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Abstract. We give anelementaryderivationof theentropy productionformulaof [JP1] based
on Araki PerturbationTheoryof KMS states.Using this derivationwe show that theentropy
productionof any normal,stationarystateis zero.

1 Introduction

Let � be a ��� -algebra, 	�
��� the set of all stateson � and ����	�
��� . We assumethat
thereexists a reference� � -dynamics���� on � suchthat � is a 
�� �������  -KMS state. In typ-
ical applications,� will be the algebraof observablesof a quantumsystemmadeof several
components(for examplereservoirs). Then, � will have a productstructureand � couldbea
productof KMS-states,possiblyatdifferenttemperatures.Wedenoteby � � thegeneratorof ����
(i.e. ������! �#"�$ ) andby %&
'� �  its domain.Let 
�( ���*)+�,�.-/�  betheGNS-representationof the
algebra� associatedto thestate� .
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A state01��	2
��� is called � -normalif thereexistsa densitymatrix 354 on ( � suchthat,for all6 �7� , 08
 6  �:9<; 
�354 )+� 
 6 * . Let = � bethesetof all � -normalstateson � .

For 0>�?= � , we denoteby @BADCE
F0HG �I the relative entropy of Araki [Ar1, Ar2]. (We usethe
notationalconventionfor relative entropy of [BR, Don].) If 0KJ�&= � , we set @BALCE
F0HG �I � �NM .
For unitary OP�Q� and 0R�S	�
��� , we denoteby 05T thestate05TU
 6 WVX0�
�O � 6 OY . Themain
resultof this noteis:

Theorem 1.1 For any unitary OZ�[�>\]%&
'� �  and any 01��	�
^�_ ,
@BADC`
�0DTaG �I � @BADC`
F0HG �I �Rb 0�
�O � � � 
^OYced (1.1)

As we shall explain below, Theorem1.1 is a naturalgeneralizationof the entropy production
formuladerivedin [JP1,JP2]. Themethodof proof we will usein this note,however, is quite
differentfrom theonein [JP1].We will reducetheproof of Theorem1.1to a fairly elementary
applicationof somewell known identitiesin Araki’s theoryof perturbationof KMS structure.
The proof in [JP1], basedon Araki-Connescocycles,wastechnicallymore involved andre-
strictedto faithful states0��2= � .
We now relateEqu. (1.1) to theentropy productionformulaof [JP1,JP2]. Assumethat there
exists a ��� -dynamicsf � on � andthat � is f -invariant. Let g2
ihc be a time-dependentlocal
perturbation,that is, g2
�hc is norm-continuous,self-adjoint, � -valuedfunctionon j (thetime-
independentcaseof [JP1]of coursefollowsby settingg2
�hcBVkg ). Theperturbedtimeevolution
is thestronglycontinuousfamily of l -automorphismsof � givenby theformula

f �m 
 6 nV f � 
 6 o p q`rts b
qvu �wWx h

s u �zyw{x h}|H~�~�~
u �#�e��yw x h

q�� f �#� 
�g�
ih q c � � ~�~�~ � � f � y 
�g�
ih s * � f � 
 6 }������d
In theinteractionrepresentation,f �m is givenby

f �m 
 6  �>� �m f � 
 6  � � �m �
where � � m �[� is a family of unitariessatisfyingthedifferentialequation

xx h �8�m � b �8�m f � 
�g�
�hcc � � w m ��� d
Theorem1.1thenhasthefollowing immediatecorollary(seealsoTheorem4.8in [JP2]):

Corollary 1.2 Assume that � is f -invariant and that � � m �&%&
'� �  . Then, for any 0���	2
��� ,
@BADC`
F0W��f �m G �I � @BADCE
�0<G �I �Kb 0�
 � � m � � 
 � � �m *ed (1.2)
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From now on we will considerthe time-independentcase g�
�hc&V g . If g �!%&
F� �  , then� � m ��%&
F� �  and xx h �8�m � � 
 �8� �m  � ��b f �m 
'� � 
'g�*�d (1.3)

Hence,(1.2) reducesto theentropy productionformulaof [JP1]:

@BALCE
F0���f �m G �I � @BADC`
F0HG �I �
u �w 0Y��ft�m 
'� � 
�g�c x�� d (1.4)

Weemphasizethattheabovederivationof (1.4)allows for non-faithful 0 .
The entropy production of a state01��	2
��� wasdefinedin [JP1,JP2]by @B� m 
F0�aV�0�
'� � 
�g�c ,
seealso [OHI, O1, O2, Ru, Sp]. On physicalgrounds,it is naturalto conjecturethat if 0 is� -normaland f m -invariant,then @B���a
�0+ �>� . For faithful 0 this wasprovenin [JP1].Here,we
establishthis resultin full generality.

Theorem 1.3 Assume that � is f -invariant, that g��>%&
'� �  and that 0 is f m -invariant and� -normal. Then, @v� m 
�0+ �:� d
Remark. If @BADC`
F0HG �IY� �WM , thenTheorem1.3 is an immediateconsequenceof Equ. (1.4).
Thecase@BALCE
F0HG �I � �NM requiresaseparateandsomewhatdelicateargument.

Theresultsof this notewereannouncedin therecentreview [JP2]wheretheinterestedreader
may find additionalinformationandreferencesaboutentropy productionandits role in non-
equilibriumquantumstatisticalmechanics.

Acknowledgment. Theresearchof thefirst authorwaspartly supportedby NSERC.A partof
this work hasbeendoneduring thevisit of thesecondauthorto theMcGill Universitywhich
wassupportedby NSERC.

2 Proof of Theorem 1.1

We assumethat thereaderis familiar with basicresultsof Tomita-Takesakimodulartheoryas
discussed,for example,in [BR, DJP,Don, OP].

Let � � V )+� 
^�_�    betheenvelopingvon Neumannalgebra.Since � is 
F� �����¡�  -KMS state,
thevector -/� is separatingfor � � , andwedenoteby ¢ , £ , ¤ � thecorrespondingnaturalcone,
modularconjugationandmodularoperator. We recall that ¤ � �{ ¦¥ $ , where § � is theunique
self-adjointoperatoron ( � suchthat

)+� 
�� �� 
 6 * �: ©¨ � ¥ $ )+� 
 6   `ªL¨ � ¥ $ � § ��-/� �:� d
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In particular, ���� extendsnaturallyto a « � -dynamicson � � which we againdenoteby ���� . In
this context ���� is calledmodulardynamics.

Any state0R�R= � hasa uniquenormalextensionto � � which we denoteby thesameletter.
Obviously, 0 is � -normal if f 0DT is � -normal for all unitaries On�¬� andso, in the proof of
Theorem1.1,wemayrestrictourselvesto � -normal 0 ’s.

Wewill usethefactthatif ¯®5� �±°² � � is a l -automorphism,then

@BADC`
F0���vG �¯��8 � @vADC`
�0<G �Ied
In particular, @vADC`
�0DTaG �I � @BADC`
F0HG �UTt³´�d
Let µ�Tt³ betheuniquevectorrepresentativeof thestate�UTt³ in thecone¢ . A simplecomputa-
tion showsthat µ�Tt³ � )+� 
^O � �£ )+� 
^O �  -/� d
We will consider¶ZV )+� 
 ��b ON�.� � 
^OYc asa local perturbationof themodulargroup � �� . Let · �
bethelocally perturbed«k� -dynamics,

· � 
 6 vV  e¨ �z¸ ¥ $º¹+»�¼ 6  `ªL¨ �z¸ ¥ $`¹+»�¼ �:½ �» � �� 
 6  ½ � �» �
where ¨ �z¸ ¥ $�¹+»�¼  ªL¨ � ¥ $ V ½ � » ��� � is a family of unitariessatisfying

xx h ½ � » � b ½ � » � �� 
F¶� � ½ w» �{� d (2.5)

Let ¾ betheunique 
'· �¦���  -KMS stateon � � . By theAraki theory, -/� �¿%&
  ¸ ¥ $ ¹+»�¼�À |  and
theuniquevectorrepresentativeof ¾ in thenaturalcone¢ is

µ �  ¸ ¥ $`¹+»�¼�À | -/�Á  ¸ ¥ $ ¹+»�¼�À | -/� Á d
Anotherfundamentalresultof Araki’s theoryis therelation

@vADC`
�0<G ¾� � @BALCE
F0HG �I o 08
F¶� �KÂÄÃ5Å Á  ¸ ¥ $�¹+»�¼�À | -/� Á | � (2.6)

whichholdsfor all � -normalstates0 . (For 0 faithful, thisrelationwasprovenin [Ar1, Ar2], see
also[BR]. Its extensionto general0 wasobtainedin [Don], seealsothenext section).Hence,
to finish theproof it sufficesto show that  ¸ ¥ $`¹+»�¼ÄÀ | -/� � µ�Tt³ .
Weset Æ � V�ON�´� �� 
�OW andobserve that

xx h Æ � � b Æ � � �� 
 ��b O � � � 
^OYc � Æ w �{� d
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Comparisonwith Equ.(2.5) immediatelyleadsto )+� 
�ÆÇ�F �>½ �» andtherefore

 ¨ �z¸ ¥ $º¹+»�¼ -/� � )+� 
�Æ �   ¨ � ¥ $ -/�
� )+� 
�O �   ¨ � ¥ $ )+� 
�OW -/� d (2.7)

Sincethevector-valuedfunction È °²  ¨ÊÉ ¸ ¥ $ ¹+»�¼ -/� is analyticinsidethestrip ���EËºÌ�ÍÏÎ�Ð È Í �
andstronglycontinuouson its closure,analyticcontinuationof theidentity (2.7) to È � �ÑbzË5Ì ,
yields

 `¸ ¥ $�¹+»�¼ÄÀ | -/� � )+� 
�O � Ò¤
s
À |� )+� 
^OY -/�

� )+� 
�O � .£ )+� 
�O �  -/�
� µ�Tt³ �

which is thedesiredrelation.

3 Proof of Theorem 1.3

Let - 4 bethevectorrepresentativeof 0 in thenaturalcone¢ . ThestandardLiouvilleanassoci-
atedto thedynamicsf��m is § m � § o )+� 
�g� � £ )+� 
'g�.£ , where § is thestandardLiouvillean
associatedto f�� . Werecallthat § and § m areuniquelyspecifiedby

)+� 
if � 
 6 * �Q ¨ � ¥ )+� 
 6   ªL¨ � ¥ � § -/� �:� �
and )+� 
if �m 
 6 * �: e¨ � ¥5Ó )+� 
 6   `ªL¨ � ¥5Ó � § m - 4 �:� d
Wedenoteby � 4 thesupportof thestate0 andset �  4 � £ � 4`£ . Obviously

� 4 - 4 � �  4 - 4 � - 4 �
andsince0 is f m -invariant

 ¨ � ¥ Ó � 4 � � 4  ¨ � ¥ Ó �  ¨ � ¥ Ó �  4 � �  4  ¨ � ¥ Ó d
Let ¤ ��Ô 4 betherelativemodularoperator. Werecall that Õ  ©; ¤ ��Ô 4 � Õ  ¦; �  4 ,

£Ö¤
s
À |��Ô 4 6 - 4 � �  4 6 � -/�,�

for all
6 �¯� � andthat ¤ ��Ô 4 is essentiallyself-adjointon � ��- 4 o 
 � � �  4 �( � . Hence

¤ �º×�Ø.ÙÓ Ô 4 ×�Ø.ÙÓ �Q `ªL¨ � ¥ºÓ ¤ ��Ô 4  e¨ � ¥5Ó �
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andsince0 is f m -invariant,

 ¨ � ¥ Ó ¤ ��Ô 4  ªL¨ � ¥ Ó � ¤ �5×�Ø � ÙÓ Ô 4 � ¤ �5Ú ³ Ô 4 �
where O � V � � m .

As in theproof of Theorem1.1,we set ¶�V )+� 
 ��b O � � � 
�OW* anddenoteby · theperturbation
of themodulardynamics� � by ¶ . It follows that �UTt³ is theunique 
'· ���¡�  -KMS state.Since
also

Á  ¸ ¥ $`¹+»�¼ÄÀ | -/� Á � � , the basicperturbationformula of Araki-Donald(seeLemma5.7 in
[Don]) yields �  4 ÂÄÃ5Å ¤ �5Ú ³ Ô 4 � �  4 ÂÛÃ5Å ¤ ��Ô 4 � �  4 ¶�d
Hence,  ¨ � ¥ºÓ �  4 ÂÄÃ5Å ¤ ��Ô 4  ªL¨ � ¥ºÓ � �  4 ÂÛÃºÅ ¤ ��Ô 4 � �  4 ¶ �
andweconcludethatfor any realnumberÜRJ�>� ,

 ¨ � ¥ Ó]Ý �  4 ÂÛÃ5Å ¤ ��Ô 4 o b Ü,Þ ª
s
 ªL¨ � ¥ Ó � Ý �  4 ÂÄÃ5Å ¤ ��Ô 4 � �  4 ¶ o b Ü�Þ ª

s
d

Since ªL¨ � ¥ Ó - 4 � - 4 , thesecondresolventidentityyieldsthatfor all real Ü¿J�Q� ,

 - 4 � 
 �  4 ÂÛÃºÅ ¤ ��Ô 4 o b Ü, ª

s
�  4 ¶2
 �  4 ÂÛÃºÅ ¤ ��Ô 4 � �  4 ¶ o b Ü� ª

s
- 4� �:� d

Since ß �KÂÛbÄÐàeáÇâ b Ü Ý �  4 ÂÛÃºÅ ¤ ��Ô 4 o b Ü�Þ ª
s
�ã� �

and ß �KÂÛbÛÐà©áÇâ b Ü Ý �  4 ÂÛÃ5Å ¤ ��Ô 4 � �  4 ¶ o b Ü,Þ ª
s
�{� �

wederive that 
 - 4 � ¶ - 4� � 
 - 4 � �  4 ¶ - 4� �>� d
On theotherhand,usingEqu. (1.3),weget

¶ � )+� 
 ��b O � � � 
^OYc � �
u �w )+� 
�f+�m 
'� � 
�g�c* x�� �

andsince0 is f m -invariantwe concludethat

�¡� 
 - 4 � ¶ - 4� � �
u �w 0���f �m 
F� � 
�g�* x�� � � h}08
F� � 
�g�c �

for all h . Thisyieldsthestatement.
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