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Abstract. We give anelementaryderivationof the entrofy productionformulaof [JP] based
on Araki PerturbatioriTheoryof KMS states.Using this derivation we shav that the entrogy
productionof any normal,stationarystateis zero.

1 Introduction

Let O be a C*-algebra,E(O) the setof all stateson O andw € E(O). We assumethat
thereexists a referenceC*-dynamicso!, on O suchthatw is a (o,,, —1)-KMS state. In typ-
ical applications, O will bethe algebraof obsenablesof a quantumsystemmadeof several
componentgfor examplereserwirs). Then,O will have a productstructureandw couldbe a
productof KMS-statespossiblyat differenttemperatureswe denoteby 4, thegeneratoof o7,
(i.e. of, = e'%) andby D(4,) its domain. Let (H,,, m,, Q) bethe GNS-representatioaf the
algebra® associatedb the statew.



A staten € E(0O) is calledw-normalif thereexistsa densitymatrix p, onH,, suchthat,for all
A€ O,n(A) =Tr(p,m,(A)). Let N, bethesetof all w-normalstateson O.

Forn € N,, we denoteby Ent(n|w) the relative entrogy of Araki [Arl, Ar2]. (We usethe
notationalconventionfor relative entropy of [BR, Don].) If n ¢ N,,, we setEnt(n|w) = —oo.
For unitaryU € O andn € E(O), we denoteby ny the stateny(A) = n(U*AU). Themain
resultof this noteis:

Theorem 1.1 For any unitary U € O ND(é,) andanyn € E(O),
Ent(ny|w) = Ent(n|w) —in(U"6,(U)). (1.1)

As we shall explain below, Theoreml.1 is a naturalgeneralizatiorof the entrofy production
formuladervedin [JP1,JP2]. The methodof proofwe will usein this note,however, is quite
differentfrom theonein [JP1]. We will reducethe proof of Theoreml.1to afairly elementary
applicationof somewell known identitiesin Araki’s theoryof perturbationof KMS structure.
The proof in [JP1], basedon Araki-Connescogycles, wastechnicallymore involved andre-
strictedto faithful states) € N,,.

We now relateEqu. (1.1) to the entrogy productionformulaof [JP1,JP2]. Assumethatthere
exists a C*-dynamicsr® on O andthatw is 7-invariant. Let V' (¢) be a time-dependeniocal
perturbationthatis, V' (¢) is norm-continuousself-adjoint,O-valuedfunctionon R (thetime-
independentaseof [JP1]of cours€followsby settingV'(¢) = V). Theperturbedime evolution
is the stronglycontinuougamily of x-automorphismsf O givenby theformula

(4) = (4)
| at [Cat [Tt V), b 0. )
In theinteractionrepresentations, is givenby
v (A) =Ty (AT,
wherel, € O is afamily of unitariessatisfyingthe differentialequation

%rtv LAV (), T =1,

Theoreml.1thenhasthefollowing immediatecorollary (seealsoTheorem4.8in [JP2]):

Corollary 1.2 Assume that w is T-invariant and that I';, € D(4,,). Then, for anyn € E(O),
Ent(n o i/ |w) = Ent(n|w) — in(T'}du (T'V)). (1.2)



From now on we will considerthe time-independentaseV (t) = V. If V € D(é,), then
I't, € D(4,) and

d . .
aF%/(Sw(F%/) = _17{/(5w(v))' (1.3)
Hence,(1.2) reduceso theentropy productionformulaof [JP1]:

Ent(n o 7 [w) = Ent(nlw) — /0 0o (5,(V)) ds. (1.4)

We emphasizehatthe above derivationof (1.4) allows for non-faithful ».

The entropy production of astaten € E(O) wasdefinedin [JP1,JP2]by Ep,, (1) = n(d.(V)),
seealso[OHI, O1, 02, Ru, Sp]. On physicalgroundsi,it is naturalto conjecturethatif 7 is
w-normalandry-invariant,thenEpv () = 0. For faithful n thiswasprovenin [JP1]. Here,we
establishthis resultin full generality

Theorem 1.3 Assume that w is 7-invariant, that V' € D(d,) and that 7 is 7y -invariant and
w-normal. Then,

Epy(n) = 0.

Remark. If Ent(n|w) > —oo, thenTheoreml.3is animmediateconsequencef Equ. (1.4).
ThecaseEnt(n|w) = —oo requiresa separat@andsomevhatdelicateargument.

Theresultsof this notewereannouncedn the recentreview [JP2]wherethe interestedeader
may find additionalinformation andreferencesboutentropy productionandits role in non-
equilibriumquantumstatisticalmechanics.
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2 Proof of Theorem 1.1

We assumehatthereaderis familiar with basicresultsof Tomita-Takesakimodulartheoryas
discussedfor example,in [BR, DJP,Don, OP].

Let oM, = 7,(0)" bethe ervelopingvon Neumannalgebra.Sincew is (o,,, —1)-KMS state,
thevector(},, is separatindor 9t,,, andwe denoteby P, .J, A, thecorrespondingpaturalcone,
modularconjugationandmodularoperator We recallthat A, = e*~, whereL,, is the unique
self-adjointoperatoron #,, suchthat

Tw(oh(4)) = elom, (A)e e, L,Q, =0.

w



In particular ¢!, extendsnaturallyto a W*-dynamicson 9t,, which we againdenoteby o?,. In
this context ¢!, is calledmodulardynamics.

Any staten € N, hasa uniquenormalextensionto 9t,, which we denoteby the sameletter.
Obviously, n is w-normaliff 7y is w-normalfor all unitariesU € O andso, in the proof of
Theoreml.1,we mayrestrictoursehesto w-normaln’s.

We will usethefactthatif v : 9%, — 99, is ax-automorphismthen
Ent(n o y|w o) = Ent(n|w).
In particular
Ent(ny|w) = Ent(n|wy«)-

Let ¥y« betheuniquevectorrepresentatie of the statew;« in theconeP. A simplecomputa-
tion shovsthat
Uy = m,(U*)J7,(U),.

We will considerP = r,,(—iU*é,,(U)) asalocal perturbatiorof themodulargroups?,. Let o
bethelocally perturbed? *-dynamics,

a'(A) = et tP) goitllutP) — 0Lo! (A)0h,
whereelL+Ple—itle = @t, € 901, is afamily of unitariessatisfying

%@tp —i0bot(P),  ©%=1. (2.5)

Let ¢ betheunique(a, —1)-KMS stateon 90t,,. By the Araki theory Q,, € D(e*»*F)/?) and
theuniquevectorrepresentatie of ¢ in the naturalcone?P is

eLutP)/2)
||e(L“’+P)/2Qw|| :

Anotherfundamentatesultof Araki’'s theoryis therelation

Ent(n|y) = Ent(n|w) + n(P) — log [le!™ /20, |I?, (2.6)

which holdsfor all w-normalstates). (For 7 faithful, thisrelationwasprovenin [Arl, Ar2], see
also[BR]. Its extensionto generaly wasobtainedin [Don], seealsothe next section).Hence,
to finishthe proofit sufficesto shav thate(t«+P)/2Q) ) = T;..

WesetT" = U*o! (U) andobsere that

d
&Tt = iT'e! (—iU*6,(U)), T =1.



Comparisorwith Equ. (2.5)immediatelyleadsto 7, (T*) = ©% andtherefore

eit(Lw +P) Qw =, (Tt)eith Qw
_ (2.7)
= m,(U")e™ 71, (U)Q.

Sincethevectorvaluedfunctionz — e*L«*+P)Q is analyticinsidethestrip—1/2 < Im z < 0
andstronglycontinuouson its closure,analyticcontinuationof theidentity (2.7)to z = —i/2,
yields

e(L‘”+P)/QQw - Ww(U*)Ai;/Qﬂ'w(U)Q‘*’
= 7, (U*) J 1y (U*) 82
= \IIU*’

whichis thedesiredrelation.

3 Proof of Theorem 1.3

Let 2, bethevectorrepresentate of  in thenaturalcone®. Thestandard_iouvilleanassoci-
atedto thedynamicsr{, is Ly = L + 7,,(V) — Jr,(V)J, whereL is the standard_iouvillean
associatedo 7t. Werecallthat L and Ly areuniquelyspecifiecby

7, (T A)) = e, (A)e™E, LO, =0,
and
Ty (T5(A)) = e v, (A)e v, LyQ, =0.
We denoteby s, the supportof the staten andsets;, = Js,J. Obviously
sp{ly = S;Qn =,
andsincen is T -invariant
itLV’ itLy

itLy _ itLy .t __ !
e Sn = Sne € 87) = Sne

Let A, |, betherelative modularoperator We recallthatKer A, = Ker s;,

JA2AQ, = s, A*Q,,

wln
for all A € M, andthatA,, is essentiallyself-adjointon O,,€2, + (1 — s;)H,,. Hence

_ —itLy itLy
Aon‘HnoT‘t/ =€ Aw\ne )



andsincer is Ty -invariant,

itLy —itLy __ —
€ Aw|ﬂe - AwOT;tM - A‘UU*W’

whereU* = T',.

As in theproof of Theoreml.1,we setP = 7, (—iU*4,,(U)) anddenoteby « the perturbation
of themodulardynamicso,, by P. It followsthatwy- is theunique(«, —1)-KMS state.Since
also |let=+P)/2Q || = 1, the basicperturbationformula of Araki-Donald (seeLemmabs.7 in
[Don]) yields
splog Ay iy = s, log Ay, — s, P.

Hence, _ _

eltLVs;] log A, e v = splog Ayy — s, P,
andwe concludethatfor ary realnumber\ # 0,

eV (s log Ay, + i/\)_1 e "V = (s log Ayyy — sy P + i)\)_l i
Sincee v (), = Q,, thesecondesohentidentity yieldsthatfor all real\ # 0,

(Q, (sylog Ay +1X)"'sy P(sy log Ay — s, P 41X)71Q,) = 0.

Since .
s — lim i) (s7 log Ay, +1A) =1,
A—00
and )
s — lim i\ (s} log Ay, — s P +1i\) =1,
A—00
we derive that

(Q, PQ,) = (Q, s PQ,) = 0.

n<n

Ontheotherhand,usingEqu. (1.3),we get

P, ) =~ [ (1 (u(V))) ds.

andsincer is Ty -invariantwe concludethat

0= (QH’PQW) = —A n OT‘S,((SW(V)) ds = _tn(éw(v))a

for all ¢. Thisyieldsthe statement.
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