this subsection we also assume
that h) has purely absolutely continuous spectrum. The projection onto the
subspace hr, is denoted by 1z, . Set

d ; —i

fr = _&eththke thx’tzo
= —i[h)\,th] = _i[hS + Zj (hRj + )‘Uj) 7th] (67)
= /\i[thavk]
= M ((A])hr, fe = (Ar, fr] 1),

and

PR d ith)\l —ithy

=g € Ry © ’t:O
= —i[h)\, 1Rk] = _i[hS + Zj (hRj + )‘Uj) 71Rk] (68)

= )\i[leavk]

= A ) fr = (ful )1)-
The observables describing the heat and particle fluxes out of the k-th sub-
reservoir are

Sk = dl'(fx) = Ai(a* (hr,, fr)a(l) — a*(1)a(hr, fr))
I = dl(jx) = Ai(a™ (fr)a(1) — a™(1)a(fr))-

We assume that the initial state of the coupled system S + R is the quasi-
free state associated to T'= o ® T, where

M M
Tr = P Tr, = P ok(hr,),
k=1 k=1

and the g are bounded positive Borel functions on X.

Let 77 be the NESS of (CAR(h),7\) associated to the initial state 7.
According to Equ. (62) and (59), the steady state heat current out of the
subreservoir Ry is

ny (Fr) = T (T i) = Tr (Tr25 f(£25)7)
M
= Tr(oj(hr,)1r, 25 fu(25)" 1r,).

Jj=1

Using Equ. (67) we can rewrite this expression as

M
Ny (k) = 20> Im (g, 25 he, filoj(hr,) 1R, 25 1).

j=1
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Equ. (65) yields the relations
(0j(hr;)1r,; 02\ 1)(x) = —Agj(x) Fa(z —i0) f(2),

(1r, 25 hr, fr) (@) = (0kj « + N2 F (2 — 10) Hy,(z — i0)) f;(z),

where we have set )
Hy(z) = / M dp(z).
b'e

x—z
Since Ran {2, = hac(hr), it follows that (1g,$2\ hr, fr|oj(hr,;)1r, 2, 1) is
equal to

A/X (OkjeFa(x +10) — N|Fa(z +10) ] Hy(z +10)) [ £ (2)II%, (=) dptac(z).

From Equ. (18) we deduce that

. d ac
Im H. (2 +10) = 72| fu ()|, 2 (@),

for Lebesgue a.e. z € X. Equ. (19) yields

. . d ac
Im Fy(z +10) = 7r)\2|F>\(3: + 10)|2Hf(3:)||2ﬁ (I;L:v (x).

It follows that Im (1, 2\ hw, frloj(hr,)1r,§2, 1) is equal to

2
w7 [ @I = 1A 1 1o+ 0 o0 (o))

Finally, using the fact that || f(z)[|% = > 1f (x)||2ﬁj, we obtain

M dz
CCEEDY | atei@) ~ o,@) Dy @), (69)
where
Diyfa) = =X @I, I PG+ 02 (Y22@)) . (o)

Proceeding in a completely similar way we obtain the formula for the steady
particle current

M dz
100 =3 | (0@) = @)Dy (055 ()

The functions Dy, can be related to the S-matrix associated to 5. Ac-
cording to the decomposition (64), the S-matrix (66) can be written as
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(1R, S (x Zsk] (1r,¥) (@) = (1, ) +Z% (1r,¥) (@),

where d
b () = 2N = (@) Py (& +10) fu (@) (; (@) ),

and we derive that
Dyj(z) = Tr g, (tkj ()" tk; (I)) : (72)

Equ. (69), (71) together with (72) are the well-known Biittiker-Landauer for-
mulas for the steady currents.
It immediately follows from Equ. (69) that

M
Z T];\i_ (Sk) = Oa
k=1

which is the first law of thermodynamics (conservation of energy). Similarly,
particle number conservation

M
an\r(ﬁk) =

k=1

follows from Equ. (71).

To describe the entropy production of the system, assume that the k-th
subreservoir is initially in thermal equilibrium at inverse temperature g > 0
and chemical potential p, € R. This means that

ok(z) = F(Zy(z)),

where F(t) = (e +1)~! and Zi(z) = Br(x — px). The entropy production
observable is then given by

M
o=— Zﬁk(Sk — kJk)-
k=1

The entropy production rate of the NESS n;\r is

Bp(r}) = Ly @ - 20 @) - FEz)DuGE ()

k,j=1

Since the function F' is monotone decreasing, Ep(nj) is clearly non-negative.
This is the second law of thermodynamics (increase of entropy). Note that
in the case of two subreservoirs with p; = po the positivity of the entropy
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production implies that the heat flows from the hot to the cold reservoir. For
k # jlet
Fij = {x € X || fe(@)llo,[1/5(=)]ls, > 0}.

The subreservoirs Ry and R, are effectively coupled if piac(Fyj;) > 0. The
SEBB model is thermodynamically trivial unless some of the subreservoirs
are effectively coupled. If Ry, and R; are effectively coupled, then Ep(n;) >0
unless 3 = ; and pr = 4, that is, unless the reservoirs Ry and R; are in
the same thermodynamical state.

5.5 The effect of eigenvalues

In our study of NESS and thermodynamics in Subsections 5.2 and 5.4 we have
made the assumption that hy has purely absolutely continuous spectrum. If
X # R, then this assumption does not hold for A\ large. For example, if
X =)0, 00[, w > 0, and

oo IIf(I)Iﬁxldu(x))l,

then hy will have an eigenvalue in | — 0o, 0. In particular, if

i T @R e due) = oo,
0

then hy will have a negative eigenvalue for all A # 0. Hence, the assumption
that hy has empty point spectrum is very restrictive, and it is important to
understand the NESS and thermodynamics of the SEBB model in the case
where h) has some eigenvalues. Of course, we are concerned only with point
spectrum of h) restricted to the cyclic subspace generated by the vector 1.

Assume that A is such that sp, (hx) # 0 and spy.(hy) = 0. We make
no assumption on the structure of sp,,(hy) (in particular this point spectrum
may be dense in some interval). We also make no assumptions on the spectrum
of hR.

For notational simplicity, in this subsection we write b, for hac(hr), lac
for 1,.(hy), etc.

Let T and nr be as in Subsection 5.2 and let ¢,1 € h = C @ hr. Then,

nr(h(a* ()a(¥))) = (M y|Tel ) = " Nj(e™ g, el ),
j=1

where we have set

N1(1/), ¢) = (lacq/}|TlaC¢)a
N2(7/)a ¢) = 2Re (lppq/}|T1aC¢)a
N3(p,¢) = (lpp¢|T1pp¢)-
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Since e T = Te~*ho  we have
Nl (eitl‘L>\,¢)7 eith)\ ¢) — (efithoeithk laC¢|Tefithoeith>\ lac¢)7
and so
Jim Ny(e™qp, ™) = (27 9|T125 ¢).

Since b is separable, there exists a sequence P,, of finite rank projections com-
muting with hy such that s —lim P, = 1,,. The Riemann-Lebesgue lemma
yields that for all n

Jlim | P.Te™">1,.0| = 0.

The relation

No (eithhmeimX }) = (eithA lpp1/)|PnTeithA1ac¢)
+ ("N (I — P)1ppt|Te™ 1,00),

yields that . .
Jim No(e"q), e ) = 0.

Since N3 (e" q), eitPr¢) is either a periodic or a quasi-periodic function of
t, the limit
Jim e (rd(a” (6)a (1))
does not exist in general. The resolution of this difficulty is well known—to

extract the steady part of a time evolution in the presence of a (quasi-)periodic
component one needs to average over time. Indeed, one easily shows that

t
Jim Ny(e'*" e g)ds = Y (Py|TPeg),

t—o0 t 0
e€spy, (hx)
where P. denotes the spectral projection of h) associated with the eigenvalue
e. Hence,

tim [ (75 (a"(@)a(w)))ds = Y (PYITPg) + (2 9IT2 ¢).

{00 t
<o e€spy, ()
In a similar way one concludes that for any observable of the form

A=a ((bn) eat (¢1)a(¢1) T a(wm)v (74)

the limit
t

t
lim 1 nr(7s(A))ds = 8, lim 1 det{ (" ;| Te*"* ;) }ds,

t—oo t 0 t—oo t 0

exists and is equal to the limit
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1 ; ; _ _
Jim det { (" 1,10 [T " 15,8;) + (12 Lacti|T625 Lact;) } ds, (75)
see [Kat] Section VI.5 for basic results about quasi-periodic function on R.
Since the linear span of the set of observables of the form (74) is dense in b,
we conclude that for all A € CAR(h) the limit
1 t
my (A) = lim — [ nr(r3(A))ds,

tﬁoot 0

exists and defines a state nj\' on CAR(h). By construction, this state is -
invariant. ny is the NESS of (CAR(h), 7)) associated to the initial state .
Note that this definition reduces to the previous if the point spectrum of hy
is empty.

To further elucidate the structure of n;r we will make use of the decompo-
sition

h = hac S2 hpp- (76)

The subspaces hac and b, are invariant under hy and we denote the restric-
tions of 7y to CAR(hac) and CAR(hpp) by Ta,ac and 7y pp. We also denote by
n)tac and n)tpp the restrictions of 77 to CAR(hac) and CAR(bpp). n)tac is the
quasi-free state generated by Ty = (2 )*T$25 . If A is of the form (74) and
@, € bpp, then

1 [ , .
Hop(A) = S litn 5 | det{(e [T, s,

Clearly, njac is Ty,ac invariant and nj\'_pp is Tx,pp invariant. Expanding the
determinant in (75) one can easily see that nj\'_ac and 77;Ir op uniquely determine
-

While the state nj\'_pp obviously depends on the choice of a and on

TR e (hr) I T = a @ Tr, the state n)tac does not. In fact, if n is any
initial state normal w.r.t. nr, then for A € CAR(hac),

lim 7(75(4)) = 0 .. (A).

t—o0

For a finite rank operator A =}, ¢;(¢;| ) one has
i (AD(A) = D af (a*(¢5)a(¥y)),
J

and so

1y (dT(A)) = Z D (P TPegy) + (925 45|T 925 65)

e€spy,(ha)



Mathematical Theory of the Wigner-Weisskopf Atom 61

The conclusion is that in the presence of eigenvalues one needs to add the

term
Y>> (Pay|TPgy),

J e€sp,(hy)

to Equ. (63), i.e., we obtain the following formula generalizing Equ. (63),

My (dD(A)=Te T > PAP.+ 02, A" | b (77)

c€spy (ha)

Note that if for some operator ¢, A = i[hy, ¢] in the sense of quadratic forms
on Dom hy, then P, AP, = 0 and eigenvalues do not contribute to 1, (dI'(A)).
This is the case of the current observables dI'(f;) and dI'(jx) of Subsection 5.4.
We conclude that the formulas (69) and (71), which we have previously derived
under the assumption spg,,(hr) = @), remain valid as long as spg.(ha) = 0,
i.e., they are not affected by the presence of eigenvalues.

5.6 Thermodynamics in the non-perturbative regime

The results of the previous subsection can be summarized as follows.

If sp.(ha) = 0 and sp,,,(ha) # 0 then, on the qualitative level, the ther-
modynamics of the SEBB model is similar to the case spg,,(hr) = 0. To
construct NESS one takes the ergodic averages of the states nr o 7i. The
NESS is unique. The formulas for steady currents and entropy production are
not affected by the point spectra and are given by (69), (71), (73) and (70)
or (72) for all A # 0. In particular, the NESS and thermodynamics are well
defined for all A # 0 and all w. One can proceed further along the lines of
[AJPP1] and study the linear response theory of the SEBB model (Onsager
relations, Kubo formulas, etc) in the non-perturbative regime. Given the re-
sults of the previous subsection, the arguments and the formulas are exactly
the same as in [AJPP1] and we will not reproduce them here.

The study of NESS and thermodynamics is more delicate in the presence
of singular continuous spectrum and we will not pursue it here. We wish
to point, however, that unlike the point spectrum, the singular continuous
spectrum can be excluded in ”generic” physical situations. Assume that X
is an open set and that the absolutely continuous spectrum of hg is ”well-
behaved” in the sense that Im Fr (x +1i0) > 0 for Lebesgue a.e. z € X. Then,
by the Simon-Wolff theorem 5, h) has no singular continuous spectrum for
Lebesgue a.e. A € R. If f is a continuous function and dug = dz, then h) has
no singular continuous spectrum for all .

5.7 Properties of the fluxes

In this subsection we consider a SEBB model without singular continuous
spectrum, i.e, we assume that spy.(hx) = 0 for all A and w. We will study the
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properties of the steady currents as functions of (A,w). For this reason, we
will again indicate explicitly the dependence on w.
More precisely, in this subsection we will study the properties of the func-
tion
(Aw) = 0l (), (78)

where § is one of the observables §j, or Ji for a given k. We assume that (A1)
holds. For simplicity of exposition we also assume that the functions

g5(t) = /X et £ (@)|13, d,

are in L'(R, dt), that || f(x)| & is non-vanishing on X, that the energy densities
0j(z) of the subreservoirs are bounded continuous functions on X, and that
the functions (1 + |z|)g;(x) are integrable on X. According to Equ. (69), (71)
and (70), one has

M
0y, () =2mA1 Y /X 1 fe @) 5 15 (@)%, | P (@ +10) 22" (ex () — o5(x)) da,
j=1

wheren =0ifF=Jrandn=1if § = 5. o
Obviously, the function (78) is real-analytic on R x R\ X and for a given
wéX,
() = OO, (79)
as A — 0. The function (78) is also real-analytic on R\ {0} x R. For w € X,
Lemma 3 shows that

2
lin A2\ (3) = 2 Z”f’“ |||;ﬁk||sz( 5 o) - gy (0

A—0

Comparing (79) and (80) we see that in the weak coupling limit we can
distinguish two regimes: the ”conducting” regime w € X and the ”insulating”
regime w ¢ X. Clearly, the conducting regime coincides with the ”resonance”
regime for hy, and, colloquially speaking, the currents are carried by the
resonance pole. In the insulating regime there is no resonance for small A and
the corresponding heat flux is infinitesimal compared to the heat flux in the
”conducting” regime.

For x € X one has

/\4

4 F : 2 — .
AEA @ +10)] (@ — 2 — N2Re Pr(z +10))2 + M22[[f(2)][&

Hence,
-2

iug)\ﬂF,\(w-i-lO = WZHfJ ) (81)
€
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and so

, 1
M Fe@IEN 5 @NE 1P @ +10)* < .

This estimate and the dominated convergence theorem yield that for allw € R,

| M @I @,
Jm () =203 | e o) - e de (52)

Thus, the steady currents are independent of w in the strong coupling limit.
In the same way one shows that

lim 7y, (§) =0, (83)

|w|—00

for all A.

The cross-over between the weak coupling regime (80) and the large cou-
pling regime (82) is delicate and its study requires detailed information about
the model. We will discuss this topic further in the next subsection.

We finish this subsection with one simple but physically important remark.
Assume that the functions

Cj(x) = 2| fu ()5, I f5 ()%, ™ (en (@) — 05(x)),

are sharply peaked around the points Z;. This happens, for example, if all the
reservoirs are at thermal equilibrium at low temperatures. Then, the flux (78)
is well approximated by the formula

M
it @) ~ 3 NF () /X C;(x) de,
j=1

and since the supremum in (81) is achieved at w = = + A\2Re F)\(z + i0), the
flux (78) will be peaked along the parabolic resonance curves

w=7T;+ )\2RGF)\(EJ‘ + iO).

5.8 Examples

We finish these lecture notes with several examples of the SEBB model which
we will study using numerical calculations. For simplicity, we will only consider
the case of two subreservoirs, i.e., in this subsection £ = C?> = C@® C. We also

toke f(@) = filz) @ fo(z) = % (fo(()@) @ % <f0(()x)) ,

IA@IE, = 12@)1, = 517 = 5lh@)PE

so that
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Ezample 1. We consider the fermionic quantization of Example 1 in Subsection
3.5, i.e., hg = L?(]0, co[, dx; C?) and

fO(I) _ 7T71/2(2I)1/4(1 + x2)71/2.

We put the two subreservoirs at thermal equilibrium

1
- 1+ eBi(e—p;)’

0j(z)

where we set the inverse temperatures to §1 = (2 = 50 (low temperature)
and the chemical potentials to p1 = 0.3, 2 = 0.2. We shall only consider the
particle flux (n = 0) in this example. The behavior of the heat flux is similar.
The function

Co(o) = 20l F(a) L o)l () — ) = HELD = 2D

plotted in Figure 10, is peaked at T ~ 0.25. In accordance with our discussion

0.21

0.1r

0 0.25 0.5 0.75 1
X

Fig. 10. The function C2(x) in Example 1.

in the previous subsection, the particle current, represented in Figure 11, is
sharply peaked around the parabola w = T + 2A\%(1 — 7)/(1 +7?) (dark line).
The convergence to an w-independent limit as A — oo and convergence to 0
as w — oo are also clearly illustrated.

Ezample 2. We consider now the heat flux in the SEBB model corresponding
to Example 2 of Subsection 3.5. Here hr = L?(] — 1,1[, dx; C?),

folw) = 1/ 2 (1 — 214,

™
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0.015

0.01

0.005

Particle current

20

Fig. 11. The particle flux in Example 1.

x10°°

Heat flux / A%
<

5 ,
-1 0 A
w

Fig. 12. The rescaled heat flux (weak coupling regime) in Example 2.
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and we choose the high temperature regime by setting 81 = #2 = 0.1, u3 = 0.3
and po = 0.2. Convergence of the rescaled heat flux to the weak coupling limit
(80) is illustrated in Figure 12. In this case the function Cs is given by

Cale) = Za(1 = #%)(01(2) — a()),

and is completely delocalized as shown in Figure 13.

-1 0 1
X

Fig. 13. The function C3(z) in Example 2.

Even in this simple example the cross-over between the weak and the
strong coupling regime is difficult to analyze. This cross-over is non trivial, as
can be seen in Figure 14. Note in particular that the function A — niw (B) is
not necessarily monotone and may have several local minima/maxima before
reaching its limiting value (82) as shown by the section w = 0.5 in Figure 14.

Ezample 3. In this example we will discuss the large coupling limit. Note that
in the case of two subreservoirs Equ. (82) can be written as

lim 7f_(3) = — / sin? 0(z) 2 (01 (x) — 02()) da, (84)
[A|—oo 7V 2m Jx
where 0(x) = Arg(Fg(z+i0)). Therefore, large currents can be obtained if one
of the reservoir, say R, has an energy distribution concentrated in a region
where Im Fr (z + 10) > Re Fr (x + i0) while the energy distribution of Ry is
concentrated in a region where Im Fg (z +10) < Re Fr(z + i0).

As an illustration, we consider the SEBB model corresponding to Example
3 of Subsection 3.5, i.e., hr = L*(] — 1,1[,dx; C?) and

folr) = ﬁ w1 —a?)/",
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Heat current

0 5

Fig. 14. The heat flux in Example 2.

From Equ. (55) we obtain that

1
Fr(z+10) = —x <ZE2 - 5) +ir? /1 — 22

Hence,
sin? (z) = 42%(1 — 2?),

reaches its maximal value 1 at energy x = +1//2.
We use the following initial states: the first subreservoir has a quasi-
monochromatic energy distribution

01(z) = 36—1000@—9)27
at energy {2 € [—1,1]. The second subreservoir is at thermal equilibrium
at low temperature 8 = 10 and chemical potential us = —0.9. Thus, oo is
well localized near the lower band edge x = —1 where sin§ vanishes. Figure

15 shows the limiting currents (84) as functions of {2, with extrema near
+1/v/2 ~ +0.7 as expected.

Another feature of Figure 15 is worth a comment. As discussed in Example
4 of Subsection 3.5, this model has a resonance approaching 0 as A — oo.
However, since sin6(0) = 0, the large coupling resonance near zero does not
lead to a noticeable flux enhancement. This can be seen in Figure 15 by
noticing that the fluxes at the resonant energy (2 = 0 are the same as at the
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0.03

heat flux -

0.01f

~0.01 ~ particle flux

-1 -0.7 0 0.7 1

Fig. 15. The limiting particle and heat fluxes in Example 3.

band edges {2 = £1. It is a simple exercise to show that this phenomenon is
related to the fact that the resonance pole of F)\ approaches 0 tangentially to
the real axis (see Figure 9).

In fact, the following argument shows that this behavior is typical. As-
sume that Fr(z) has a meromorphic continuation from the upper half-plane
across X with a zero at @ € X (we argued in our discussion of Example 3 in
Subsection 3.5 that this is a necessary condition for @ to be a large coupling
resonance). Since Im Fr(x + iy) > 0 for y > 0, it is easy to show, using the
power series expansion of Fr around @, that (9, Fg)(w) > 0. Combining this
fact with the Cauchy-Riemann equations we derive

0:Re Fr(x 4+ 10)|s=5 > 0,  0.Im Fr(x +i0)|s—z = 0,

and so
sinf(w) = 0.

Thus, in contrast with the weak coupling resonances, the strong coupling
resonances do not induce large currents.
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