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Abstract

We study ergodic properties of Pauli-Fierz systems—W *-dynamical systems of-
ten used to describe the interaction of a small quantum system with a bosonic free
field at temperature T" > 0. We prove that, for a small coupling constant uniform
as the positive temperature T' | 0, a large class of Pauli-Fierz systems has the
property of return to equilibrium. Most of our arguments are general and deal with
mathematical theory of Pauli-Fierz systems for an arbitrary density of bosonic field.
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1 Introduction

A quantum system is often described by a W *-algebra 9 with a o-weakly continuous
group of automorphisms ¢ +— 7¢. The pair (9, 7) is called a W*-dynamical system
and 7 a W*-dynamics. We say that the system (91, 7) has the property of return



to equilibrium if there exists a normal state w on 9 such that for all normal states
¢ and A € 9N,

lim ¢(7'(A)) = w(A).

[t|—o0
Such w is obviously unique and 7-invariant. Physical intuition suggests the following
quasitheorem.
Quasitheorem Suppose that (M, 7) describes a quantum system that is:

(1) infinitely extended;

(2) a localized perturbation of a thermal equilibrium system;
(3) sufficiently regular;

(4) sufficiently generic.

Then (I, T) has the property of return to equilibrium.

Conditions (1) and (3) are idealizations necessary to prove sharp mathemati-
cal results. In particular, it is well-known that finite volume (confined) quantum
systems do not return to equilibrium.

Condition (2) is related to the issue of stability of equilibrium states (see [BR2]
and references therein). It is expected on physical grounds, and in some circum-
stances it can been proven, that if (9,7) describes a localized perturbation of a
physical system away from thermal equilibrium, then there are no normal T-invariant
states (see Subsections 3.6 and 7.9).

Concerning (4), some assumptions are necessary to prevent the existence of
internal symmetries which would lead to an artificial multiplicity of 7-invariant
normal states. In our paper the conditions of this type will be called effective
coupling conditions and they will be generically satisfied.

In this paper we will study a class of quantum systems which are commonly used
to describe the interaction of a ”small” quantum system, often called an ”atom”,
with a ”bosonic reservoir”. We will call them Pauli-Fierz systems [PF]. They arise
in physics as simplified versions of the non-relativistic QED.

We note that in the literature the name “Pauli-Fierz Hamiltonians” appears in a
number of different (although closely related) contexts. Our definition of Pauli-Fierz
systems is consistent with our previous work [DG, DJ1].

Our main result is a precise formulation of the conditions decribed in the ”qu-
asitheorem” and a proof that under these conditions Pauli-Fierz systems have the
property of return to equilibrium. Results closely related to ours can be found in
[BFS2, JP2, M] and we will discuss them in Subsection 1.2. The rest of this section
is devoted to an informal discussion of our main results.

In our paper the small system is described by a finite dimensional Hilbert space
K and a Hamiltonian K.

The bosonic reservoir is described by a pair (£, h) where Z and h are the Hilbert
space and the energy operator of a single boson. We will always assume that h > 0.
Physically, the bosons can be interpreted as phonons or photons.

The interaction between the small system and the reservoir is specified by a
form-factor Av, where v € B(K,K ® Z) and A is a real coupling constant which



controls the strength of the interaction. Our main results hold for sufficiently small
nonzero values of A.

The data (K, K, Z, h,v) determine the basic Pauli-Fierz Hamiltonian, which is
defined as the self-adjoint operator

H=K®1+1®dl(h)+AV

on the Hilbert space H = K ® I's(Z), where I's(Z) is the bosonic Fock space over
the 1-particle space Z and the interaction term V is the field operator associated
to the form-factor v. Thus we obtain the W*-dynamical system

(B(H), e . e7itH) (1.1)

The W*-dynamical system (1.1) is however not our main object of study. We
are interested in a family of W*-dynamical systems that arise as thermodynamical
limits of (1.1) and which describe Pauli-Fierz systems with non-zero radiation field
density. Apart from (K, K, Z, h,v), these systems are parametrized by a positive
operator (the radiation density operator) p on Z commuting with h. We call them
Pauli-Fierz systems at density p. To describe such systems one needs to use the
so-called Araki-Woods representations of CCR [AW, BR2]. In typical cases, for
instance if p has some continuous spectrum, the corresponding W *-algebras are of
type III. The system (1.1) corresponds to the density p = 0 and its W *-algebra
B(H) is of type L.

A special class of radiation densities is given by Planck’s law at inverse temper-
ature 3, that is pg = (e’ — 1)L, Such densities describe a system close to thermal
equilibrium at temperature 1/3. A large part of our paper is not restricted to the
thermal case and deals with an arbitrary radiation density. These results are useful
in the study of non-equilibrium theory of Pauli-Fierz systems.

For shortness, in the remaining part of the introduction we restrict ourselves to
the case of thermal densities. The main object of our study is a 1-parameter family
of W*-dynamical systems

(Mg, 75) (1.2)
where Mg = B(K) ®Dﬁé}{v, and S)JTS,\IN is the Araki-Woods W *-algebra corresponding
to the density pg. The dynamics is defined in a canonical way given the data
(K, K, Z,h,v) and the inverse temperature 5 €]0,00]. For § = oo the system (1.2)
coincides with (1.1). Under the conditions used in our paper the W *-dynamical
systems (1.2) are non-equivalent for distinct [.

The Pauli-Fierz systems (1.2) considered in our paper satisfy the first two con-
ditions of the “quasitheorem”. They describe an infinitely extended system (this
is expressed in particular by the fact that h has continuous spectrum). Since the
radiation density of the bosonic field is given by the Planck law, the system is near
thermal equilibrium.

The information on the W*-dynamics 73 is conveniently encoded by a certain
self-adjoint operator Lg called the Liouvillean. The operator Lg is canonically
defined in the standard representation of 9 3.



For 3 < oo (positive temperatures), under quite broad conditions one can show
the existence of a (73, 3)-KMS vector, which is an eigenvector of Lg with a zero
eigenvalue. This result was proven in [DJP] and is based on an extension of the
well-known result of Araki [Ar, BR2].

For 3 = oo (the zero temperature) in many cicumstances one can show that
the Pauli-Fierz Hamiltonian H has a ground state [AH, BFS1, Ge, Sp2, Sp3]. The
ground state gives rise to an eigenvector of the corresponding Liouvillean L., with
a zero eigenvalue.

For 8 < 00, the return to equilibrium can be deduced from spectral properties of
Lg. In particular, the return to equilibrium follows if Lg has no singular spectrum
except for a nondegenerate eigenvalue at zero.

For a W*-dynamical system (9, 7) with 9t being a type I factor, the return
to equilibrium never holds (unless the algebra is 1-dimensional). Therefore, the
Pauli-Fierz systems with 8 = co do not have the return to equilibrium property.

In the literature [HS1, FGS], one can find a related property called the relaxation
to a ground state, which in some cases can be proven for zero temperature systems.
Note, however, that to prove this property one needs to consider appropriate C*-
dynamical systems, whereas we always consider W *-dynamical systems.

The regularity assumption on Pauli-Fierz systems that we make is based on the
ideas and results of [JP1, JP2]. This method consists in "gluing” together neg-
ative and positive frequences of the bosons, which allows to define a “conjugate
operator”—the generator of translations in the spectral variables. In the original
approach of [JP1, JP2] the analyticity of the form-factor with respect to the trans-
lations was assumed and the Liouvillean was studied using the complex deformation
method. Here, we asssume only the differentiability of a sufficiently high order and
study the spectrum using the Mourre theory developed for this purpose in our pre-
vious paper [DJ1]. The Mourre theory allows us to treat Pauli-Fierz systems more
efficiently, especially at low temperatures.

To express our effective coupling assumptions we use some simple algebraic con-
ditions derived from the so-called Fermi Golden Rule, which describes how to com-
pute eigenvalues and resonances to the second order. In particular, it can be used
to predict which eigenvalues will disappear after the interaction is ”switched on”.
The information obtained by the Fermi Golden Rule can be conveniently encoded
in the so-called Level Shift Operator I'3—an object that plays a crucial role in our
paper.

The Liouvillean of a Pauli-Fierz system in the absence of interaction has a large
kernel (of dimension at least dimC). After the interaction is "switched on”, the
dimension of the kernel of Lg is at least one. Our aim is to show that there are no
other eigenvectors of Lg for small nonzero A.

For small nonzero A and all § €]0,00[, that is for the whole range of positive
temperatures, analysis of the Level Shift Operator I'g gives a single condition that
on the formal level indicates the absence of the singular spectrum of Lg except
for a nondegenerate eigenvalue at zero. In order to check this condition one con-
structs a certain (finite dimensional) *-algebra M C B(K) which depends only on



(K, K, Z,h,v) and not on the inverse temperature 5. Our positive temperature ef-
fective coupling assumption is that 91 = C1. The result of [DJ1] provides a rigorous
method to show that the above assumption together with a sufficient regularity of
the form-factor imply the desired spectral properties of Lg, and hence imply the
return to equilibrium. The result described so far is, however, not uniform in the
temperature.

Our main goal is to show that under suitable conditions Pauli-Fierz systems
have the property of return to equilibrium uniformly in the temperature. This re-
quires a detailed analysis of the zero temperature case, which is in many respects
different from that of positive temperatures. Analysis of the Level Shift Opera-
tor 'y, yields natural effective coupling conditions under which one should expect
that for a sufficiently small nonzero A the Pauli-Fierz Hamiltonian H has no sin-
gular spectrum except for a nondegenerate ground state. These conditions involve
the nondegeneracy of the unperturbed ground state and the strict positivity of a
certain auxiliary operator. The result of [DJ1] gives a rigorous proof that these
conditions together with a sufficient regularity of the form-factor imply the desired
properties of Pauli-Fierz Hamiltonians. As an immediate consequence, under the
same conditions zero temperature Liouvilleans have no singular spectrum except
possibly for a nondegenerate eigenvalue at zero.

If the zero temperature and the positive temperature effective coupling assump-
tions hold and if the form-factor is sufficiently regular, then we can establish return
to equilibrium uniformly in the temperature. More precisely, we show that for any
Bo > 0 there is \g > 0 such that for 0 < |A\| < Ag and 3 € [y, o] the Pauli-Fierz
Liouvillean Lg has no singular spectrum except for a nondegenerate zero eigenvalue.
It follows that under the same conditions the system (93, 73) has the property of
return to equilibrium and this is the main result of our paper.

We emphasize that the above mentioned effective coupling conditions are im-
portant ingredients of our approach. These conditions are optimal if one considers
only the 2nd order perturbation theory. They are quite simple algebraically and it
is perhaps surprising that a single effective coupling condition applies to all positive
temperatures.

Similar results can be given if we consider radiation densities that are not nec-
essarily given by the Planck law. For instance, we show that if the small system
interacts with two bosonic reservoir at distinct temperatures, then generically the
coupled system has no normal time-invariant states.

1.1 Organization of the paper

In Section 2 we briefly review the definitions and results of the theory of W *-algebras
needed in our paper. In particular, we quote the results of [DJP].

In Section 3 we give a simplified presentation of our main results. To make the
paper more accessible, in this section we restrict ourselves to the case of a scalar
massless field. This section is not used in the remaining part of the paper, where a
more general class of models is considered and a different notation is used. Section



3 serves as a quick introduction to our results and allows to compare them easily
with the results existing in the literature.

In Section 4 we introduce the notation and review some basic facts which we
will need in the paper. In Section 5 we introduce Pauli-Fierz operators and review
their properties following [DJ1].

In Section 6 we introduce Pauli-Fierz systems at density p, compute Pauli-Fierz
Liouvilleans L, and study their properties. The main technical results of this section
concern the structure of the Level Shift Operator I', of the Liouvillean L.

In Section 7 we discuss thermal Pauli-Fierz systems. In Subsection 7.4 we give
conditions under which thermal Pauli-Fierz systems have the property of return to
equilibrium for a fixed inverse temperature. The result uniform in the temperature
is described in Subsection 7.7.

As we have already mentioned, the main regularity assumption our method
requires concerns the gluing condition of [JP1, JP2, DJ1]. In Section 8 we discuss
the gluing condition in the context of scalar and vector massless bosons.

1.2 Comparison with the literature

Hamiltonians similar to those considered in our paper appear frequently in the
physics literature, see e.g.[PF]. In the recent years there has been a revival of interest
in rigorous results about these operators, starting with such papers as [BFS1, DG,
HS2, JP1, Sk].

From the technical point of view, the results of our paper concern mainly spectral
properties of a certain class of Pauli-Fierz operators. A large part of the literature
on spectral analysis of Pauli-Fierz operators can be divided into two classes. The
first uses the generator of translations as the main tool and the second uses the
generator of dilations.

In the context of Pauli-Fierz systems, the generator of translations was used for
the first time in [JP1, JP2], where it was applied to deform analytically positive
temperature Pauli-Fierz Liouvilleans. These papers also contain the first proof
that thermal Pauli-Fierz systems have the property of return to equilibrium. The
infinitesimal version of this method based on the Mourre theory was developed in
[DJ1]. That paper was a technical preparation for the present paper. In fact, in the
introduction to [DJ1] we roughly described the applications contained in this paper
(without, however, giving exact conditions).

The generator of translations is also the main tool of an interesting paper by
Merkli [M], which is devoted to the proof of return to equilibrium in the mean.
This paper is based on the technique of a “modified conjugate operator” originally
due to Hiibner and Spohn [HS2] and elaborated later in [BFSS]. The results of [M]
are closely related to ours. One of the differences is that Merkli studies return to
equilibrium in the mean and he does not show the absence of singular continuous
spectrum for Pauli-Fierz Liouvilleans. His proof is based on the virial theorem,
whereas the method of [DJ1] is based on the limiting absorbtion principle. Merkli’s
main result is not uniform in the temperature.



In the context of Pauli-Fierz systems with positive mass the generator of dila-
tions was used for the first time in [OY]. In the zero temperature massless case it
was used first in [BFS1]. In [BFS2] the generator of dilations was used to study
return to equilibrium of Pauli-Fierz systems uniformly in the temperature. A dis-
tinctive feature of the papers [BFS1, BFS2| is the so-called renormalization group
technique, which in this context is meant to describe an iterative procedure based on
the Feshbach method, used to control the spectrum of Pauli-Fierz operators. The
results of [BFS2| resemble closely ours and Merkli’s. Strictly speaking, however,
the conditions of [BFS2] are not comparable to ours and one can find interactions
which can be treated with one method and not by the other. With regard to the
infrared singularity, the conditions of [BFS2] for the uniform in temperature return
to equilibrium are somewhat less restrictive than ours.

There is a vast body of literature dealing with Pauli-Fierz systems in the Van
Hove weak coupling limit s = A%¢, A | 0, with s fixed (see eg. [Da, Sp2]). In this limit
one obtains an irreversible Markovian dynamics on the algebra of the small system.
The generator of this dynamics is sometimes called the Davies generator. The Level
Shift Operator, which arises through the Fermi Golden Rule for the Liouvillean and
is one of the main tools of our paper, is similar to the Davies generator in many
respects. Let us stress, however, that they are different operators. The Davies
generator describes the evolution of observables and always has a zero eigenvalue.
On the other hand, the Level Shift Operator describes the shift of eigenvalues and
resonances of the Liouvillean and often does not have a zero eigenvalue. In the
thermal case, however, these operators are closely related, see [DJ2].

The effective coupling assumptions for return to equilibrium used in our paper
are different from those found in the literature. To our knowledge they are simpler
and less restrictive—in fact, they are optimal in the context of the 2nd order per-
turbation theory. They are based on a detailed algebraic analysis of the Level Shift
Operator for Pauli-Fierz Liouvilleans that seems to appear for the first time in the
literature. Somewhat similar effective coupling conditions for return to equilibrium
of quantum Markovian semigroups were given in [Fr, Sp2].

One of the consequences of our method is a relatively simple proof of the non-
degeneracy of the ground state of Pauli-Fierz Hamiltonians under certain regularity
and effective coupling assumptions. The other proofs in the literature use Perron-
Frobenius type arguments and are restricted to positivity preserving interactions
[BFS1, Spl, Sp3]. The only exception that we know is the proof based on the
“renormalization group” contained in [BFS1].

The first result about existence of KMS states for Pauli-Fierz systems goes back
to [FNV] where the spin-boson system was considered. It was also proven in [BFS2]
under a more restrictive infrared condition than that of our paper.

Our result about a system coupled to several reservoirs at different temperatures
can be compared with recent works on non-equilibrium quantum statistical physics
[JP3, Ru]. Note that these papers use C*-dynamical systems rather than W*-
dynamical systems and look for stationary states that are not normal.



2 Algebraic preliminaries

In this section we review some elements of the theory of W *-algebras needed in our

paper. For more details we refer the reader to [DJP], and also [BR1, BR2, St].
One of the most important concepts of the modern theory of W *-algebras is

the so-called standard representation. We say that a quadruple (7, H,J,H) is a

standard representation of a W*-algebra 9t if 7 : 9 — B(H) is a *-representation,

J is an antiunitary involution on H and H is a self-dual cone in H satisfying the

following conditions:

(1) Jr(I).] = m(M)';

(2) Jw(A)J = 7(A)* for A in the center of 9,

(3) JU =V for ¥ € Hy;

(4) m(A)Jr(A)YH4+ C Hy for A € M.

Every W*-algebra has a unique (up to unitary equivalence) standard representation.
The standard representation has several important properties. First, every nor-

mal state w has a unique vector representative in H (there is a unique normalized

vector 2 € Hy such that w(A) = (Q|7(A)Q)). Secondly, for every W*-dynamics 7

on I there is a unique self-adjoint operator L on H such that

m(tH(A)) = (A M, SH, =H,. (2.3)
The operator L is called the Liouvillean of the W*-dynamical system (9, 7).

Theorem 2.1 Letw be a normal state and Q2 € H its vector representative. Then
w s T-invariant iff Q € KerL.

Theorem 2.2 (1) The Liouvillean L has no eigenvalues iff the W*-dynamics T
has no normal invariant states.

(2) The Liouvillean L has exactly one nondegenerate eigenvalue at zero iff the
W*-dynamics T has a single normal invariant state.

(3) Suppose L has no singular spectrum except for a nondegenerate eigenvalue at
zero, and that the corresponding eigenstate is separating for M. Then the
system (9, 7) has the property of return to equilibrium.

Theorem 2.1 follows easily from (2.3). Theorem 2.2 (3) was proven in [JP1]
although similar results can be traced to much older literature (see [BR1, Jal).

We now describe some results concerning perturbation theory of W*-dynamical
systems. Our presentation follows [DJP].

Let (9, 7) be a W*-dynamical system and (7, H,J,H ) a standard representa-
tion of M. Let L be the Liouvillean of 7. Let V' be a self-adjoint operator affiliated
to 901. Let us state the following assumption:

Assumption 2.A L+ (V) is essentially self-adjoint on D(L) N D(n(V)) and
Ly :=L+7(V)—Jr(V)J
is essentially self-adjoint on D(L) N D(n(V)) ND(Jx(V)J).



Theorem 2.3 [DJP] Assume that 2.A holds and set
T‘t/(A) — 77_1 <eit(L+7r(V))W(A)e—it(L—Hr(V)> ]
Then Ty is a W*-dynamics on 9 and Ly is the Liouvillean of (9, 1y).

Our final subject is the perturbation theory of KMS states. We will describe the
results of [DJP], which extend the well known results of Araki [Ar, BR2] valid for
bounded perturbations.

Let w be a (1, 3)-KMS state and Q2 € H . its vector representative. We will call
Q a (1, 3)-KMS vector (or a S-KMS-vector for the dynamics 7).

We make the following additional assumption on the perturbation V:

Assumption 2.B e~ A2 < oo.

Theorem 2.4 [DJP] Assume that Assumptions 2.A and 2.B hold. Then

(1) Q € D(e PLATVI/2) and the vector Qy = e PLATVD2Q is a (1, B)-KMS
vector.

(2) Let wy (A) = (Qu|r(A)Q)/|Qv |2 Then wy is a (1v,3)-KMS state on 9.

Note that if V' € 9, then Assumptions 2.A and 2.B are automatically satisfied,
and the above theorems reduce to the well-known results of Araki [Ar, BR2].

3 Simplified presentation of the main results

This section gives a self-contained description of simplified versions of our main
results. It will not be used in the remaining part of the paper. The reader who
prefers a more complete exposition can skip this section and go directly to Section
4.

In this section the 1-particle bosonic space is Z = L?(R%) and the 1-particle
energy h is the operator of multiplication by |¢|, where ¢ € R? describes the mo-
mentum. The small system is described by a finite dimensional Hilbert space K and
a Hamiltonian K. The interaction is described by a measurable operator-valued
function (form-factor) R¢ > ¢ — v(¢) € B(K).

3.1 Pauli-Fierz system at zero temperature

The Hilbert space of the Pauli-Fierz system at zero temperature is K ® I'g(L?(R)),
where T's(L?(R%)) denotes the symmetric (bosonic) Fock space over the 1-particle
space L?(R?%). The free Pauli-Fierz Hamiltonian is

Hy=Kol+le / Ela* (©)a(e)de,



where a*(§)/a(§) are the creation/annihilation operators of bosons of momentum
¢ € R%. We assume that the form-factor satisfies

/ (L4 1€ [o(€)|2d€ < oo, (3.4)

The interaction is given by the operator

Vie [@@oa©)+ v @ @a)e,
and the full Pauli-Fierz Hamiltonian equals
H := Hy + MV,

where A € R. H is self-adjoint on D(Hy) and bounded from below.

We have discussed in [DJ1] how Pauli-Fierz Hamiltonians arise as an approxima-
tion to the standard Hamiltonian of the non-relativistic QED. A related discussions
can be found in [BFS1].

A simplest non-trivial example of a Pauli-Fierz Hamiltonian is the so-called spin-
boson model where K = C2, K = o, and v(¢) = o,a(f) (0, and o, are the usual
Pauli matrices and a € L?(RY) satisfies (3.4)).

3.2 Bosonic fields at non-zero density

Assume that the radiation density of the bosonic field is described by a positive
measurable function p(¢) on R? The observables of the bosonic reservoir are
then described by the W*-algebra QJTQYV, the (left) Araki-Woods algebra at den-
sity p. This algebra is constructed as follows. It is represented on the Hilbert
space I'y(L%(R%) @ L%(R%)). The creation/annihilation operators corresponding to
the first L2(R?) (which describe excitations) are denoted by a; (£)/a1(€), and those
corresponding to the second L?(R?) (describing holes) are denoted by a’(&)/a.(€).
(I/r stand for left/right). i)ﬁ/;’\l’v is generated by the operators of the form

expi ([(£(€)(1+ p(€) 207 (€) + T(©)p(€) 2ar(€) + he)dg ) .
where f € L?(R?) satisfies [ |f(€)[2p(€)d€ < oo.

3.3 Pauli-Fierz systems at non-zero density

The Pauli-Fierz algebra at density p, M, is defined by M, := B(K) ® Em;}YV. To
define the dynamics, we need the following assumption:

Assumption 3.A  [(1+[£2)(1 + p(€))[|v(€)]]2dE < 0.

10



Set
ol Koltle / (€laf (©)a(€) — |€laz (€)ar(€))de,

Voim [0©)® ((1+ () 1ai(©) + () Far(e))de + e
Leemt = Lem 4V, (3.5)

Proposition 3.1 Assume that Assumption 3.A holds. Then the operator Lzemi 18
essentially self-adjoint on D(Lg) ND(V,) and

Th(A) = e Ao (3.6)

is a W*-dynamics on M.

We will call the W*-dynamical system (901,,7,) the Pauli-Fierz system at density
p. In the absence of interaction (A = 0) we call it a free Pauli-Fierz system.

The identity representation M, — B(K @ I's(L?(R?Y) @ L?(R?)) will be called the
semistandard representation of the Pauli-Fierz system, to distinguish it from the
standard representation described in the next subsection. Similarly, we will call the
operator L;emi the Pauli-Fierz semi-Liouvillean at density p.

3.4 Pauli-Fierz systems in standard representation

Let K be a Hilbert space complex conjugate to /. The standard representation of
the algebra 9, is realized on the Hilbert space

H =K ® K @ [y (L2(R%) @ L*R?)),

and for B C € B(K) ® 9372\1]‘],

For the description of the cone H,  and the modular conjugation J we refer the

reader to Subsection 6.6.
Note that V, is affiliated to 9, and

=

(V) = / 0(©) @ 1® ((1+ p(€)Fal(€) + p(€)bar(€))dE + e,

D=

Tn(V,)J = / 105() ® (1 + p(E)2aX(€) + p(&) Far(€))d + he.

The Liouvillean of the free Pauli-Fierz system is
Ly=K®1®1-19K®1+1e1e /(!E\ai‘(f)al(é) — [€laz (§)ax(€))ds.

Set
L,:= Ly + An(V,) = XJn(V,)J.

11



Proposition 3.2 Assume that Assumption (3.A) holds. Then the operator L, is
essentially self-adjoint on D(Ly) ND(w(V,))ND(Jw(V,)J) and is the Liouvillean of
the Pauli-Fierz system (M, 7,).

Let us note that from the mathematical point of view Pauli-Fierz Hamiltonians,
semi-Liouvilleans and Liouvilleans belong to the class of operators that we call Pauli-
Fierz operators. This class of operators has been studied in detail in our previous
paper [DJ1].

3.5 Thermal Pauli-Fierz systems

Let 8 > 0 be the inverse temperature. A Pauli-Fierz system whose radiation density
is given by the Planck law pg(¢) = (e%1¢l—1)~1 is called a thermal Pauli-Fierz system
at inverse temperature 3. Due to the specific form of the Planck law Assumption
3.A takes a somewhat simpler form and is equivalent to:

Assumption 3.8 [(&]? + [¢] 1) [u(€)]%d€ < oo.

With a slight abuse of the notation instead of the subscript ps we will use 3, so Lg
and ng now stand for L,, and T; , etc. Using the main result of [DJP] described in
Theorem 2.4 (see Theorem 7.3) one can easily show

Theorem 3.3 Assume that Assumption 3.B holds. Then for all A € R and 0 €
10, 00[ the Pauli-Fierz system (Mg, 73) has a unique 3-KMS state.

3.6 Main results

In this subsection we state simplified versions of our main results, described more
precisely and proved in Section 7. We use the following notation. sp(K) denotes the
spectrum of K and kg = infsp(K). The spectral projection of K onto k£ € R will
be denoted by 1;(K) and v¥1*2(¢) = 1, (K)v(&)1x, (K). Obviously, v¥1-#2(¢) = 0
unless ki, ks € sp(K). p € R, denotes the radial coordinate. S9! is the d — 1-
dimensional unit sphere, w € S%! is the angle coordinate and dw is the surface
measure on S%1.

Let F* be the set of positive differences of eigenvalues of K. (In physical terms,
these are the Bohr frequencies of the small system—the energies of photons that
can be emitted).

An important role will be played by a certain subset 91 of bounded operators on
K defined as follows: B € B(K) belongs to M iff for almost all w € S9! we have

B ¥ oPRpw)= ¥ oMPRpw)B,  peFT,

kesp(K) kesp(K)
BT )= S APRpuB, peFt, o
kesp(K) kesp(K) ’

B Y limp V2RE(puw) = 3 limp '/ 20RE(pw)B.
kesp(K) PLO kesp(K) PLO
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Obviously, 1 € M. Note also that O is a *-algebra invariant wrt e!*X . etk

We start with a result which does not hold uniformly in the temperature.

Theorem 3.4 Suppose that Assumption 3.B holds and the following conditions
are satisfied:

1)
[ 185 20 Paps < o,

)| = (e | =012 we st
p= p=

(2) M =Cl.
Then for any 0 < B < oo there exists M\o(8) > 0 such that for 0 < |A\| < Xo(B) the
Pauli-Fierz Liouvillean Lg has no singular spectrum except for a simple eigenvalue

at zero. Consequently, under the above conditions the system (Mg, 75) has the
property of return to equilibrium.

Condition (1) is our regularity assumption. Note that it allows for quite singular
infrared behavior of the form-factor. For example, assume that v(§) is smooth
outside of zero and of compact support. Then (1) holds if around zero

v(€) = wvol€|' ™2, (3.8)

where vy € B(K) is self-adjoint. In particular, Theorem 3.4 applies to models derived
from QED in the so-called ohmic case (see Subsection 8.1).

Condition (2) is our positive temperature effective coupling assumption. Note
that it does not depend on the temperature.

The next theorem holds uniformly in the temperature.

Theorem 3.5 Suppose that Assumption 3.B holds and the following conditions
are satisfied:

(1)
Jp)103p~ 420 (pw)||*dpdw < oo;
[ 7|0 p 4 2y (pw) | Pdpdw < 00, j=10,1,2;

Rp~HPu(pw)| = (1R ()| j=0,1,2, we st
p= p=

(2) M =Cl1.
(3) dim 1y, (K) =1 (the operator K has a nondegenerate smallest eigenvalue).
(4) There exists ¢ > 0 such that for all k € sp(K), k # ko,

Z/Sd1(U*)k’k_p(Pw)vk_p’k(pw)dw > clp(K).

p>0



Then for any 0 < By < oo there exists A\g > 0 such that for 0 < |A\| < X\g and
B €1Po, 00| the Pauli-Fierz Liowvillean L has no singular spectrum except for a
simple eigenvalue at zero. Consequently, under the above conditions the system
(Mg, 73) has the property of return to equilibrium.

In comparison with Theorem 3.4, in Theorem 3.5 we need two additional effective
coupling assumptions (3) and (4). Note also that the regularity assumption (1) of
Theorem 3.5 is much stronger than that of Theorem 3.4. For example, assume that
v(€) is smooth away from zero and of compact support. Then (1) of Theorem 3.5
holds if around zero we have v(§) = vo|¢]|, where vy € B(K) and a > (7 — d)/2
(compare with (3.8)).

Let us mention that our formalism can be applied to non-thermal radiation den-
sities. For instance, if the small system interacts with several reservoirs at distinct
temperatures, each satisfying the conditions of Theorem 3.4, then the Liouvillean
has no singular spectrum. Consequently, under these assumptions the Pauli-Fierz
system has no normal states.

4 Basic notation and facts

4.1 Miscellanea

We set C; := {z € C: Imz > 0}. Throughout the paper S denotes the closure of
aset S, s0 C¢ = {z € C:Imz > 0}. We will use the shorthand (z) := (1 + 22)!/2.

§(p) denotes the Dirac delta at 0, Pp~! the principal value of p~!, and (p+i0)~! :=
lime|o(p + i€) L. We will sometimes use the so-called Sochocki formula:

(p+i0)~t = Pp~t —ixd(p).

4.2 Operators in Hilbert spaces

Let H be a Hilbert space with the scalar product (¥|®), ¥, ® € H. B(H), B (H)
and U(H) denote the set of bounded, bounded positive and unitary operators on
H. [?(H) will denote the Hilbert space of Hilbert-Schmidt operators on H with
the scalar product (A|B) = Tr(A*B). I3 (H) is the set of positive Hilbert-Schmidt
operators.

If ¥ € H, then |¥) and (V| denote respectively the operators

Colx— XN eH, H>3P— (V) ecC.

Obviously, (¥| := [¥)*. If ||¥|| = 1, then |¥)(¥| is the orthogonal projection onto
the subspace spanned by W.

sp(A) denotes the spectrum of a closed operator A on H. If © is an isolated
bounded subset of sp(A) (closed and open in the relative topology of sp(A)), then
lo(A) denotes the spectral (Riesz) projection of A onto O.
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If A is self-adjoint and © is a Borel subset of R, then 1g(A) denotes the spectral
projection of A onto ©. 1P(A) denotes the projection onto the subspace spanned by
the eigenvectors of A. 12°(A) and 1%¢(A) := 1-12°(A)—1P(A) denote respectively the
projections onto the absolutely continuous and the singular continuous part of the
spectrum of A. sp,(A), sp,.(4), sps.(A) denote respectively the point spectrum (the
set of eigenvalues), the absolutely continuous spectrum and the singular continuous
spectrum of A.

If z € sp(A) is an isolated point of sp(A), or A is self-adjoint, we will write 1,(A)
instead of 1¢.1(A).

We denote the real and imaginary part of A € B(H) by

1 1
R._ ~ * I,: _A¥
A .—2(A+A), A _Qi(A A™).

Clearly, A = AR +iAl. A is called dissipative if AT < 0.

4.3 Level Shift Operator

In the physics literature, the formulas for computing 2nd order corrections for eigen-
values and especially resonances often go under the name of the Fermi Golden Rule.
In this subsection we will introduce an operator, sometimes called the Level Shift
Operator, that can be used to formalize the Fermi Golden Rule.

Suppose that H is a Hilbert space with a distinguished finite dimensional sub-
space HY. We set H' := (H¥)*. We will often use 2 x 2 matrix notation for
operators on H = HY & H". For example, any A € B(H) can be written as

AVV AVV
A= A AT (4.9)
Suppose that Ly, is a self-adjoint operator that leaves H"V invariant. Then
LY 0
Le=|"" __|. 4.10
fr [ 0 L},rv ] ( )

For A € B(H") and e, ez € R we set
A2 = ey (L) Alley (LEY)-

Let @ be a self-adjoint operator on H such that Q¥¥ = 0 and Q" is bounded.
Let

w(z) = Q" (1 — LE)TQ™, 2 ¢ sp(L{Y). (4.11)
Assume that for all e € sp(L{Y) the limit

1ilr{)1 w(e +1€)% =: w(e +10)*°
€

15



exists and set
= > w(e+i0)*.
e€sp(LYY

We will call T the Level Shift Operator associated to the triple (HY, Lg, Q).

Note that T is a dissipative operator (in general, I is not self-adjoint), I'*1¢2 = 0
for ey # ey, LYTR =TRLY and LYTT =TILYY.

Let us now describe applications of the Level Shift Operator.

Assume that LYY + Q'Y is essentially self-adjoint on D(LYV) N D(QY). Then we
can define the self-adjoint operator

L= Lfr +)‘Q7

where A € R is a coupling constant. The Level Shift Operator I' can be used to
describe some properties of the operator L for a small coupling constant.
First of all, if we make appropriate analyticity assumptions similar to those of
[JP1, JP2|, then the operator
W AT (4.12)

can be used to predict the approximate location and the multiplicities of eigenvalues
and resonances of L for small A.

If we do not make analyticity assumptions, then we cannot define the notion of
resonance. Still, the Level Shift Operator can be used to study eigenvalues of L.
In particular, in [DJ1] we proved that for a certain class of Pauli-Fierz operators L
and for a small nonzero A, the operator

> L@LY +MT) (4.13)
mesp(I)NR

predicts the approximate location of eigenvalues of L and that the estimate
dim 1P(L) < dim KerT"

gives an upper bound on their multiplicity. These results will be described in Sub-
section 5.4.

4.4 Space L*(R)

In this subsection we describe some operators acting on L?(R).
Let r denote the self-adjoint operator of multiplication by the variable in R,

(r®)(p) == p¥(p).

Throughout this paper, in the context of the space L?(R) the generic name for a
variable in R will be p. On the other hand, the multiplication operator on L?(RR)
by its natural variable will be denoted by 7.
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We denote by s the self-adjoint operator
s¥(p) :== -6, ¥ (p), (4.14)

and by C(R) the set of all continuous functions on R.

For p € R, define an operator m, : C(R) — R by 7, f := f(p). It is well known
that, for n > 1/2, D((s)") is a subset of C'(R). Hence the operator m,(s)~" is well
defined on L?(R).

The following two results are well known.

Proposition 4.1 Let n > 1/2. Then
(1) The functional m,(s)~" is bounded on L*(R).
(2) The map R > p+— m,y(s)~" € B(L*(R),C) is continuous.

Proposition 4.2 Let n be a positive integer and n > n — % Then the function
Cs 3z (s)7"(z =) 7"(s)7" € B(L*(R))
extends from Cy to a continuous function on (Cﬁi.

Let n > 1/2. In what follows, the functional 7,(s)~" will be often used in the
following context. Let G be a Hilbert space. Obviously, G ® C = G. Hence, we can
introduce the family of maps

lg®@my(s)™: G® L*R) — G. (4.15)

Clearly, the maps (4.15) are bounded and depend continuously on p.

4.5 Space L*(R,G)

Let G be a Hilbert space (not necessarily separable). We say that a function R >
p+— U(p) € G belongs to L2(R, G) iff

(1) There exists a separable subspace Gy such that ¥(p) € Gy for all p € R.

(2) For any ® € G, the function R 5 p — (®|¥(p)) € C is measurable.

3) [1¥(p)*dp < cc.

Let V(R,G) be the set of all ¥ € L£L2(R,G) such that ¥(p) = 0 for almost all
p € R and
L*(R,G) := L*(R,G) /N (R, G).

There exists a unique unitary operator
G ® L*R) — L*(R,G) (4.16)

such that ¥ ® f € G ® L?(R) is mapped onto p — f(p)V.
Let K be another Hilbert space and ¢ € B(K,G ® L?(R)). Suppose that for some
n>1/2, 1g2(s)"q € B(K,G ® L*(R)). Then for p € R we can define

q(p) == 1g®@m, ¢ = 1g@mp(s) " 1g®(s)"q € B(K,G).
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Clearly
R > p—q(p) € BK,G)

is a continuous function. Note that for ¥ € K, the vector ¢¥ € GRL?(R) can be
identified through (4.16) with the function p — ¢(p)¥ in L%(R,G).
For any f € L>(R) the following identity holds:

0100 = [ @) f0)ar)dp. (4.17)
Note the estimate

"4l S/Hq*(p)cJ(p)Hdpz/II(J(p)II2dp- (4.18)

4.6 Conjugate Hilbert spaces

Let K be a Hilbert space. The space K conjugate to K is any Hilbert space with a
distinguished antiunitary map

K>¥—VTek. (4.19)

The map (4.19) is called the conjugation on K.
By the Riesz lemma, the map

K>V~ (V] € B(K,C)

is an isomorphism between K and B(KC,C) = K*.

The inverse of the map (4.19), which is a conjugation on I, will be denoted by
the same symbol. Hence K = K and ¥ = 0.

If A€ B(K), then A € B(K) is defined by K> ¥+ A ¥ := AV € K.

We will often use the identification of the set of Hilbert-Schmidt operators 12(K)
with K ® K so that |®1)(®2| € [2(K) corresponds to ¥; ® ¥y € K ® K. This
identification can be sometimes confusing. To avoid misunderstanding we will try
to make clear which convention we use at the moment. In particular, let us note
that the following identities hold for B € B(K) and C € K ® K ~ [?(K):

B®lg C = BC, 1x®B C =CB". (4.20)

On the left hand side C is interpreted as an element of L ® K and on the right as
an element of [2(K).

An antiunitary map x on /C such that k% = 1 will be called an internal conju-
gation on . Note that if we have a fixed internal conjugation s on K, then I is
naturally identified with K. Therefore, in this case we do not need to introduce K.
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4.7 The x conjugation

Let K and W be Hilbert spaces. In this subsection we introduce a certain antilinear

map  from a dense subspace of B(KC, X ® W) to a dense subspace of B(IC, L @ W).
Let v € B(K,K ® W). We say that v is x conjugable if there exists v* €
B(K, K ® W) such that for ®,¥ € K and w € W,

(P@w [v¥) = (V| ® W).
If v* exists, then it is unique.

Remark 4.3 Given an orthonormal basis {w; : i € I} in W, anyv € B(K,LQW)
can be decomposed as

v=> Bi®|w), (4.21)
el
where B; € B(K) and the sum should be understood in terms of the strong operator
convergence. Note that viv =), .; B B;. It is easy to see that v is x conjugable iff
Y icr BiB; is bounded. If this is the case,

vt =Y Bl ®|w;).
el

Kok ok D%
and v**v* =% . B;B}.

Proposition 4.4 Suppose that either K or W is finite dimensional. Then all v €
B(K,K ®W) are x conjugable. Moreover, if n := min((dim K)?,dim W), then

[o*[| < V/nllv]].

Proof. Clearly, dim B(K) = (dim K)2. Therefore, we can choose an orthonormal
system {w;} in W with at most n elements such that (4.21) is true. Now

o2 = |

> BB} 2.
1

< S |IB:Bl = S11B;Bill <
(2 (2

> B} B;
(2

= nllv

a

Remark 4.5 IfW and K are infinite dimensional, then it is easy to find an example
of v € B(K,K ® W) which is not x conjugable.

Notation. In what follows, if p is an operator on W and v € B(K, K @ W), we will
write pv instead of 1x®p v.

Proposition 4.6 (1) If v is x conjugable, then so is v*; moreover, v** = v.
(2) If p € BOW), then (pv)* = pv*.
(3) If B € B(K), then (vB)* = B*®15; v*.
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4.8 Coupling Hilbert-Schmidt operators

Let L and W be Hilbert spaces. In this subsection we describe some notation and
identities related to the space C@ K@ W ~ 2(K) @ W.

Let Hy, Hs be Hilbert spaces. If B € B(K) and A € B(K ® H1,K ® Hs), we
define

B&A :=07'®1y, BRA 21y, € BKRK Q@ H1, K@K ® Ha), (4.22)

where § : K@ K — K ® K is defined as 8 V1@V := Uy®W;. In other words, if
C e B(K), Ae B(H1,Hz2), we set

BoC®A:=C® B® A.

We will sometimes call the operation ® “tensoring in the middle”.

Tr denotes the trace. In the context of coupled systems Tr will be reserved for
the partial trace over the space K. To denote the partial trace over the space W we
will use tr. Thus, if C' is an operator on K ® W, then trC' is an operator on K.

The following propositions describe some algebraic properties of tensoring in the
middle ® and the x operation, which we will use in our computations. They can be
skipped on the first reading.

Proposition 4.7 Let A € I?(K), B € P(K, K@ W), v € BK, K@ W), v, €
B(K,K ® W) and suppose that v, is x conjugable. Then the following statements

hold: ]
1E®Ul A=A,

1E®Ul* B= UI*B,
1x®@u: A = ALy vl (4.23)

1x®v: B = trBu}™,

where on the left we use the KK ® K notation and on the right the 12(K) notation.

Proof. It is sufficient to prove the statement for v} = C ® |w) and v, = C ® |w)
where C' € B(K) and w € W. Then

Ie@u = C® 1x ® |w),
B (4.24)
1@t = 1k @ O ® |w),

1K®ﬁ;k =1¢ ®6* & (w[
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We may also assume that B = D ® |wg) for some wg € W. Using (4.20) we get
Le@u A =CA® |w) = C®w) A,
Ie@uf B =C*D (wlwy) = C*®(w| D®wy), 4.35)
1ot A =AC*®|w) = Axly (CeW))",
1x@v: B = DC(wlwy) = tr (D®|wo) (C®[w))™).
O
Proposition 4.8 Let A € I’(K), p € BW), v € BIK,K@W) and v, € B(K,K
W). Suppose that vy, v, are x conjugable. Then
1x®@T; p le@u A = trpvAvy™ = o AQp" v, (4.26)
1e@u) p 1x@v; A = trof A vip* = of A®p vy, (4.27)
If vi1,v12 € B(K,K®W) are x conjugable, then
1e@uiy p lg®ug A = trof v ARp" = v pu 2 A. (4.28)
If ve1, 00 € B(K, K ® W) are x conjugable, then
1x®0y 1 p 1@V 2 A = trAQp vy vy} = Avy 9p vy 1. (4.29)

Proof. We will prove only (4.26). First note that
1x®@T; p 1g@u A = 1@y p A = trpuAvy™. (4.30)

We take v; = C1 ® |wy) and v, = C; ® |w;) for some C,C; € B(K), w),w, € W.
Then (4.30) is equal to

tr<C’1®|pw1) AC® |@r))**> = tr (Cl®|pw1) A Cr®(wr|>
= ClAC; tr(|pw1)(wr|) = ClACr(@”ﬁ*@r)

= O\@(W| Agp* Cie[W;) = (C1® |w))™ ARF* Ci®[W,) = vF* AQp* v;.

5 Abstract Pauli-Fierz operators

In this section we first introduce the notation that we will use to describe the
interaction of a second-quantized system with another system. Then we introduce
the class of Pauli-Fierz operators. We also describe a number of results about these
operators contained in the literature, especially in [DJ1], which we will use later on.

In this section we look at Pauli-Fierz operators just as a certain class of abstract
self-adjoint operators. Only in the next two sections we will put them in the context
of W*-dynamical systems.
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5.1 Creation/annihilation operators in coupled systems

Suppose that W is a Hilbert space. I's(W) = @92 I't (W) will denote the bosonic
Fock space over W (see eg. [BR2], also [DJ1)).

Consider another Hilbert space £. In this subsection we discuss the formalism
of the coupled system described by the Hilbert space £ @ I's(W).

Let ¢ € B(€,€ ® W). The creation and annihilation operators associated to g
were introduced in [DG, DJ1]. Since we will use a somewhat different notation from
[DJ1], we discuss these notions in detail.

We define the creation operator g(a*) as the (unbounded) quadratic form on
€ @ T'y(W) whose only nonzero matrix elements are between ¥, 1 € £ @ [*T1(W)
and U, € ERTZ(W), for n > 0, and are equal

(Upt1lg(a®)0y) = Vn+ 1(Vpq1| qR157 U,).

The annihilation operator ¢*(a) is defined as ¢(a*)* = ¢*(a). Note that both ¢(a*)
and ¢*(a) are closed.

Remark 5.1 In [DJ1] ¢(a*) and ¢*(a) were denoted a*(q) and a(q) respectively.
For further reference, let us note the following straightforward facts:
Proposition 5.2 (1) Let U € EQTZ(W). Then the following estimates hold:
lg(a™) ¥l < v+ 1llglll ], llg"(@) @]l < Vnlqll[@]. (5.31)

(2) If Uy € EQTIUW), then q(a*)¥y = qU € E @ TLW).
(3) If U1 € ERTLW), then ¢*(a)¥y = ¢* V) € ERTIW).

5.2 Pauli-Fierz operators

Let £ and W be as above. From now on we will always assume that £ is finite
dimensional. Let E be a self-adjoint operator on £ and r a self-adjoint operator on
W. A self-adjoint operator on H := £ ® I'y(W) of the form

Ly =F®1+1dl'(r)

will be called a free Pauli-Fierz operator.
For a given g € B(€,£ ® W) the Pauli-Fierz interaction is defined by

Q@ =q(a”) + q*(a).

It follows from Nelson’s theorem on analytic vectors that () is essentially self-adjoint
on £ @ I'i"(W). The operator

L := Lfr + AQ?

where A € R, will be called a Pauli-Fierz operator.
We know two sets of assumptions that guarantee the self-adjointness of Pauli-
Fierz operators.
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Theorem 5.3 (1) Ifr >0 and Tféq is bounded, then L is self-adjoint on D(Ly,).
(2) If |r|q is bounded, then L is essentially self-adjoint on D(Lg) N D(Q).

The proof of (1) can be found in Proposition 5.2 of [DJ1] and the proof of (2) in
Proposition 5.1 of [DJ1]. We remark that (1) has been known for a long time, see
e.g. [BFS1]. The part (2) was first proven in [JP1].

5.3 Level Shift Operator for Pauli-Fierz operators

We start by the description of a condition which plays a central role in our study.
This condition was introduced [JP1, JP2] and was also used in [DJ1, M].

We assume that there exists a Hilbert space G and a unitary operator U : W —
L?(R) ® G such that the operator UrU* is the operator of multiplication by the
variable in R. We fix such an operator U and identify W = L?(R) ® G. We will
often make use of the self-adjoint operator s := —id, ® 1g introduced already in
Subsection 4.4.

Let HY := £ @ TY(W) be the distinguished subspace of H := £ ® I's(W). Note
that the map

E2V—URNeH,

identifies £ with ‘HV. Likewise, the operator L preserves the subspace HY and Li”
is identified with the operator E on £. Note also that QVV = 0 and Q¥ = q.
For z € Cy set
w(z) =Q" (21" — LY)~1QW
=¢'(z-E®1-1®r) ¢

The next proposition follows from Proposition 4.2. (It is also a special case of
Theorem 6.1 in [DJ1]).

Proposition 5.4 Assume that (s)"q € B(E,E @ W) for some n > 1/2. Then the
function Cy 3 z — w(z) extends by continuity to a continuous function on (Ci}.

Under the condition of this proposition the Level Shift Operator for the triple
(E @TYW), L, Q) is well defined and is equal to

= Z (") (e1 —eg +10 — r)flqu’el, (5.32)
e1,e2€sp(E)

where
% = 1 (B3 oy 4 1y (B).
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5.4 Spectral theory of Pauli-Fierz operators

The following theorem is a consequence of the main results of [DJ1].

Theorem 5.5 Letn >2,e¢>0,C >0 and q € B(E,E ®W) be such that:

(a) L is essentially self-adjoint on D(Lg) ND(Q) for all .

(b) [l(s)qll < C.

(c) TT < —e(1 — 1o(Th).

Then there exists Ag > 0, which depends on q only through n, € and C, such that
for 0 < |A| < Ag the following holds:

(1) spuelL) = 0.

(2) dim 1P(L) < dim 1o(I').

Remark. If (c) is replaced with the condition I'! < —e, then all the conclusions
of the theorem hold under the weaker assumption > 1. Moreover, in this case
IO(FI) = 0, and we conclude that L has no point spectrum.

Proof of Theorem 5.5. By Theorems 6.2, 6.3 and 6.4 of [DJ1], there exists Ao > 0
such that for 0 < |A| < Ao, spe(L) = 0 and dim 1P(L) < dim 1g(T"). Since I' is a
dissipative operator, dim 1g(I") < dim 1¢(T'"!) (see Proposition 3.2 of [DJ1]). Hence
dim 1°(L) < dim1o(T!). The proofs of Theorems 6.2, 6.3 and 6.4 yield that the
constant Ay depends only on 7, € and C. O

Let us note that in [DJ1] we actually proved much more than what we stated
above. The following theorem, adapted from [DJ1], expresses in precise terms the
intuition that the operator

> Ln@)(E+XT)

mesp(I)NR

predicts the approximate location of eigenvalues of L and estimates from above their
multiplicity.
For x € R and € > 0, we set I(x,¢€) := [xr — €, + €.

Theorem 5.6 Suppose that ||(s)"q|| < oo for some n > 2, that L is essentially
self-adjoint on D(Lg) N D(Q) for all X\ and let kK = 1 —n~'. Then there emists
Ao > 0 and a > 0 such that for 0 < |\| < Ao, the following holds:

(1) If e € sp(E) and m € sp(I'*°) N R, then

dim 17

I(€+)\2m, a')\‘2+,§) (L) S dlm 1m(ree)

(2)
spo(L) U e+ Xm,alAP).
ecsp(E) meRnNsp(I'ee)
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6 Pauli-Fierz systems

In this section we consider a certain class of W*-dynamical systems that we call
Pauli-Fierz systems.

Subsections 6.1-6.4 are devoted to zero temperature Pauli-Fierz systems. From
the algebraic point of view they are the simplest class of Pauli-Fierz systems. Their
W*-algebras are type I factors—they are just B(H). The generators of their dynam-
ics in the irreducible representation are given by bounded from below Pauli-Fierz
operators. Such operators will be called Pauli-Fierz Hamiltonians. A Pauli-Fierz
Hamiltonian is completely determined by the data (K, K, Z, h,v), where K is the
energy operator of the small system on the Hilbert space C and h is a positive oper-
ator describing the boson energy on the 1-particle Hilbert space Z. The form-factor
v € B(K,K ® Z) describes the interaction.

Subsections 6.5-6.8 are devoted to Pauli-Fierz systems at density p, where the
radiation density operator p is a positive operator on Z commuting with the 1-
particle energy operator h. A Pauli-Fierz system at density p is uniquely determined
by (K, K, Z,h,v,p). The case p = 0 corresponds to zero temperature systems.

There are two representations of Pauli-Fierz systems that we will use. The first
is somewhat simpler—we will call it the semistandard representation. The second
one, the standard representation, is more complicated, but also more natural from
the algebraic point of view.

In both representations there are certain distinguished Pauli-Fierz operators
that implement the dynamics. In the semi-standard representation this operator
is called the Pauli-Fierz semi-Liouvillean and is denoted L;emi. In the standard
representation it is called the Pauli-Fierz Liouvillean and denoted L.

The main results of this section concern the Level Shift Operator for L,, de-
noted I',, and are described in Section 6.7. In particular, in Theorem 6.13 we give
an algebraic characterization of KerFL, which will later lead to the main effective
coupling assumption of our paper.

6.1 Pauli-Fierz Hamiltonians

Throughout this section we assume that K is a self-adjoint operator on a finite
dimensional Hilbert space K, h is a positive operator on a Hilbert space Z and
v € B(K,K ® Z). The self-adjoint operator

Hy=K®1+1@dl(h)

on K ® I's(Z) will be called a free Pauli-Fierz Hamiltonian. The interaction is

described by the self-adjoint operator
V =wv(a®) +v*(a).

The operator
H := Hy + MV,

where X € R, is called a Pauli-Fierz Hamiltonian. We will need
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Assumption 6.A h 2v € BIK,K® Z).

By Theorem 5.3, Assumption 6.A implies that H is self-adjoint on D(Hy) and
bounded from below.

6.2 Gluing of reservoir 1-particle spaces

An important role in our paper will be played by the Hilbert space Z & Z and the

self-adjoint operator r := h @ (—h). The following operators:
Z@zE(zl,zg)l—)T(zl,zg) = (22,271)6?@2, (633)
Z @? > (21,22) — 6(21,52) = (22,21) ez EB?, (634)

will be also useful. Note that 7 is linear, € antilinear, and €(z1,%Z2) = 7(21,Z2).
The most important assumption that we need is the gluing condition introduced
in [JP1] and further elaborated in [DJ1].

Assumption 6.B There exists a Hilbert space G and a unitary U : Z ® Z —
L*(R) ® G such that U*rU is the operator of multiplication by the variable in R.

In what follows we assume that Assumption 6.B holds and we identify Z @& Z
with L?(R) ® G and r with the multiplication operator (r¥)(p) := p¥(p).

Let us note that Z is identified with L?(R; ) ®G and h with Ljg,00[(r)r. Likewise,
Z is identified with L2(R_) ® G. Thus

(k®)(p) :=¥(-p), pe€l0,0q, (6.35)

defines an antiunitary map on Z, which satisfies kh = hkx. Thanks to s, the x
operation can be viewed as a map of B(K, K ® Z) into itself.

In the expression (v,0) below we interpret 0 as an operator from K to K ® Z.
Thus,

(v,0): K= Ko L*R)®G,

where we used the identifications
K@Z®KZ~Ko(Z20Z)~K® L*R)®G.

This operator can be also written as a function defined for almost all p € R with
values in B(IC, K ® G):

v(p), p>0;
(v,0)(p) = (6.36)
0, p<0.
Let s be as in (4.14). In the following assumption we have n > 0.
Assumption 6.C(n) (s)(v,0) € B(K,K®(Z & Z)).

This assumption will be used in the next section in the analysis of the Level Shift
Operator for Pauli-Fierz Hamiltonians.
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6.3 Level Shift Operator for Pauli-Fierz Hamiltonians

In this subsection we will calculate the Level Shift Operator for the triple (K®QI'2(Z), Hy, V).
We will use the notation introduced in Subsection 4.3. In particular, we recall that

ke ()91 014, (),

Let Fj, := {k — k1 : k1 € sp(K)} be the set of allowed transition energies from
the level k € sp(K). The set of positive and negative transition energies from k is
denoted by F;" := FrN]0,00[ and F, := FN] — 00, 0[ respectively. We also set

F=J & Ft= U F
kesp(K) kesp(K)
Let HY := K®I'Y(Z) and
w(z) = VVWV(1VW — HV)"lyw
=v*(z-K®1-1®h) v,
1

Proposition 6.1 Assume that Assumption 6.C(n)o holds with n > 5. Then the
function Cy > z +— w(z) extends to a continuous function on (CS&.

Proof. We apply the trick of “gluing non-physical free bosons” [DJ1]. Consider the
extended 1-boson space Z @ Z and define the operators » = h @ (—h) and ¢ = (v, 0).
Then, for z € C,,

vz —h) v =q¢"(z — 1),

and the statement follows from Proposition 5.4. O
The Level Shift Operator, T, of the triple (K ® T'%(Z), Hg, V) is equal to

kesp(K)
Fkk — Z (v*)k,k—p(p +i0 — h)—lvk—p,k‘
pPEFK

With a slight abuse of notation we set v(p) := (v, 0)(p) (recall (6.36)). Let v*tk2(p) :=
Ly (K)®1gv(p) 1, (K), (v*)F142(p) = 1, (K)v(p)* 14,(K)®1g. The Assumption
6.C(n)o with n > 1/2 ensures that v(p) is a continuous function (see Subsection
4.5). Hence, in particular, v(0) = 0. Moreover, we have

(FR)kk — z (U*)k,kfpfp(p_h)flkap,k

PEFk
= Z% J*)ER=P(p1)P(p — p1) " T0R P (py)dpy,
pPESE
6.37
(O = —x £ ()P0~ kot o
pEF,

=—m 3 ()PPt PR (p).
pGJL',:L



We have described above I'' and TR in two forms. In the first form we use
the self-adjoint operator h on Z and a number p € R. Strictly speaking, neither
the principal value P(p — h)~! nor the delta function §(p — h) are well defined as
self-adjoint operators. However, within the context of (6.37), these formulas are
well defined by the integral expressions using the representation of v into a direct
integral with the fibers v(p).

Let ko denote the ground state energy of K, that is, ko := inf sp(K). For later
reference, we note that the ground states of K belong to the kernel of T':

Proposition 6.2 Ranly, (K) C KerI'l.

One expects that for a ”generic” form-factor v, the kernel of I'! should coincide
with the subspace of ground states of K. This leads to the first effective coupling
assumption that we will use in our paper.

Assumption 6.D Ranly, (K) = KerI'.
Our second effective coupling assumption is that the ground state of K is simple:

Assumption 6.E dimRanly, (K) = 1.

6.4 Spectral structure of Pauli-Fierz Hamiltonians

In this subsection we formulate the main result of this paper concerning Pauli-Fierz
Hamiltonians. It will say that if the interaction v is sufficiently regular and the
effective coupling assumptions 6.D and 6.E hold, then the Pauli-Fierz Hamiltonian
H for small nonzero coupling constants has purely absolutely continuous spectrum
except possibly for a simple eigenvalue at inf sp(H).

We start with the observation that an appropriate regularity of the gluing implies
the self-adjointness of H.

Theorem 6.3 Assume that Assumption 6.C(n)o holds with n > 1/2. Then As-
sumption 6.A holds.

Proof. We use the method described in the proof of Proposition 6.1. In particular,
we use the operators ¢ and r introduced in the proof of this proposition.
1

By Assumption 6.C(n)o with n > 5 and Proposition 4.2, for any p € R the

operator ¢*(p +i0 — r)~1q exists and is bounded. Setting p = 0 gives
¢ (10 —r)"lg =v*h o

1
Hence, h™2v is bounded. O

Now we deduce spectral information on H.
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Theorem 6.4 Suppose that Assumption 6.C(n)g holds with n > 2 and that As-
sumptions 6.D and 6.E hold. Then there exists A\g > 0 such that for 0 < |A| < Ao
the following holds:

(1) dim1P(H) < 1.

(2) spy(H) = 0.

Proof. We again use the method and the notation of Proposition 6.1. Extend
the space K ® I's(Z) to the space K @ T's(Z2) @ T's(Z) ~ K@ ['s(Z @ Z). The space
K®T4(2) is identified with the subspace K@T'5(Z2)®T'?(Z). Consider the extended
operators

Ly =Hp®1-1dl'(h) ~K®1+1®dl(r),

Q =Val ~ q(a*) + q*(a),
and set
L:=Ly+)Q ~ H®1—-1xdl'(h).

By Theorem 6.3, H is self-adjoint on D(Hy,) and therefore L is self-adjoint on D(Ly,)
(see Section 5.2 in [DJ1]). Note also that

Spp(H) = Spp(L), Spsc(H) = Spsc(L)' (638)

Clearly, L is a Pauli-Fierz operator such that [[(s)7q|| < oo for n > 2. The
Level Shift Operator of the triple (K@ T'Y(Z® Z), L, Q) is equal (after the obvious
identification of the Hilbert spaces) to the Level Shift Operator of the triple (K ®
I'%(Z), H, V), which we studied in the last subsection. Assumptions 6.D and 6.5
yield that dim KerI'' = 1. Therefore, Theorem 5.5 implies that there exists Ao > 0
such that for 0 < |A\| < A\p we have dim1P(L) < 1, sp..(L) = 0. By (6.38), this
implies dim 1P(H) <1, spy.(H)=0. O

Remark 6.5 For a large class of interactions one can show that dim 1in¢ o) (H) >
1, namely that Pauli-Fierz Hamiltonian H has a ground state. Results of this
kind were proven in [AH, BFS1, Ge, Sp2, Sp3|. If to the assumptions of Theo-
rem 6.4 we add the assumptions of the above references, then we can replace (1)
with dim 1P(H) = 1 and sp,(H) = inf sp(H).

6.5 Pauli-Fierz systems of density p

In this subsection we introduce Pauli-Fierz W*-dynamical systems. They will be
the main subject of the remaining part of this section.

Let p > 0 be an operator commuting with h. It will be called the radiation
density. The left Araki-Woods W *-algebra, denoted by DJT?’YV is defined as the

W*-subalgebra of B(I's(Z @ Z)) generated by the operators

expi(((l + p)l/zz,ﬁl/zz) (a*) + hc), z e D(p'?),
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where (z1,%2)(a*) denotes the usual creation operators on I's(Z @ Z). The Pauli-
Fierz algebra at density p is defined as

M, := BK) @ M. (6.39)

The identity map -
Mm, — B(Is(Z® 2)) (6.40)

will be called the semistandard representation of 9t,. (The bosonic part of (6.40)
is already standard, the part involving K is not—hence the name).

Proposition 6.6 Assume that
(1+p)"Y%0 e BIK,K ® 2). (6.41)
Then ﬁ%v* s a bounded operator and the operators
((1 + p)%v,0> (a*) + (O,v**ﬁ%> (a), (v*(l + p)%,0> (a) + (O,ﬁ%v*) (a*),
which act on K@ Ts(Z & Z), are affiliated to M,,.

Proof. Using Proposition 4.4 and the fact that K has a finite dimension we see
that the boundedness of (1 + p)'/?v implies the boundedness of ((1 + p)'/2v)* =
(147)"/?v*. Next note that 5'/2(1475) /2 is bounded. This implies the boundedness
of pY/2v*. O

In what follows we assume (6.41) and set
vp = ((1+p)3v,730") € BIK,.K ® (Z @ Z)).
Note that in terms of a direct integral of operators in B(IC, K ® G):
(1+p)2v(p), p>0,

p2v*(-=p), p<0.

D=

V= (14 p)ru i) (@) + (v'(1+ )2, 0752 ) ()
= vp(a®) + vp(a).
The operator V, is essentially self-adjoint on the space of finite particle vectors.
Moreover, it is affiliated to 91,.

The free Pauli-Fierz semi-Liouvillean is the self-adjoint operator on K@T's(Z®2)

defined as _ _
LE™ =K®1+1®dl'(h® —h)

=K®1+1odl(r).
The full Pauli-Fierz semi-Liouvillean of density p is
L™ = LE™ + AV, (6.42)

Let us formulate the following assumption:



Assumption 6.F, (1+h)(1+p)?0 € B(K,K® 2).

Theorem 6.7 (1) 7f(A) := el Ae7ihn js o W*-dynamics on 9,,.
(2) Suppose that Assumption 6.F, hold. 'Then L;er?“i 1s essentially self-adjoint on
D(LE™) ND(V,) and T}(A) := lLe™ Ae L™ s o W*-dynamics on I,,.

Proof. Part (1) is obvious.
Arguing as in the proof of Proposition 6.6 we see that Assumption 6.F, implies

that (1 —|—E)ﬁ%v* is bounded. Hence (14 |r|)v, is bounded. Therefore, Theorem 5.3
yields that L5™ is essentially self-adjoint on D(LE™)ND(V,). Since V,, is affiliated
with 9,, Theorem 3.3 in [DJP] implies that 7, is a W*-dynamics. O

(E)ﬁp, Tp) will be called the Pauli-Fierz W*-dynamical system at density p.

6.6 Standard representation of Pauli-Fierz systems
Consider the representation m : M, — B(K @ K @ T's(Z & Z)) defined by
m(A) == 1A, AeM,=BK)m),
where ® was introduced in (4.22). Clearly,
m(B(K) @ M) = B(K) ® 1z @ MAY.
Set J := Jx ® I'(€), where
JeW @ Wy i= Wy @ Uy, Uy, 0, € K, (6.43)

and € was introduced in (6.34). Note that if A € 9, then
Jr(A)J = 1c @ (1E®F(7') A 1E®P(T)),
where 7 was introduced in (6.33). Set
Hot :={AJA B2, : A€M, Beli(K)}

Proposition 6.8
(w, KeKels(ZeZ), J, Hp7+>

is a standard representation of M.

Set
L =KR11-10K®1+1®1xdl(r).

Proposition 6.9 L is the standard Liouvillean of the free Pauli-Fierz system
My, Ta)-
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In what follows we assume (6.41). Note that

(V,) == 1g®V,
. Lo\ (o R
= 126 ((1+ p) b, 780 ) @) + 150 (v (14 )5 o"5h ) @)

= (1&v,) (@) + (150} ) (a).

7(V,) is essentially self-adjoint on K@K@I'M(Z@ Z), affiliated to B(K)(X)IE@WZ:},\{V,
and

Ja(Vy)] = 1x ® (1gol(r) T, 1geT(r))
= 1c @ (o35, (14 9)70) (@) + e ® (793, 5°(1+7)? ) (a)
= (e 7) (@) + (e © 757 (a).

Set
L,:= Ly + An(V,) = XJn(V,)J. (6.44)

Proposition 6.10 Suppose that Assumption 6.F, holds. Then L, is essentially
self-adjoint on D(Lgy) ND(w(V,)) ND(Jw(V,)J) and is the Liouvillean of the Pauli-
Fierz system (M, 7,).

Proof. The assumptions imply that
1+ [r))(1g®uv, — 1x®77,) € BKO K, K@K ® (Z ® Z)),

and the essential self-adjointness of L, follows from Theorem 5.3.
The operator Ly + Am(V),) is essentially self-adjoint on D(Lg) ND(w(V,)) and

(i (A)) = eit(LfrJr/\ﬂ(Vp))W(A)e*it(LfrJr/\w(Vp))_

Hence all the conditions of Theorem 2.3 are satisfied and L, is the Liouvillean of

(M,,7,). O

6.7 Level Shift Operator for Pauli-Fierz Liouvilleans

We will see in this subsection that the Level Shift Operator of the Liouvillean L,
has very special algebraic properties.

Let us formulate the following family of assumptions parametrized by the radi-
ation density operator p and a number n > 0.

Assumption 6.C(n), (s)M, € B(IK,K @ (Z® Z)).

Note that Assumption 6.C(7)g, introduced in Subsection 6.2, is the special case
of Assumption 6.C(n), for p = 0.



33

In this subsection we suppose that Assumption 6.C(n), holds with n > % and we

study the Level Shift Operator, denoted I, of the triple (KQKQI'Y(ZBHZ), Ly, w(V,)—Jm(V,)J).
Define the following self-adjoint operators on K:

Z Z kk pP ) 1v/;—p,k

kesp(K) peEFy

= > D @)+ p)P(p — h) PR

kesp(K) pEFi

+ Z Ztr VR R ()R PR P (p 4+ h) T

kesp(K) peFy

- TS i

kesp(K) pEF

=—m Y Y W)+ p)d(p — o PF

kesp(K) p€f+U{O}

-7 Z Ztrvkkp YE=PEos(p + h).

kesp(K) peF,

Set

Ap::APp{—l—iAL— Z Z kkpp—i—lO—r)lkp’k
kesp(K) peFy

Z Z kkp1+p)<p+10 h) L, k—p;k

kesp(K) pEF

+ Z Ztrvkkp P p(p +10 + h) 7t

kesp(K) pEF



For B € [?(K) set also

Ep(B) =2 ) > @ (B s ) (rop) e

k1,k2€sp(K) p€Fky NFk,

=2m v )RP (B d(p—h)(1+p %p% pFe—pk2
2. > ) (p—h)(1+p)

k1 ka€sp(K) pe Al nF;F {0}

p2.

NI

+ 27 Z Z tr v FTP B(u* )RRk (p 4+ B (1 + p)
k1,ka€sp(K) pe}—l;l mj:k;

The formulas for Af}, AL, A, and Z, are written in two equivalent forms. The
first forms involve the operators v,; the second involve v and p. Altough the second
forms are more directly related to the basic physical quantities of interest, they
are less compact and technically less convenient. Note in particular that in the
formulas for APR and A, the terms with p = 0 need to be carefully interpreted. (The
singularity of P(—r)~! and (i0 — r)~! is “cut” into two parts in these expressions.
This problem is absent in the formulas involving v,).

In the expression for =, we used the operator Tvy € B(IC, K (Ze g)) Note
that

o8 = (p2v, (1 +2)2v%) = (p2 (14 p) 72,5 2 (1 +7)2),, (6.45)
1
. p2v(p), p>0,
Tvp(p) = 1
(1+p)2v*(—p), p<0;

Theorem 6.11 Let B € 12(K). Then
Ty(B) = A,B — BA% +iZ,(B),
R R R
r%(B) = ABB — BAF,

I'(B) = ALB + BA, + EZ,(B).

Proof. Using (5.32) we see that

Ty= Y

e1,e2€F

(6.46)

(1K®U; — 1IC®U;—T)61’62 (61 — ey +i0 — 7“)_1 (1E®Up B 1IC®T’Up) 62,61’
where the superscripts eq,es correspond to the decomposition of X ® K into the

eigenspaces of K @1 —1® K. (Note that sp(K ® 1 —-1® F) =F).
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Let us switch to superscripts in sp(K ) and to the decomposition of K into spectral
subspaces of K. For a fixed p € R we obtain

S (o) = S Agbp
ecF kesp(K)

(1k@wpn) ™" = ¥ e
ecF kesp(K)

N e R
eeF kesp(K)

(kemm) ™ = % 1cammi,
eeF kesp(K)

The terms on the right can be nonzero only if p € Fj. Therefore, (6.46) becomes
r,= > % (L@ s PP (p +10 — ) 1@op P
kesp(K) peFk
+1c@ur P (p 410 — 1) T T
-z > (g®(p)h=h P (p +i0 — )~ T,
k1,ko€sp(K) pEFk, NFky
+1;C®v TPk "(p+i0 —1r)” 11E®v§27p’k2).
Now let B € [*(K). We see that I',(B) consists of four types of terms:
Type I Using (4.28), we obtain
(L (up)*7P) (p +10 — ) (L@ ™) B
= (U;)kvk_p(p +1i0 — r)_lv];_p’kB.
Summing up the above terms over k € sp(K) and p € F}, we obtain A,B.
Type 1. We switch the sign in p and rename k — p to k. Using first (4.29) and then
TrT = —7r, we get
(1K®(U T)k k= p)(—p+ 10 — 1") (1;C®(7'v )k p’k)B
= B(uir)PFP(—p +1i0 — 7) " Lrup PP
* — ' - k— 7k
= —B(vp)kvk P(p—i0 —r) 11),) L)

Summing up the above terms over k € sp(K) and p € F we obtain —BA7.
Type III. We use (4.27) to obtain

(1E®(U;)k2,k2*p)(p +10 — r) (1IC ® (T’U )kl,kl p)B

= (U;)kQ’k‘?*pB@(p +i0 — T)*l(ﬂ);)k‘l*p,kl_
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—pand ko —p to k1 and ko.

Type IV. We switch the sign in p as well as rename kq
We use (4.26) and then 771 = —r:
(Le®@@ST)MF=P) (—p +10 — )~ (1gup>™ ) B

_ (U;*)kz,k‘z*pB@(_p_‘_ i0 — 7)717_ k1—p,k1

)k:g,k:g—pB®( p—l—lO—}—T) 1 k?l —p;k1
— (TU )kl —p,k1

= (vy*r
= ()" PB&(—p+i0 +7)

In the last step we used (6.45) and the fact that p commutes with h
The sum of type III and IV terms over ki, ks € sp(K) and p € Fj, N Fy, equals

i2,(B). O

Set
vl i= Y vlff*p’k, TU;;p = Y (ruX)kpk
kesp(K) kesp(K)
P = Z ,Uk p,k ’U*p _ Z ( )k D,k
kesp(K) kesp(K)

Here is another useful expression for I'L

Theorem 6.12 Let By, By € 12(K). Then
el ~ —p\* ~
—TrBiT (Bs) =7 Z Tr(vppBl - Bi®l71v; ) o(p—r) <vppB2 By®1 ro* >

peEF
Y Tr<(1+p)% By — Bi®1p2 7P )5(p—h)((1+p)%v“p32 Bo®1 p3d? )

peFtu{0}
S ) 5(p—h)((1+p)% Bf — Bi®lp %ﬁ)

+wZTr(1+p)% B — Bi®lp
peEFT+

Proof. Recall that
—AI = Z k k= Po(p—1r)v,

Hence
k—p,k
r)v, P By

—TrBfAIpBg =7 Z Tr (U];_p’kBl)*5(P
k.p

=7 Z Tr(vl;rp’lel)*Mp—r)(v’[? p’k2B2).

k1,k2,p
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There is an alternative formula for —A;, which follows from 777 = —r:

—AI —WZtr kk p **)k p,ké( )
—ﬂZtr (Tv}, k=P (g )k PES(p + 1)

—WZtr TV, *\k=pk )kk Ps(p—r).

Hence

* k—p,k _
—TrBlBgAL =7 Z Tl“(Bl(T’U;) PEY*S(p — T‘)BQ(T’U;)k Pk
k.,p

=7 Z Tr(Bl(Tv;)kl_p’kl)*5(p — T‘)BQ(T’U;)kQ_p7k2.
k1,k2,p

Recall that

SE(B) =7 5 () Basblp =) (rop e (6.47)
1,R2,p

Terms coming from =, we split as
— 1 — 1 —
TrBiE,(B2) = §TrBlzp(Bg) + §Tr31:p(32). (6.48)
The first term on the right of (6.48) we treat as follows:

%TrB’pr(Bz) = ﬂk% Tr( k1— P,lﬁB ) 5(2?—7“) BQ(TU )kg pik2
17 27p

Then we transform the formula (6.47), using (6.45), (4.28) and then 777 = —r:

1_
5Z0(Ba) =7 > ()P By@d(p — ) vk Pk
ki,k2,p

- Z tr Tv )k17k1 ~P B, ( **)k2 P,k25( )
k1,k2,p

=7 Z trvlgl’kl_p By (v;*T)’”_p’]”é(p +7r)
k1,k2,p

=7 Z trvkl Pk B, (v *rykempkag ).
k1,k2,p
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Hence the second term in (6.48) also has the form

STrBiE,(Bs) = ﬂk%: Tr (B (10} Yk2=pk2) 5 (p — 1) BQ’Ukl i)
1,k2,p

This ends the proof of the first identity of our theorem.
Let us prove the second identity. We have

T Z Tr<1)~ppB1 - Bi®1 %p) 5(p — 7") (?}VppBQ — By®1 ;_?;gp)

peF
=1 > Tr<(1+p)%5pB1 —Bl®1p%7§p) 5(p—h)<(1—|—p) VP By —Bg®1p% )
peFtuU{0}
~ ~ * —
+7 > Tr<ﬁ%v*pBl - Bi®1(1+ ﬁ)%v*p) dp+h) <p2v By — Bo®1 (1 + p)2v*p).
_pe_’]—"f’

The second term on the right side can be transformed into

Y T(ph ) B - Biol (1+7) (7 >)6< = 1) (PH(7)* By — Ba@1 (14 9)3 (7))

peEFT

1 1 1 *
=7 > To(Bielps® — (1+p)20B;) 6(p— B)(B3el pbw — (1+p) 207 B; )
peF+
=7 >, Tr(Bi‘@lp%vp— 1+p) val>(B2®1p%vp—(1—{—p) W’B;) o(p—h)
+
il 1 1 1 1
=7 >, Tr((1+p)§va2 B;®1 p2v > <1+p)§vaf—Bf®1p§vp>.
pEFT

In the first step we used v* = (vP)*, then Proposition 4.6, Proposition 4.8 and in
the last step we used the cyclicity of trace. O

Since )
., (1+p)20P(p), p=0
ﬁﬁ’l)* (_p)7 = 07
1.
—p p20*(p), p=
Tv5 (p) = N



the identity proven in Theorem 6.12 can be also written as

— * /o —
~TeBITY(By) =7 Y Te(3,/(p) B — Biot 70" (0)) (3,7 (p) Bz — Bl 705 (v) )
peF

=7 > T((1+p)R(p) By~ Bigl pii(p))
peFtuU{0}

(6.49)

We are now ready to state the main result of this subsection.

Theorem 6.13 B € KerI‘Ip iff the following two commutation relations hold:

SIS

(1+p)2e°(p)B = Be1peP(p), pe FHu{o},

(6.50)

S

(1+ )3 (p)B* = B*@1pbi(p), pe F*.

Proof. Note that B € Kerl'}, iff TrB*I',(B) = 0. Hence B € Kerl'} iff all the terms
of (6.49) with By = By = B are zero, and this is precisely the condition (6.50). O

6.8 Pauli-Fierz systems with several reservoirs

Let us describe our formalism in the case of a small system coupled to several
independent reservoirs.

Let Z; be Hilbert spaces and h;, p;, positive commuting self-adjoint operators on
Zi,1=1,...,n. Z; and h; are the single particle space and energy operator of the
i-th reservoir and p; is the corresponding radiation density. Let v; € B(K,K @ Z;)
be the form factor describing interaction of the small system with the ¢-th reservoir.

Set
n n n
z::@zi, h::@hi, p::@pi.
=1 =1 i=1

If we impose Assumption 6.F, (which is equivalent to imposing Assumptions
6.F,, for all 7), then the corresponding composite Pauli-Fierz system is well-defined.
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If we impose Assumptions 6.C(n),, with n > % on v; for all 7, then the Level
Shift Operator of the composite system, I',, is well-defined and equal to

n
Ty = Tip (6.51)
i=1

where I'; ,, is the Level Shift Operator of the i-th subsystem.

7 Thermal Pauli-Fierz systems

Given a Pauli-Fierz Hamiltonian we can define a family of Pauli-Fierz systems
parametrized by 5 €]0, 00] whose radiation density is given by the Planck law at
the inverse temperature 5. Such systems will be called thermal Pauli-Fierz systems.
They are particularly important from the physical point of view and enjoy special
mathematical properties.

7.1 Thermal Pauli-Fierz Liouvilleans

The setup of this section is very similar to the setup of the previous section. In
particular, the operators K, h, v and H, as well as the spaces K and Z are such as
those introduced in Subsection 6.1.

Let 0 < B < co. In this section we consider the family of densities

pg = (eﬁh — 1)_1, Poo = 0.

Note that
T+ps=0—eP) T =eps 14p =1 (7.52)

We change slightly the notation by replacing the subscripts pg with 3. For
instance we will write vg, Lg, Lsﬁemi, zmgﬁ", Mg and Té instead of vy,, Ly,, L;‘;mi,
MAW My, and 7t . We warn the reader that the density p = 0 corresponds now

pal . PB*
to the inverse temperature 3 = oo.

Note that
vg =[1—e 2,0,
5 = [1- 7| ),
T =|1- eﬁrl_%(v,v*) = e O/ 2y,
Assumption 7.A (h™12 + hyv € B(K,K ® Z)

Proposition 7.1 Suppose Assumption 7.A holds. Then for any 0 < 6 < oo As-
sumption 6.F, for p = pg holds.
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Proof. Clearly, for 0 < 8 < oo, (h=Y2 + h)=1(1 + h)(1 — e P")~1/2 is bounded.
Therefore Assumption 7.A implies the boundedness of (1 + h)(1 — e #")=1/2y, O

The following theorem follows immediately from Proposition 7.1 and Theorem
6.10.

Theorem 7.2 Suppose that Assumption 7.A holds. Then, for any 0 < 3 < oo, Lg
is essentially self-adjoint on D(Ly) N D(w(Vg)) N D(Jn(Vy)J), the thermal Pauli-
Fierz system (Mg, 73) is well defined and Lg is its Liouvillean.

7.2 KMS states for thermal Pauli-Fierz systems

In this subsection we describe results concerning the existence of KMS states for
Pauli-Fierz systems at positive temperatures. Since Pauli-Fierz W *-algebras are
factors, a thermal Pauli-Fierz system may have at most one KMS-state.

For 0 < 8 < o0, set
Vg = e_ﬁK/Z/\/ Tr e— 8K, (7.53)

(vp is the S-KMS vector of the small system). The free Pauli-Fierz system (93, 7¢;)
has a unique 3-KMS state and yg®{2 is the corresponding 3-KMS vector. Obviously,
78 ® §2 € KerLyg,.

The existence of KMS state for interacting Pauli-Fierz systems, which is a some-
what delicate problem because perturbation Vs is not a bounded operator and
Araki’s theory [Ar, BR2| cannot be applied directly, follows from the result of [DJP],
reviewed in Section 2.

Theorem 7.3 Suppose that Assumption 7.A holds and that 0 < 3 < oo. Then
the thermal Pauli-Fierz system (Mg, 73) has a unique B3-KMS state. Moreover,
Y5 @ Q € D(e BEANVA/2) and the vector

e AL (Va)/2y 5 o Q (7.54)
is the B-KMS wvector for (Mg, 7). This vector belongs to KerLg.
Proof. By Theorem 2.4 (see also [DJP]), we need only to check that for all A € R,
e V) 2 .0 < co.
To verify this, it suffices to show that there exists a constant ¢ such that for all n,
I7(Va)" 359l < e"/Gn + 1)L (7.55)

Since
(V) = 1x@vp(a®) + 1g@vj(a)

we can decompose 7(Vg)"™ into the sum of 2"-terms, each of which is a product of

creation and annihilation operators. Applying the estimates (5.31) to each term we
derive that (7.55) holds with ¢ = 2|vg||. O
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7.3 Level Shift Operator for thermal Pauli-Fierz Liou-
villeans

In this subsection we consider the Level Shift Operator in the context of thermal
Liouvilleans.
Let us formulate the following family of assumptions parametrized by n > 0.

Assumption 7.B(n) (8)Mr| 72112 (v,0%) € BIK,K ® (2 @ Z)).

Proposition 7.4 Suppose that Assumption 7.B(n) holds. Then (s)"vg € B(K,K ®
(Z® Z)) for all B €)0,00].

Proof. It is easy to see that the function
R>pe |L—e 72 (p) 2 e R (7.56)
is bounded with all bounded derivatives. Hence the operator
(s)T[1 = =772 () T2 |1/ (5) 7

is bounded for all 7 > 0. Therefore, the boundedness of (s)7|r|=1/2(r)1/2 (v, v*)
implies the boundedness of (s)"|1 — efﬁr\_%(v, v*). O

The following proposition gives a condition which is easy to verify in practice
and which implies Assumption 7.B(n):

Proposition 7.5 Let n be a non-negative integer and assume that

J5 N1omp=2(p)2v(p)|[dp < oo;

0i$p‘1/2v(p)(p:0 = (—1)78p~1/2v*(p) o =0 n—L

Then Assumption 7.B(n) holds.

Proof. See Proposition 7.15, which has a similar proof. O

Throughout this subsection we assume that Assumption 7.B(n) holds with n > %
We will describe the Level Shift Operator in the case p = pg, which, consistently
with our notation, will be denoted I'3. A special attention needs to be devoted to
the infrared term in I'g.

Proposition 7.6 There exists

*
Vi = lim v(p) = lim Y (p)

7.57
plO p% plO p% ( )

Set U0 := pvﬁp. We have

v = (ie)*, (W) = O (7.58)
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Moreover, I’% acts as follows:

~TeBiTY(By) =7 Y | — 1] T (eﬁp/%ﬂv(p)B1 _Biol 5p(p))
peEF+
x (eﬁp/%;p(p)B2 Byl m(p))
*
5l — 1 T (@(p) By — e P2B5 0 1 77(p))
peF+
< () By — 281 @1 7 (p) )
—~0 —~0\*
+%Tr<vir B —B1®1 v, )
X (iﬂ;olgg —-B®1 {E;O>.
(7.59)

Proof. For p > 0,
_1
vs(p) = |1 — e P|"20(p),

va(=p) = [1 — e[ 20*(p).

Since the function R 3 p — wvg(p) is continuous,

. 1, _1
vg(0) = limvg(p) = B2 lﬁgp 2v(p),

plo
vg3(0) = limvg(—p) = ﬁfé limpfév*(p).
plO plO

This implies the existence of the limits in (7.57) and the identities (7.58).
The identity (7.59) follows from (6.49) if we take into account the identities
(7.52) and (7.58). O

Let
N = {B € B(K): B®1w(p) = (p)B, pe F+,

B*@l19P(p) =P (p)B*, pe FT,
Belw® = UTrOB}.

Proposition 7.7 M is a x-subalgebra of B(K) containing Cli. Moreover, for any
t € C and B € M we have X Be 1K ¢ 1.

Proof. It is easy to check that 91 is an algebra and obviously 1x € 91. To see that
I is preserved by *, note that the first two conditions are manifestly symmetric wrt
%. The relation (v;;°)* = v;,° and Proposition 4.6 imply that

Bl =ui’B = B'elul = 0.'BY,

and so M is a x-algebra.
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Note that
eltK®1 ;l}p(p)e—an _ e—ltp@p(p), pe f+7
eitK®1 UNirOe—itK — UNH‘O-
This implies that 91 is invariant wrt e . e K O

Proposition 7.8 KerFIB consists of operators of the form e PE/2C with C' € M.

Proof. Relation (7.59) can be rewritten as

“TeBiTY(By) =7 Y [ef — 1| ' Tx <Ep(p)eﬁK/2Bl — K2R @1 ap(p)>
peF+
xe PK 1(5p(p)eﬁK/2B2 —eK2By 1 5p(p)>
+r 3 Je PP — 1|_1T1r(5p(p)B§‘eﬁK/2 — B3ePE2 01 5”(;0))
peF+
X ('61”(19)BfeﬁK/2 — BiPK2 91 ﬁp(p)>e*5K
—i—%Tr ({)};OeBK/QBl —ePE2B 91 ﬁ;o)
xe PE g 1(@%51(/232 —efK2B, © 1 1');0).
Hence, B € Kerflﬁ iff

P (p)ePE2B — PK2BR1 3P (p) =0, pe FT,
5p(p)B*eBK/2 — B*ePK/2g1 w(p) =0, peFT,
WIK/2B _ K21 3 — 0.
Therefore, B € KerI‘Iﬁ iff B = e PE/2C for some C € M. O
Our main effective coupling assumption is:
Assumption 7.C 91 =Clg.

Now Proposition 7.8 implies immediately

Theorem 7.9 Assumption 7.C is satisfied iff KerFIB is spanned by 3.

7.4 Return to equilibrium for a fixed positive temper-
ature
In this subsection we describe conditions which ensure that for any fixed positive

temperature the thermal Pauli-Fierz system has the property of return to equilib-
rium. The result will not be uniform in the temperature.



Theorem 7.10 Let n > 2 and suppose that Assumptions 7.A, 7.B(n) and 7.C
hold. Then for all 5 €]0,00[ there exists Ao(3) > 0 such that for 0 < |\| < Ao(5),

Spp(Lﬁ) - {0}7 dim 10(L5) =1, SpSC(Lg) = 0.

In particular, under the above conditions the Pauli-Fierz system (Mg, 73) has the
property of return to equilibrium.

Proof. It follows from Theorem 7.9 that dim KerF% =1 for 8 €]0,00[. Hence, by
Theorem 5.5, there exists Ag(/3) such that for 0 < |A\| < Ao(8) we have

dim1,(Lg) < dim1o(T) = 1, spso(Lg) = 0.

By Theorem 7.3, dim 19(Lg) > 1, and the result follows. O

7.5 Zero temperature Pauli-Fierz Liouvilleans

Recall that zero temperature corresponds to § = oo. All the properties of the
zero temperature Liouvillean, denoted L, follow easily from the properties of the
Pauli-Fierz Hamiltonian. They are described in this subsection.

Note that after the identification L@ K@ T5(Z2® 2) ~ K@ 4(Z2) @ K @ ['s(Z)
the zero temperature Liouvillean becomes

Loe=H®1-1®H.

Hence, the Level Shift Operator for L, denoted I',, can be expressed in terms of
the Level Shift Operator for H, denoted I', as follows. If ', is expresed in terms
Ay and ZE4 as in Theorem 6.11, then

A =T, Eo=0, (7.60)

and so

I'w(B)=TB — BT*.

The following theorem then follows immediately from Theorem 6.4:

Theorem 7.11 Under assumptions of Theorem 6.4, there exists Ao > 0 such that
for 0 < |A| < Ao we have

sPp(Leo) C {0}, dim 1p(Ls) < 1, SPee (Loo) = 0.
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7.6 Uniform in temperature estimate on the Level Shift
Operator

In this subsection we describe conditions under which I'g is uniformly dissipative
on the orthogonal complement to v5. The effective coupling assumptions 6.D, 6.E,
and 7.C will play a key role.

Recall that 73 is defined by (7.53) for 0 < 3 < co. For 3 = oo we set

Yoo = 1k0(K)/ Trlko(K)v
where kg := inf sp(K). Note that [0,00] > 8+ 5 € I>(K) is a continuous function.
Theorem 7.12 Letn > % and suppose that Assumption 7.B(n) holds. Then
(1) The function ]0,00] 3 3 +— FIB € B(I*(K)) is continuous.
(2) Assume in addition that 6.D, 6.E and 7.C hold. Let 3y > 0. Then there ezists
e > 0 such that for € By, 0]

TrB*Ty(B) < —e(TtB*B — |TrByg|?). (7.61)

Proof. The continuity of I’Iﬁ in 8 €]0, o0] follows from Relation (7.59).
To prove (2), let us consider first the case § = oo. Assumption 6.D and (7.60)
imply that there exists ¢(co) > 0 such that

AL < —e(00)(1 — 14y (K). (7.62)
Since I'L_(B) = AL B + BAL_, using (7.62) and Assumption 6.E we obtain

TrB*TL (B)

IN

—€(00) (TrB*(1 — 14, (K))B + TrB*B(1 — 14, (K)))

N

—€(00) (TrB*B — TrB*1;, (K) Bl (K))

—€(00)(TrB* B — |TrByso|?).

Consider now 3 < oo. It follows from Assumption 7.C and Theorem 7.9 that for
any 3 €]0, co[, there exists €(/3) > 0 such that

TeB*Th(B) < —e(8)(TrB*B — |TrByg?).

The compactness of Gy, o0], the continuity of [5y, 0] > [ +— Flﬁ and of [y, 0]
B + 7 imply that one can chose € > 0 such that (7.61) holds. O
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7.7 Uniform in temperature return to equilibrium

In this subsection we describe the main result of this paper. We describe conditions
under which for 0 < |A| < Ag and 8 € [By,00] the Liouvillean Lg has purely
absolutely continuous spectrum except for a simple eigenvalue at zero. This implies
that for a small nonzero coupling constant the system (9%,73) has the property of
return to equilibrium uniformly in the temperature.

One of the ingredients of our proof is the uniform estimate on the Level Shift
Operator I'g obtained in the previous subsection. The second ingredient is an
additional assumption on the regularity of the interaction, which we will formulate
below.

For any n > 0 we introduce

Assumption 7.D(n) sup;<g<c |1(5)"vs]| < oo.

Proposition 7.13 Suppose that Assumption 7.D(n) holds. Then
(1) Assumption 7.B(n) holds.

(2) For any o > 0, supg,<g<oo I|{5)Tvg| < oo

Proof. By Assumption 7.D(n), ||(s)"|1 —e™"|~¥/2(v,v*)|| < co. Clearly, 7((s)"|1 —
e_7"|_1/2(v,v*))* = (5)7|1 — ¢"|~Y2(v,v*). Thus, using the boundedness of x, we
obtain

()7 (J11— e |72 4 [1— e[ 71/2) (v, 0%)|| < 0. (7.63)

Using the arguments of the proof of Proposition 7.4 we see that
O e ( e e e e I Ol (7.64)

is bounded. Now (7.63) and (7.64) imply Assumption 7.B(n), which proves (1).
For 0 < By < 1, we have

sup [|(s)71 = e 77V (1 — eV 1 = €T 7Y2) ) | < o0,
Bo<A<1

Hence (7.63) implies supg, <<y [|(s)"vs]| < oo. This proves (2). O
Theorem 7.14 Suppose Assumptions 7.A, 7.D(n) with n > 2, 6.D 6.E and 7.C

are satisfied. Let 0 < By < oo. Then there exists N\g > 0 such that for 0 < |\ < Ao
and (3 € [Bo, 00[ we have

spp(Lg) = {0}, dim1o(Lg) =1, sPsc(Lg) = 0.

Hence, under the same conditions, the Pauli-Fierz system (Mg, 75) has the property
of return to equilibrium. Moreover, for 0 < |[A| < Ao,

sPp(Leo) C {0}, dim 1p(Ls) < 1, SPee (Loo) = 0.
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Proof. By Theorem 7.2 the operator Lg is essentially self-adjoint on D(Lg) N
D(n(V3) — Jn(Vp)J) for all B €]0,00[ and A € R. By Theorem 6.3 the operator L
is self-adjoint on D(Lg) = D(Lg) N D(7(Veo) — J7(Vso)J) for all A.

By Theorem 7.12 there exists € > 0 such that for all g € [5y, o],

T < —e(1—1p(Ty)).
By Assumption 7.D(n) and Proposition 7.13 (2), for all § € [y, 00] and n > 2,
[(s)" (1g@vg — 1k @ Tvg)|| < 2c.

Hence, all conditions of Theorem 5.5 are satisfied, and there exists A\g > 0 such
that for 0 < |A| < Ao and all 8 € [By, 00| we have

dim 1°(Lg) < dimT = 1, spee(Lg) = 0.

By Theorem 7.3 dim 1¢(Lg) > 1 for 3 €]0, o[, and the statement follows. O

7.8 Simplified condition for return to equilibrium

In this subsection we describe conditions which are easy to verify in practice and
which imply Assumption 7.D(n).

Proposition 7.15 Suppose that n is a nonnegative integer and
()2 | 712 (0, 07)| < 005 (7.65)
[|r[V/2 4 3| 712 (,0%) | < 00, §=0,...,n— 1. (7.66)
Then Assumption 7.D(n) holds.
Proof. Set g(p) := |1 — e P|~1/2|p|'/2. Note that g is smooth and
99(p)| < ¢;(p)*/23. (7.67)
Now
L o120, 0) = B2 |V (0, %)
= (I )| 0, 07),
To estimate the term with j = n we use that for § > 1 we have
BY2g(Br) < BTV (Br)? < ()12
To estimate the terms with j =0,...,n — 1 we use
ﬁ—1/2+n—jg(n—j)(ﬂr) < hnfj(ﬂ’l“)|7’|1/2_n+j,

where, by (7.67), hn_;(p) = ¢ (p)|p|~*/?*"7 is a bounded function. O

Here are yet another set of conditions implying Assumption 7.D(n).

48



Proposition 7.16 Suppose that

/O o 20(p)|2dp < oo (7.68)

o0
/ P9y 2y (p)|Pdp < 00, G =0,...n—1; (7.69)
0

o~ 2p)| = (10 ) j=0sn—1 (170)

p= p:O,
Then (7.65) and (7.66) hold, and hence Assumption 7.D(n) holds.

Proof. Since K is finite dimensional, the x conjugation is a bounded linear map,
and (7.68) and (7.69) hold with v* instead of v.

We will prove (7.65). A similar argument yields (7.66). Using (7.68) and (7.70)
we see that

V22 (0, 0%)) (p) = (i) /2 P o), 20,
(1125720, 0) ) = (-1 { b, b

and
()27 || 712 (w0, 09) 12 < [ )08 1P~ (v, v*) (p) IPdp
= bf(P) (lonp=12u(p)||% + |02~/ %v* (p)||?) dp.
O

7.9 Pauli-Fierz systems with several thermal reservoirs

In this subsection we prove that a generic Pauli-Fierz system with a small nonzero
coupling constant has no normal invariant states. For shortness, we restrict ourselves
to a result non-uniform in the temperature.

We consider the same framework as in Subsection 6.8. Moreover, we assume
that the energy density of the i-th reservoir is given by
pp, = (M —1)7,

3

where (3; €]0, 00[. We set 3= (B1,...,0n) and, after replacing 3 with 3, we adopt
the same notational convention as in Subsection 7.1.

Theorem 7.17 Let n > 1. Assume that Assumptions 7.A and 7.B(n) hold for
i =1,...,N. Suppose also that B; # By for some j,k € {1,...,N}, and that

—.

Assumption 7.C holds for the jth and kth reservoir. Then there exists Ao(3) > 0

=,

such that for 0 < |\ < Ao(B),
Spp(Lﬁ) = (Da Spsc(Lﬁ) = 0.

Consequently, under the above conditions the system (smg, TB') has no normal in-
variant states.
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Proof. The proof is very similar to the proof of Theorem 7.10. By Theorem 5.5
and the remark after it, it suffices to show that dim KerFIg = {0}. The relation

(6.51) yields
N
KerF% = ﬂ Keﬂg’ﬁl,

where I'; 5, is the Level Shift Operator of the i-th subsystem. By Assumption 7.C,
Kengﬁi is spanned by ~g, for i = j, k. Since 3; # B, KerF§ g, N KerI‘}C 5 = {0}.0

8 Examples of gluing

As we have already emphasized, the key ingredient of our method is the Jaksi¢-
Pillet gluing condition. In this section we show that this condition is satisfied in a
certain class of physically motivated models involving massless bosons. The gluing is
accomplished by passing to the radial coordinates in the momentum representation.

8.1 Massless scalar bosons

In this subsection we consider the same model as in Section 3. Recall that Z =
L?*(R%), where ¢ € R describes the momentum, and that h is the operator of
multiplication by |£|. The gluing map is defined as

L*RY) @ L2(RY) 3 (fy,f-) — f € L*(R) @ L*(577), (8.71)
Ly P ), p>0,
flp,w) {( )d 5 ) p<0 (8.72)

Here, (p,w) € Rx 891, Moreover, the conjugation in L?(R?%) and L?(R)® L?(S%1)
is the standard complex conjugation. The map (8.71) is unitary.

As in Section 3, we fix a form-factor v : R — B(K). Recall that the correspond-
ing Pauli-Fierz Hamiltonian is

H =K®1+1 [|¢a*(§)a(§)[¢]dE

A [ (v(&) ® a* (&) +v*(§) ® a(§))de.

We fix the density RY 3 ¢ — p(€) € R, and assume that Assumption 3.A holds.
Recall that the semi-Liouvillean at density p is given by

L = K@ 1+1@ [(I€laf(©)a() — €lai(€)ar(€)) dé
A S0(E) @ ((1+p(€))2a (€) + p(€) 2 ar(€))dE + he.

If we use the glued variables and introduce

p T (1+ p(pw))
oolp ) = { (=p) 7 p(—pw) v

v(pw), p>0

“(cpw), <0, (8.73)

“"“ l\?\»—‘
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then the semi-Liouvillean can be written as
Lzemi =K®1+1® [pa*(p,w)a(p,w)dpdw
A [ (vp(p,w) @ a*(p,w) + vy (p,w) ® a(p,w)) dpdw.

Now, using (8.73), it is easy to give explicit conditions on v(§) needed for our
results. For instance, Assumption 6.C(n), is satisfied if

oo )Pdpde < oo [ 1050,(p.0) P < . (8.74)

Recall that in (6.35) we introduced the antilinear map x on Z. In the context
of scalar fields it is equal to

kf(§) = F(=£).
and satisfies k2 = 1 (it is an internal conjugation). Assume that

Pk = Kp, v =u.

In the context of scalar fields this means

vi(§) =v(=¢),  p(§) = p(=E). (8.75)
Then
o (p.w) = (1- p(pwg)w(pw p>0 8.76
o) {(—) plp)toipe). p <0 =
Assume further that pg(¢) := (€€l — 1)~! and set vg := Vps- Then
vg(p,w) = (Jﬁy [p] 2 o pw). (8.77)

Now, if R3 p+— \p]%_lv(p-) € B(K, K ® L?(S%1)) is n times differentiable and
1831012 ) 20 P < o, 5= 0., (5.79

then (8.74) holds (the “gluing condition” (7.70) is automatically satisfied for p = pg

by the differentiability ]p\%_lv(p-) at zero). Theorem 7.10 (the nonuniform result
on return to equilibrium) applies whenever (8.74) holds with n = 3.

The case d = 3 and v(€) ~ |€]71/2 as €] | 0, is sometimes called the “ohmic
case” and is typical for the infrared regime of QED. Note that Theorem 7.10 covers
the ohmic case. However, Theorem 7.14 (our uniform result) does not apply to the
ohmic case.
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8.2 Massless vector particles

In this section we briefly explain how Jaksi¢-Pillet gluing works for transversal
massless vector bosons (e.g. photons).

Consider first the Hilbert space of square integrable vector fields on R¢, that is
L*(RY) @ C? ~ L2(RY,C%) and the function

RY> € — Pu(€) == 1—[¢]7%|€) (€] € B(CY),

where |¢]72|€) (€] denotes the orthogonal projection onto ¢/|¢|. We can view Py, as
an operator in L?(R¢,C%). The Hilbert space of square integrable transversal vector
fields on RY is defined as L2 (R4, C?) := RanP;.

We consider a Pauli-Fierz system with the 1-particle space LZ(R?,C?%) and the
1-particle energy |¢|. We assume that the interaction is of the form R¢ > ¢ s v(€) =
(1= 1€1721€)(&])vo(€), for a certain function RY 3 & — vy(€) € B(K, K @ C?).

We can now repeat almost verbatim the constructions and statements of the
previous subsection. Note that the formulas (8.73), (8.76) and (8.77) should be
replaced by

0(py) = (1~ lw)el) { N o N )
vp(p,w) — (1 _ ‘w)(w‘) { p 2 (d—1+ p(pw»% 0(pw)7 p> 0 (880)
va(p,w) = (1 — |w)(wl) (1—#;—505 |2~ Lo (pw). (8.81)

The condition (8.78) can be replaced by demanding that R > p — |[p| %711)0(19-) €
B(K,K @ L?(S971)) is n times differentiable and

1831012 ) 2 un() P < o5, =0, (.82)
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