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1 Introduction

In classical probability, the Lévy-Cramér continuity theorem is a standard tool for proving convergence in distri-
bution of a family of random variables. To recall its statement, let T denote either N or R, T = T U {o0}, and let
-y be the standard inner product of two vectors z,y € R™. Suppose that, foreacht € T, A; = (A,El) s Ag"))
is a R™-valued random variable on the probability space (£2¢, F¢,P;) and denote by E, the expectation with re-
spect to P;. The Lévy-Cramér continuity theorem asserts that if

lim Eq (e 4t) = Eo (e 4%), )

t—oo

forall @ € R", then A; converges to A in distribution, i.e., for every bounded continuous function f : R" — R

Jim By (f(Ar)) = Eoo(f(A)). @
More generally, let D(f) be the set of discontinuity points of a function f. Then (2) holds for every bounded
Borel function f such that

Poo([Aee € D(f)]) = 0,

see Theorem 29.2 in [Bi].

We are interested in non-commutative analogues of these results. To discuss such generalizations we need to
briefly recall some basic notions of non-commutative probability theory. We refer to [Mey] or [Maa] for a more
detailed introduction and to [BR1] for the theory of von Neumann algebras.

We start with an algebraic reformulation of classical (commutative) probability theory. A bounded, real-
valued random variable A on the probability space (€2, F,P) can be identified with a real element of the set
M = L°(Q, F,P) of equivalence classes of essentially bounded F-measurable functions on £2. An event
E € F (or rather, an equivalence class under the equivalence A ~ B < P(AAB) = 0) can be identified with
the random variable 1z € 9, which satisfies 13 = 1g = 1g; conversely, any element A € 91 satisfying
A? = A = A is the equivalence class of the indicator function of some set E € F. Denoting by E the
expectation associated with P, the law of a random variable A is defined as the unique probability measure ;. on
R such that E(f =[f(=z ) for all bounded measurable functions f : R — R.

Note that L°o (Q7 F,P)isa commutative von Neumann algebra. Its elements can be interpreted as bounded
multiplication operators on the Hilbert space L?(Q, 7, P). In non-commutative probability theory 9t becomes
a general von Neumann algebra (weakly closed x-subalgebras of B(H), the algebra of bounded linear operators
on some Hilbert space /). In this extended framework, a random variable is an element A € 90 satisfying
A = A*, ie., a selfadjoint operator of 7{. An event is an element A € 0 satisfying A> = A* = A, ie.,
the orthogonal projection on a closed subspace of 7. The role of the expectation is played by a normal state
w on M, ie., a positive linear functional on M (w(B*B) > 0 for all B € 9M) which is continuous under
monotone convergence and normalized by the condition w(I) = 1. The law of A in the state w is the unique
measure w” on R such that w( f flz ). The existence of such a measure follows from the von
Neumann spectral theorem (see Theorem VIIIL. 6 in [RS]) there exists a projection valued spectral measure £ on
R, with support on the spectrum Sp A of A, such that (u Au = fsp L rd(y, €4 (x)u) for all u € H. For every

bounded Borel function f and v € H one has (u, f(A fSpA f(z) d(u, £*(z)u). In particular, w o £*
a probability measure,

w(f(A)) = fl@)d(woe™)(z), 3)

Sp A

and so w? = w o &4 is the law of A. Clearly, suppw® C Sp A. If w is faithful, then suppw® = Sp 4;
otherwise this may not be the case. Note that the framework thus defined extends the classical one: as already
remarked, the space L°° (€2, F, P), acting by multiplication on the Hilbert space L?(€2, F,P), is a von Neumann
subalgebra of B(H).

As long as one considers the law of one single random variable at a time, non-commutative probability
reduces to classical probability. For example, within the framework of classical probability one can discuss the
convergence in distribution of a sequence of non-commuting random variables in a given state. The novel aspects
of non-commutative probability emerge only when one considers simultaneously two (or more) non-commuting
random variables A,B € 9t. Then, it is in general impossible to define a joint law for A and B: there is no
measure 1 on R? such that

w(f( /f y) du(z,y),
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for all bounded continuous functions f and g. In particular there is no measure p such that
uJ(eioeriBB) _ /eiazeiﬂy dﬂ(x7y),

for all o, B € R. For this reason, quantities such as

i AD i A(M)
w(emlA .”ela-,,,A )’
which we call quasi-characteristic functions in accordance with [CH], do not have a direct probabilistic inter-
pretation. In particular, an assumption analogous to (1),

) (1) . (n) ) (1) . (n)
lim w, (14 . elom ATy = (1A L glam ATy, )

t—o0

where Aii) are non-commuting self-adjoint elements of some von Neumann algebra 1, cannot be interpreted
as a convergence of measures because, in general, neither the finite ¢ quantities, nor their limit, are characteristic
functions of probability measures. Assumptions such as (4) were often considered in the non-commutative
probability literature, but their rigorous implications were rarely studied (the only two exceptions we are aware
of are [CH] and its extension [CGH], and [Kup], see subsection 4.2). Instead, it was generally considered
that such a convergence was a good indication of the relevance of the limiting structure (Moo, woo) (another
commonly used approach with similar motivations uses moments, see in particular [GvW], [AB]).

Assuming that (4) holds (see Assumption (A) below for the precise formulation of our main condition), we
shall prove in this paper that the relation

. 1 n n
Jim e (f1(AFY) - fa (A7) = weo (F1(AR)) -+ fu(AL)) )
holds for all continuous functions f1, ..., fn. As in the classical case, an extension to discontinuous functions

exists, but under assumptions stronger than those one might naively expect. Although in the non commutative
probability the relation (5) has no bona fide measure theoretic interpretation, it is relevant in the theory of re-
peated measurement of quantum systems (see [Dav]). From the mathematical point of view, we consider the
implications of the type (4) = (5) a natural non-commutative extension of the classical Lévy-Cramér continuity
theorem.

The paper is organized as follows. Our main results are stated in section 2 and the proofs are given in Section
3. Section 4 is devoted to discussion of our results including examples, applications and comparison with the
literature.

Acknowledgment. A part of this work has been done during Y.P.’s visit to McGill University funded by NSERC.
The research of V.J. was partly supported by NSERC.

2 Non-commutative Lévy-Cramér continuity theorems

Recall that T denotes either N or R and T = T U {oo}. Forany ¢ € T let
(1) 2 be a von Neumann algebra acting on a Hilbert space H:;
(i) w¢ be a normal state on 9My;
(iii) A%l) e Ag") be (possibly unbounded) selfadjoint operators on H; which are affiliated to 91,, i.e., such
that eiaAgj) € M, forall o € R.

C denotes the set of real bounded continuous functions on R, M the set of Borel probability measures on R and
B the set of real bounded Borel functions on R. For f € Band u € M, D(f) denotes the set of discontinuity
points of f (D(f) is Borel, see e.g., Theorem 25.7 in [Bi]) and p(f) denotes [ fdu. Finally, wt(J ) denotes the

law of AEj ) in the state wt, 1.e., the unique element of M satisfying

WP (f) = we(F(ADY),

forall f € C.
Our central assumption is:
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Assumption (A) Foralla € R™, j1,...,jm € {1,...,n} withm > 1, one has

; (1) i (Gm) i (1) i (Gm)
lim wy <e‘a1At VeomAT ) = Woo (elal‘q‘”l Celam AR ) .
t—oo

2.1 Statement of the results

Our first result is the following non-commutative version of the Lévy-Cramér continuity theorem.

Theorem 1 Under Assumption (A),
Jim o (FuAD) - fa(A7)) = e (F1ALD) - fa(AL) ©)
holds for all f1,..., fn €C.

This result can be extended to bounded Borel functions as follows.
Theorem 2 Under Assumption (A) there exists a family & = (S;);jeq1,...,n} of subsets of M such that
Jim i (£1(AD) - £(A)) = o (A(AD) - £u(AD)). ™
holds if, forall j € {1,...,n}, f; € Band o(D(f;)) = 0 for every o € S;.

We shall say that a family & = (S;);eq1,...,n} of subsets of M is admissible if (7) holds under the conditions
of Theorem 2.
Remarks. 1. In general, the choice of & is not unique and the subsets S; C M for different j can not be chosen
independently of one another. Explicit examples of admissible families are given in Subsection 2.2.
2. We will see that possible choices for © imply a strengthening of the continuity assumption with respect to
the classical Lévy-Cramér theorem. This strengthening is necessary and due to the non commutativity of the
problem at hand. We illustrate this in subsection 4.1.

In the case where wq is faithful on the algebra 9, Lemma 7 below shows that S; = {wéi)} defines an
admissible family. Theorem 2 then yields an optimal non-commutative extension of the classical Lévy-Cramér

theorem.

Corollary 3 If Assumption (A) holds and weo is faithful on Moo then (7) holds for fi,..., fn € B satisfying
wg)(D(fj)) =O0foreveryj e {1,...,n}.

2.2 Admissible families

In this subsection we introduce possible choices of admissible families. We then discuss the special case where
Woo 1s faithful. Note that if w is a normal state on the von Neumann algebra 91 then, for any unitary U € 9N,

the formula wy (-) = w(U*(-)U) defines a normal state on 9. In particular, fort € T, j € {1,...,n} and
at, ..., o, € R we can define the following normal states on 91,
_ ; (1) fos G-1) o G-1) i (1)
wilar,...,aj-1; ) = w; (elo‘lAt celimtAT (et AT L gl > ,

o A ; GHD G+1) O
W (s Oy ) = wy (eﬂanAt" el AT (ygleg AT glan Ay )
; = .

Definition 4 By Equ. (3), the maps

— . iaAgj)
QA= Wi | ALy - e, A1 € s
+ . iaAiJ)
Q= Wiy | Qjt1,--.,0nj€ N
are characteristic functions of probability laws that we denote by o, (a1, . . ., aj—1; - ) and Uj+t (Ajt1ye--yan; )

respectively.
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Note in particular that o7, = wt(l) and o, = wt("). We define

S; = {U;Oo(ah .. .,Oéjfl) | Al,...,05-1 € R},

SjE{Jfoo(aj+1,...,ocn)\aj+1,...,anGR}, 8)

forj e {1,...,n}.
‘We can now define possible choices of admissible families.

Theorem 5 Forany J € {0, ...,n} the family (S;) c1,...n} defined by

Sy i<,

SToifi>J

is admissible.

The reason for the multiplicity of choices of admissible families will become clear in Subsection 3.2.

The following continuity properties of the maps t — aj-i are an easy consequences of the classical Lévy-

J
Cramér continuity theorem.

Lemma 6 Fixj e {1,...,n}andletg € B. If
a(D(g)) =0 foreveryo € S5, (10)

then
tli)rgoa-jit(ah e 7aj*1;g) = Ogm(ala . '7aj*1;g)a (11)

for every a1, ..., a1 € R. Similarly, if
a(D(g)) =0 foreveryo € S’;r, (12)

then

lim O’jt(a]""h .- .,Oé»,ﬁg) = o';roo(a]""h <. ~7Oé‘fl;g)7 (13)

t—oo

for every aji1,...,0n € R Finally, if

w(D(g)) =0, (14)
then
Jim @i () = wl(g). (15)

Note that wfgz,) es ;N S J+ and so (14) is a weaker assumption than (10) or (12). The following lemma shows
that they are equivalent in the case where wo is faithful.

Lemma 7 If weo is faithful on Moo, then forall j € {1,...,n}, any o € S; U Sj_ is equivalent to wg) (i.e.,

o and wf,? are mutually absolutely continuous).

Lemmas 6 and 7 are proven in Subsections 3.3 and 3.4. Theorems 2 and 5 are proven in Subsection 3.2.

3 Proofs

We will first prove Theorem 1 for a restricted class of bounded continuous functions. The result will then be
extended to bounded Borel functions using an approximation procedure and Lemma 6.
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3.1 Approximation of bounded Borel functions

Let F C C denote the set of functions of the form

- / f(a) e da,

where f € L'(R).

Lemma 8 The conclusion (6) of Theorem 1 holds for any fi,..., fn € F.

Proof. Forany j € {1,...,n},t € T and u,v € H, it follows from the functional calculus that
(. 5548)0) = [ Fi(@) (w4 0) da

The o-weak continuity of w; thus allows us to conclude that
(BN = [ @)aBe 0)da,

for any B, C € M. Invoking Fubini’s theorem, one easily concludes that
1) (n) iy ALY i, ALY
we [ f1(A) - fu(4y f1 a1) an)wt | e to...e t dag - - - da,

for any t € T. The claim then follows from Assumption (A) and Lebesgue’s dominated convergence theorem.(]

Lemma 9 Forany f € B such that sup, g | f(a)| < R there exists a sequence (fi)ren in F such that

sup |fi(a)| < R,
kEN,a€R

and
lim fi(a) = f(a),
foralla € R\ D(f).
Proof. For k£ € N set o
P —a? —iaa d
fute) = o720 [ player g,

and notice that | f ()| < e_o‘z/g(k“)kR/ﬂ € L'(R). The Fourier transform of f), can be written as

fr(a) :/]R]l[—m] <% + k3—b/2> f <a+ k) du(b),

where v is the centered Gaussian measure of variance 1. It immediately follows that sup, g | fx(a)| < R. For
a € R\ D(f), Lebesgue’s dominated convergence theorem and the fact that limy, f(a + b/k) = f(a) for all
b € Rimply limy, fx(a) = f(a). a

3.2 Proof of Theorems 2 and 5

Let fi,..., fn € Band set R = max;(1 + sup,cp |fj(a)]). Fix J € {0,...,n} and define S; according to
(9). Denote by (fj,x)ren C F the approximating sequence for f; given by Lemma 9. Writing

A= we (f1(AD) - A7) = wee (A(AD) -+ fa(4L))
= w0 (AAD) - FuA) — i (A) - s, (A0)
+wi (fl,ln (ADY - e (A@)) — e (fl,k1 (AD) - foe (AE,Z)))
+ Weo (fl,k1(Ag))...fn7kn(A(oz)) —fl(Aii))--~fn(A§;j>))7
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and applying Lemma 8 we get

limsup |A¢| < lim sup

t—o0 t—oo

wi (f1(AD) - FalAP) = Fr (AD) - fue, (A7)
o+ fwoe (ALY £(AD) = fris (AD) - Fu (AL

for any k1,...,k, € N. To study the right hand side of this inequality we fix s € T, set F; = f; (Agj )),
Gi = fix; (AgJ )) and proceed with the algebraic identity

J
Fl"'Fn_Gl"‘Gn:ZGI"'ijl(Fj_Gj)Fj+1"'Fn
j=1
—+ Z Gl"’GJFJ+1 "'Fj_l(Fj —Gj)Gj+1"'Gn. (16)

j=J+1

The terms of the first sum on the right hand side of this identity can be estimated as follows. Starting from the
Fourier representation (see the proof of Lemma 8)

ws(Gl"'Gj—l(Fj—Gj)Fj+1-..Fn)
; ; o AD iaAGD)
- /fl’kl(al).“fj_l’kjfl(ajil)ws (elalAs el (F} *Gj)FjH...Fn) day ---day_1,

and invoking the Cauchy-Schwarz inequality for w, we can write, using Definition 4,

2

; (1) . (Gi—1)
Ws (emlAs .. ~ew¢]71AS (Fj — GJ) Fj+1 .. Fn)

IN

ws(Fy -+ Fya Fypn - Fo) Pws (aa, . o (Fy — G3)*)Y?
< RZ(T“”U;S (al, e OG1; |fj — fik, |2) ,
from which we obtain
lws(Gr -+ Gj1(Fj — Gj) Fja - -+ Fu)
< Rn/|flyk1(a1)|...\fjflykjfl(aj,lﬂaj‘s (al,.“,aj,l; | £ _fj,kj|2)1/2 day ---daj_1. (17)
Furthermore, Lemma 6 and the dominated convergence theorem allow us to conclude that

limsup|wt(G1 . -Gj_l(F]‘ — Gj)Fj+1 .. Fn)|

t—o0

N . . 3 2\ 1/2
<R /|f1,k1 (@) [fi—1k; 1 (@j-1)] 0o (0617 o | = faky ) day - -daj-1.
(18)

The terms of the second sum on the right hand side of (16) can be handled in a similar way, leading to the
estimates

lws(G1-+GrFygpr Fija(F; — G3)Gj41 -+ Ga)

. R R o\ 1/2
<R /|fj+1,kj+1(aj+1)|"'|fn,kn(06n)|0’fs (aj+17“~7an; |fi = fins] ) dajir---das, (19)
and

limsup|wi(Gr -+ GyFyq1 - Fj—1(F; — G;)Gjq1 -+ Gn)

t—o0

N . . o\ 1/2
<R /|fj+1,k]-+1(OéjJrl)|"'\ﬁukn(%)|0j+ (aj+17-~‘704n; |fi = fik,] ) dagjiy1 -+ - dag.
(20)
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Combining estimates (17), (18), (19) and (20) with identity (16) leads to

limsup |As| < 2R"D(k1, ..., k), 21

t—oo

for any ki1, ..., k, € N, where
J . . B o\ 1/2

D(ky, ... kn) = Z/\fl,kl (an)] - [fim1k;os (a5-1)] 00 (0417---»0@'—1; | fi = Fis | ) L
j=1

n . . o\ 1/2
+ ) /|fj+1,kj+1(041+1)|“'\fn,kn(anﬂdfoo (Oéj+1,-~~7an;’fj*fj,kj\ ) dajir---dag.

j=J+1

By Lemma 9 and our assumptions, limy, | f; — fjx| = 0 holds o (a1, ..., a;j-1; -) almost everywhere for all
je{l,...,J}and ay,...,a;_1 € R. It follows from the dominated convergence theorem that

L 2
hlIcntw (al, cen oo | fi = fikl ) =0.
In a similar way one shows that
. 2
hglff;roo (@41, am; |5 = fikl®) =0,

forallj € {J+1,...,n}and ajt1,...,a, € R. Applying once again the dominated convergence theorem
one concludes that

. ~ ~ _ 1/2
11}}1/|f1,k1 (an)| [ fim1k, 1 (@jm1)| 0o (oo s eimas [ fi — fil?) Zday--dajo1 =0, (22)
forallj € {1,...,J}and k1,...,kj—1 € N, while
. 2 2 + 2\1/2
lllgn/ | fiatmg i (@) [ frkn (@n) 05og (@1, ooy oms [ fi = fiwl™) " daggpr - -dan =0,  (23)

forallj € {J+1,...,n}and kjt1,..., ks, € N. The result now follows from (21) and the fact that

lim lim --- lim lim lim---lim D(k1,...,kn) =0,
kn kp_1 kj41 k1 k2 kg

a direct consequence of (22) and (23). O

3.3 Proof of Lemma 6
By Definition 4 we have

oo, ... a5-159) = wi(on, ..., aj-159(AP))),

for g € B and Assumption (A) translates into

. iax _— iax _—
lim [ e th(al,...,ajfl;dm):/e Oioola, ... o515 d).
t—oo Jp R

The classical Lévy-Cramér continuity theorem readily implies that

lim g(w)aj;(a17...,aj,1;dm):/g(;c)a{oo(al,...,oejfl;de
R

t—oo R

forany g € B such that o (a1, ..., a;-1;D(g)) = 0. This proves (11). Completely similar arguments prove
(13) and (15). (]
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3.4 Proof of Lemma 7

Letj € {1,...,n},0 € S; U Sf and £ C R a Borel set. Denoting P = ﬂE(Ag)), there exists a unitary
U € Mo such that 0(E) = weo (U"PU). Since both operators P and U* PU are positive, the faithfulness of
Woo Implies that

o(E)=0 < U'PU=0
& P=0
& wee(P)=0
& wi(B)=0,
and so o and wg)) are equivalent measures. g

4 Applications and discussion

4.1 A simple application

We first recall some standard results of non-commutative probability theory refering the reader to [Bia] or [Mey]
for proofs. We consider an orthonormal basis {2, X } of the Hilbert space C?, and the basis a*,at,a”,a° of
the algebra M (2, C) of complex, 2 x 2 matrices defined by

«_ (10 +_(0 0 ~_ (01 o_(0 0
@ =\loo) *=\10) *“*=\oo0o) *=\o 1)

in the basis {2, X }.

For any m € N* let T®,, = (C*)®™, the m-fold tensor product of C*>. For i € {1,...,m} and
e € {x,+,—,0} we denote by a5 the ampliation of a° acting on the i-th copy of C? in T®,,. The family
(af)ie{1,....m}.ce{x,4,—,0} is then a basis of the algebra M, = M (2, C)®™ (this is the toy Fock space approx-
imation of [A]). We further denote by ©,,, the vector 2®™ and by w,, the associated state A +— (Q,,, AQ,).
In this state, the operators

+ _
Eeraerlaix, Ziym = ag,

m

T ym o P Jm

respectively follow the laws

Nim =

1 1 m 1
-0, - =94, 00+ ——= 01 4m- ]
9 —m 1/2+2 m—1/2) m+1 0+m+1 14+m—1s 0,
with characteristic functions ]
o o ela(l+1/m) +m )
NG 1+m ’ '

Moreover, for b € {n,p, 2z}, bi . and b; ., commute if i # j. Therefore each family (bim)ic{1,...,m}, has
a joint law in the state w,, and, in addition, this joint law can be seen to correspond to independent random
variables. It follows that the random variables

m m
N, = E Ni,m, P, = E Di,m, I, =
i=1 =1

have characteristic functions

Zi,m,

-

=1

cos a m eia(l+1/m)+m m )
\/m ) 1+m ) )

which, as m — oo, are easily seen to converge to

2 ic
— 2 -1
€ o/ ) ee ) 17

the characteristic functions of the centered normal law with variance 1, the Poisson law of intensity 1 and the
law dp. The classical Lévy-Cramér theorem thus implies the convergence in law of the individual sequences
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(N )men+ s (Pm)men*, (Zm)men= to the corresponding random variables. As an application of our quantum
Lévy-Cramér theorem, we shall now consider some properties of the joint sequence ( Ny, P, Zm )men.

We start with a simple observation. Denote by ®,,, C T®,,, the subspace generated by completely symmetric
tensor products. An orthonormal basis of ®,, is given by the family (ek)ke{o ,,,,, m} wWhere ey, is the (normalized)

complete symmetrization of X®* ® Q®m=k) particular ,,, = eqg. The operators Ny, , Pn,, Z, clearly leave
®,,, invariant. A simple calculation shows that

k—1 k
Nmer =4/1— Vker1+ 1_Emek+l’

m
k—1 k k
Prew=1/1—-"—Vker_1+1/1 - —Vk+lew1+ (k+1— =) e, (24)
m m m
Zmek:kek,

where, by convention, e_1 = em,+1 = 0. In studying the random variables N, Pp,, Zn, in the state w,, we
may therefore consider that these operators act on the space ®,,.

To describe limiting random variables Noo, P, Zoo We denote by 91, the algebra of bounded operators on
® = ¢(*(N) with (é)ren its canonical orthonormal basis, and by we. the state A — (o, A&). The operators
a™,a”, a® defined by

até,=VEk+1 4, a &, =Vk é,_1, aér =ata &, = kéy,
(with the convention é_; = 0) are such that in the state wo, for any w € C, the operators
wa’ + wa”, wat +wa” + a® + |w|?1, a®, (25)

follow respectively a centered normal law with variance |w|?, a Poisson law of intensity |w|? and the law Jo.
Setting
Ne=a"+a", Po=a"4+a 4+a°+1, Zoo =a°,
we therefore have the convergences in law Ny, — Noo, Py — Poo and Zp, — Zoo.
Let us show that Assumption (A) holds with (AEQ, Ag), Ai,f)) = (Nm, Py Zm), m € N*U{oo}. We first
note that the partial isometry Sy, : ®,, — ® induced by the map ex, — éx, k € {0,...,m} satisfies
AETJL'k)

. (71) i [€29) a0 .
A A A .
£ L TS N L

), (26)
where AY) = 5, A S, Using relations (24), one easily shows that, for any k¥ € Nand 5 € {1, 2,3}

lim AYe, = AYV)é,. (27
m— 00
Using the fact that the set of finite linear combinations of basis vectors € is a common core for all A and

Ag)), it follows from (27) that the sequence AP converges to AY) in strong resolvent sense (see e.g., Theorem
VIIIL.25 in [RS]). On concludes that
. ia/i(j) iaA(j)
s—lim 7™M = @7
m—0o0
forany o € Rand j € {1,2,3}. Assumption (A) clearly follows from this relation and Equ. (26).
Computations using commutation between Weyl operators (see [Bia]) show that

01@Noo (iBPoo —iaNoo _ eiﬁ((1—‘1a)(fr-s-(1+ia)cr-s-ac’+|1—i042)7

so that (recall (25))
8 - we (eiaNoc ol Poo e—iaNoo) ’

is the characteristic function of a Poisson law of intensity |1 —ic|?. We therefore obtain a non-trivial consequence
of Theorem 2:
Hm win (f1(Nm) f2(Prn) f3(Nm)) = woo (f1(Noo) f2(Pso) f3(Noo))

m— 00
for any f1, f2, f3 € B with f2 continuous at every point of N. In particular, for any @ < bin R and any ¢ < d in
R\ N,

lim (1,67 (N ) Ao, a) (P ) L a,0) (Nim))) = woo (Tja,8) (Noo) e, a (Poo ) Tja,p) (Noo) ) -

m—
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In a similar way, one shows that

lim_w (f1(Prn) f2(Nim) f3(Pm)) = weo (f1(Poo) f2(Noo) f3(Poo))

m

for any f1, fa2, f3 € B.

This example also allows us to illustrate the necessity of our strengthened continuity assumptions (note that
the state woo is not faithful, as for example Z is a positive operator and yet woo(Zoc) = 0). For finite m it
follows from (24) that Z,, is a positive matrix with integer eigenvalues, so that 11} (Zm + %) = 0 and hence

i 1 —ia
Wm <elaNm ]1{1} (Zm + 7) e Nm) =0.
m

Woo (eiD‘N"" 1y (Zoo)efiaN“’) = Woo (Il{l} (eiO‘N‘X’ Tope 1N )) , (28)

On the other hand,

and eV Z o7 Nee — _jaaT +iaa” + a® + |o|? (again by the commutation relations of Weyl operators,
see [Bia]). Since this operator follows, in the state wo., a Poisson law of intensity o, the right hand side of Equ.
(28) is strictly positive provided o # 0. We thus have

i i . i 1Y)
Woo (em‘NOC 111 (Zoo)e aN°°) # lim wm (e aNm]l{l} <Zm + E) e O‘Nm) ,

m— oo

even though assumption (A) obviously remains true if we replace Z,, by Z,,, + % This shows that Theorem 2
is false if we only assume that each f; satisfies wi (D(f;)) = 0, and illustrates why: the projection associated
with the eigenvalue 1 of Z is not in the support of we, and so the singularities of 1¢13 have measure zero
under the law of Z.. However, when conjugated by e'®~° _ this projection is sent to the support of weo and the

singularities of 11,3 have non-zero measure under the law of glolNeo 7 e~ialNoo

4.2 Previous results of Lévy-Cramér type

The paper [CH] was the first to study explicitly a non-commutative central limit theorem, which it proves using
a result of the non-commutative Lévy-Cramér type (Theorem 2 in the cited paper). That result, in a slightly
simplified framework, is the following: consider a sequence (¢y, pn )nen of canonical pairs on H = L*(R), i.e.
a pair of (unbounded) self-adjoint operators such that there exists a dense subspace D,, C H in the domain of
both ¢, and p,,, which is stable by ¢, and p,,, on which the canonical commutation relation (CCR)

qnPrn — Pnqn = il, (29)

holds. In analytically simpler terms, this can be rewritten as the Weyl relation

ei(@Pntyan) _ eifvpneiyqneiﬂvy/Q7 (30)
(see [BR1] or [Pet] for more details on canonical pairs).

Assume that every (gn, pr) is irreducible, i.e. no nontrivial subspace of H is left invariant by all operators
e!(@Pntvan) - A normal reference state p on B(H) is fixed; then a state p,, on B(H) can be associated to every
canonical pair (¢n, pn) by

pn(A) = p(Uy AUy,

where U, is the unitary operator mapping (q», p» ) to the Schrédinger representation of the CCR (29). The Stone-
von Neumann unicity theorem for irreducible representations of the CCR ensures its existence (see [Mey]).
Cushen and Hudson define the pseudo-characteristic function by

pn(,y) = p(e! TP TVI),

This definition is different from ours but in the case of canonical pairs it follows from (30) that the two definitions
are essentially equivalent. It is then proven that there exists a state po. such that

lim pn(A) = poo(A), 31)

n—o0

for every A € B(H) (a property which Cushen and Hudson call convergence in distribution) if and only if the
sequence ¢, converges pointwise on R? to a function which is continuous at zero.

11
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It is the easy part of the theorem to show that, if the sequence (5 )nen has a pointwise limit o, which is
continuous at zero, then ¢ is of the form

Poo(,y) = ple! 7T,
for some canonical pair (¢oo, Poo ). This and the Weyl relation (30) imply that pointwise convergence of ¢, to a

function which is continuous at zero is equivalent to our assumption (A) for w = p and AP = Qn,s AP = Dn.
Moreover, the Weyl relation (30) implies that

izpn \iyqn ,—izpn —izy iyqn izpn

e Pngl¥ing = "Ye'Vin, eYIn g Pn o TN — T gITPn

and the law of both p and ¢~ in the state wo is Gaussian, so that Theorem 2 implies (7) for all bounded
Borel functions. The conclusion of [CH], i.e. the convergence (31), is stronger than ours at first sight, but it
is a consequence of the properties of the Weyl correspondence (as described in the proofs of Proposition 6 and
Theorem 2 of that paper) that both conclusions are actually equivalent. Our results therefore extend the results
of Cushen and Hudson, which rely heavily on the particular properties of canonical pairs.

The other occurrence of a non-commutative Lévy-Cramér type result we are aware of is [Kup]. In this paper,
Kuperberg proves implications of pointwise convergence of pseudo-characteristic functions, of the same type as
(7): for 91 a von Neumann algebra equipped with a normal state p, he considers for any A € 91 the elements

N
1 k—1 @N—k
AN:—E It A1 ,
VN 2

(we use different notations from that in [Kup] to stay as close as possible to our own) and shows that, for fixed self
adjoint elements A ... A®) e 9, for any self adjoint non commutative polynomial p, p(AS&), e Ag\’f))
converges in distribution to p(X(1>, e ,X(k>) in any tracial state p, where (X<1)7 ..., X™Y is a (classical)
centered Gaussian vector with covariance matrix C;; = p(ADAD) — p(AD)p(AU)). One of the steps of

. i (1) i (k) i (1) i (k)
that proof is to show that the convergence of p(e“”A cooglakA ) to E(e’o‘lx celanX ) for every

o, ...,y implies the convergence of any quantity p(f(AM)--- f(A®)) to E(f(XM)--- f(X®)) for
every fi,..., fr € C. The same method could easily be extended to include bounded Borel functions with the
standard continuity assumptions (here the limiting quantities are purely commutative) but the proof here uses the
fact that the GNS norm associated with the reference state p is spectral, which is only true if p is tracial. Our
result therefore improves the scope of application of this part of Kuperberg’s results.

4.3 Applications

In this subsection we discuss the literature related to Assumption (A), i.e. the specific models for which (A)
has been verified and to which our main results apply. The related results cover a number of technically and
conceptually different frameworks and, for reason of space, we shall only briefly touch on several central points.
For the terminology and additional information we refer the reader to the original papers.

The first series of results originates in the paper [AFL] (later extended in more than one direction, see e.g.
[Gou] and references therein) for the weak coupling limit and [AL] for the low density limit. The results of the
form of (A) in the cited papers exist at two different levels. First there are kinematical results: Theorem 3.4 in
[AFL] and Lemma 2.1 in [AL]. Note that, at this level, the von Neumann algebras 91, and the states w; are the
same (the algebra being of the form B(H), the state being the pure state associated with the vacuum vector) for
all ¢ in the case of the weak coupling limit, but not in the case of the low density limit, where the parameter z
enters the definition of the considered scalar product. The second level at which these papers prove results of
the form (A) is the dynamical one: Theorem (II) in [AFL], Theorem 5.1 in [AL] where this time the structure
depends on ¢t in all cases. These theorems consider only one unitary U, at a time; we can, however, make a
connection with a non-trivial form of (A) by noting that they can be easily extended to the case where the single
unitary operator Uy is replaced with a product of different operators corresponding to different couplings V' in
the Hamiltonian.

Another possible application comes from [AP] (and its extension in [AJ]); this time the considered limit is
that of “repeated to continuous” interactions. The whole picture, that is both the & > 0 systems and the limiting
case can be described within a single algebra. Here again the main result of the paper, Theorem 13, shows a priori
aresult of type (A) for the case of a single operator, but Corollary 18 implies that one has, in the common Hilbert

o AL o A .
space for all operators, strong convergence of the operators e'®“»  to e!®i“>¢ . Therefore, (A) will also hold
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for a product of more that one operator, corresponding to possibly different operators L (when using Theorem
17) or different Hamiltonians H (when using Theorem 19) — it is Theorem 19 that we used in subsection 4.1,
in the simple case where Ho = C. Note that standard results on strong resolvent convergence of operators (see
[RS]) imply the strong convergence of fi(AS >) to fi(A(oQ), hence the convergence (7) for bounded continous
functions f;. It is a non-trivial improvement to obtain the same result for non-continuous f;.

Finally, we mention the study of “fluctuation algebras™ in the papers [GV], [GVV] (and subsequent papers
by the same authors), [Mat], [AJPP] and [JPP]. These papers consider operators Asf ) or AEZ) of the form

AV = —= 37 (ra(Ai) — w(A),
Vi

or
@ _ L t 7°(A;) —w(A;)) ds
At - ﬂA ( (Al) (A7)) d )

where 7, is a translation operator (as in [GV], [GVV], [Mat], which study spatial fluctuations) or 7° is a dynami-
cal group (as in [AJPP] and [JPP], which study time fluctuations) and every A; is an observable of the considered
system (belonging to some subalgebra 21 ). In both cases, a result of the type (A) is proven in which the limiting

.. i (1) ; ()
quantities weo (145 . .. elorAss ) are of the form p(W (AM) ... W (A®)), where the T are elements of a
Weyl algebra over 901, for an explicit symplectic form, and p is a quasi-free state on this Weyl algebra (see [BR1]
or [Pet]). A case of particular interest is when this symplectic form is found to be null, so that the Weyl algebra

is abelian; in this case, the law of the operators Ag% e A(og) in the state woo is that of a (classical) Gaussian
vector.
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