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Abstract

Wereview andfurtherdevelopamathematicalframework for non-equilibriumquantum
statisticalmechanicsrecentlyproposedin [JP4, JP5,JP6, Ru3,Ru4, Ru5, Ru6]. In thealge-
braicformalismof quantumstatisticalmechanicswe introducenotionsof non-equilibrium
steadystates,entropy productionand heatfluxes, and study their properties. Our basic
paradigmis a modelof a small (finite) quantumsystemcoupledto several independent
thermalreservoirs. We exhibit examplesof suchsystemswhich have strictly positive en-
tropy production.
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1 Intr oduction

Thepropertiesof aphysicalsystemoutof thermalequilibriumareusuallydescribedin term
of phenomenologicalconceptslike steadystate,entropy productionandheatflux. These
notionsarerelatedby thefundamentallawsof thermodynamics.As anillustration,consider
a modeldescribinga smallsystem� coupledto two infinite heatreservoirs ��� ,�
	 which
areat temperature��� , �
	 . Undernormalconditions,oneexpectsthatthecombinedsystem
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Figure1: A systemcoupledto two heatreservoirs

will settleinto a steadystatein which thereis a constantflow of heatandentropy from
thehotterto thecolderreservoir acrossthesystem� . Let ��� be theheatcurrentflowing
from reservoir �
� into thesmallsystem� , and ��� theentropy productionratein � . In the
steadystate,thefundamentallaws of thermodynamicsread:

������� 	 !#"%$
����&� � � 	�'	 !)(*����+,"%- (1)

The first relation expressesenergy conservation (the first law of thermodynamics).The
secondassertsthattheheatflowsfrom thehotterto thecolderreservoir andthattheentropy
of � is notdecreasing(thesecondlaw of thermodynamics).

Ourgoalis to giveaprecisemathematicalmeaningto thenotionsof non-equilibriumsteady
state,entropy productionandheatflux, studytheir propertiesandprove Relations(1) from
first principles.We will alsoexhibit examplesof combinedsystems�.�,�/���0�
	 which
have strictly positive entropy productionandhencenon-trivial thermodynamics.

We will work in the mathematicalframework of algebraicquantumstatisticalmechanics
which appearsto beparticularlywell-suitedto thestudyof generalstructuralpropertiesof
non-equilibriumsteadystates.The basicnotionsof this algebraicframework arebriefly
introducedin Section2. The readeris referredto the monographs[BR1, BR2, Ha, Si1,
Th] for moredetailedexpositions. In Section3, we definenon-equilibriumsteadystates
anddiscusstheir basicstructuralproperties.Section4 is devotedto thenotionof entropy
production. Finally, a simpleclassof modelswith strictly positive entropy productionis
describedin Section5.
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This review is basedon a seriesof recentpapers[JP4, JP5,JP6,Ru3, Ru4, Ru5, Ru6].
Theseworks rely on a large body of knowledgepreviously developedby many authors
in variousareasof mathematicalphysics:Equilibrium statisticalmechanics,quantumdy-
namicalsystems,quantumMarkovian processes,van Hove limit, linear responsetheory,
etc...Eventhoughwe have tried to provide thereaderwith themostrelevantreferencesto
theseearlierworks,we do not claim completenessin this respect,andrefer the readerto
[BR1, BR2,OP] for anextensive list of references.

Acknowledgment. We aregratefulto JanDerezinskiandDavid Ruellefor usefuldiscus-
sionson thesubjectof this review. A partof thiswork hasbeendoneduringthevisit of the
first authorto JohnsHopkinsUniversity. V.J. is grateful to Steve Zelditch for his friend-
ship andto MathematicsDepartmentof JohnsHopkinsUniversity for generoussupport.
ThesecondauthorthanksJean-PierreEckmannfor hospitalityat theUniversityof Geneva
wherepart of this work hasbeendone,and the SwissNational ScienceFoundationfor
financialsupport.Theresearchof thefirst authorwaspartlysupportedby NSERC.

2 The Framework

In its algebraicformulation,thequantummechanicsof aphysicalsystemis describedby a132
or a 4 2

- dynamicalsystem.To avoid technicalitieswewill considerin thisreview only1 2
- systems.Thenon-equilibriumstatisticalmechanicsof 4 2

- systemswill bediscussed
elsewhere.132

- dynamicalsystemsareintroducedin Subsections2.1and2.2below. In Subsection2.3
we describesomeexamplesof suchsystems.

2.1 5�6 - Dynamical Systems

A
1 2

- dynamicalsystemis a pair 798:$<;>= , where 8 is a
1 2

- algebraand ;%? a strongly
continuousgroupof @ - automorphismsof 8 (thatis, themapACBDE; ? 7GFH= isnorm-continuous
for each FJIK8 ). We assumethat 8 hasan identity L . The elementsof 8 describe
observablesof thephysicalsystemunderconsiderationandthegroup ; specifiestheir time
evolution. An exampleof a

132
- algebrais MN7PO/= , thealgebraof all boundedoperatorsona

Hilbert spaceO , equippedwith theoperatornormtopology. Any
1 2

- algebrais isomorphic
to asubalgebraof MQ7POR= for someHilbert spaceO .

A stateof thesystemis describedby apositive linearfunctional S�IT8 2 satisfyingSU7VL%=�!W
. ThenumberSU7G;%?X7GFQ=Y= is theexpectedvalueof theobservable F at time A , assumingthat

thesystemwasinitially in thestateS . Theset Z:798[= of all stateson 8 is aconvex, weak-*
compactsubsetof thedualBanachspace8 2 .
A state S\I]Z
798[= is called ; - invariant,or steadystate,if S_^N;%?H!KS for all A . A

1 2
-

dynamicalsystemhasat leastone(andtypically many) steadystates.We call quantum
dynamicalsystema triple 798:$<;%$YS`= , whereS is a ; - invariantstate.
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A quantumdynamicalsystem798:$<;%$YS`= is calledergodicif

acbedfhg3i
Wj �
k f
l f SU7Gm

2 ; ? 7GFH=nmo=qprAC!sSU7GFH=tSU7Gm 2 mo=u$
for all Fv$<mwI�8 . It is saidto have thepropertyof returnto equilibriumif

aebedx ? x g3i SU7Gm
2 ; ? 7GFQ=nmo=�!ySU7GFQ=tSU7Gm 2 mo=u-

Thermalequilibrium statesarecharacterizedby the KMS condition. Let zK{|" be the
inversetemperature.A stateS is 7G;%$Yz&= -KMS if, for all Fv$<mwIT8 , thereis a function }�~�� �
analyticinsidethe strip ���Q�n".��� d ����z�� , boundedandcontinuouson its closure,and
satisfyingtheKMS boundaryconditions

} ~�� � 7PAY=C!sSU7GF�; ? 7Gmo=Y=u$ } ~�� � 7PA����9z&=C!sSU7G; ? 7Gmo=nFQ=u$
for AHI�� . A KMS stateis ; - invariant. Thequantumdynamicalsystem798:$<;%$YS`= , whereS is a 7G;%$Yz&= -KMS state,describesa physicalsystemin thermalequilibriumat temperatureW�� z .

Note that a 7G;%$Yz&= -KMS stateis alsoa z�� -KMS statefor the dynamicsdefinedby ;%?������n� .
Even though,in mostsystems,thephysicaltemperatureis a non-negative parameter, it is
mathematicallyconvenientto defineKMS statefor all z#I��,�������]� . Thecasez]!�"
correspondsto infinite temperatureand 7G;%$<"�= -KMS states( ; - invariant traces)aresome-
timescalledchaoticstates.Let � bethegeneratorof ; . ThestateS is called 7G;%$u�3�,= -KMS
stateif �Q�9SU7GF 2 �q7GFH=Y=o �" for all F¡I�¢£7¤�¥= . 7G;%$Yz¦= -KMS statesat valuesz#!K�3� andz§!¨(�� arecalledrespectively groundstatesandceilingstates.

Let S beastateonthe
1 2

- algebra8 . Wedenoteby 7POo©�$<ª«©�$X¬­©h= theGNS-representation
of 8 associatedto S . An injective representationª«© is calledfaithful. A state®�I_Z:798[=
is called S - normalif thereis a densitymatrix ¯ on O°© suchthat ®
7n±²=*!¨³�´�7P¯µª«©&7n±²=Y= . The
set ¶
© of all S - normalstatesis a normclosedconvex subsetof Z
798[= . ¶
© is sometimes
calledthefolium of S . Any ®§IR¶ © hasa uniquenormalextensionto theenvelopingvon
Neumannalgebra·y©/!#ª«©�798[=t� � . ThestateS is calledfactorstate(or primarystate)if its
envelopingvonNeumannalgebrais afactori.e., if its center·y©¦¸­· �© consistsof multiples
of theidentity.

Theeffectivenessof thealgebraicformalismof quantumstatisticalmechanicsis largelydue
to Tomita-Takesakimodulartheoryof vonNeumannalgebras.Weassumethatthereaderis
familiar with thebasicresultsof this theoryasdiscussed,for example,in [BR1, BR2, Ha,
OP]. For notationalpurposeswe recallsomewell-known facts.

The state S is calledmodularif ¬�© is a separatingvector for ·y© i.e., if S extendsto a
faithful normalstateon ·y© . Any KMS stateat inversetemperaturez¹I#� is modular.
Assumethat S is a modularstateon 8 anddenoteby º»©0!K¼¾½µ¿ , À and Á the modular
operator, the modularconjugationandthe naturalconeassociatedto the pair 7P·y©�$X¬­©
= .
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TheoperatorÂC© is self-adjointwhile À isananti-unitaryinvolutionon Oo© . Theseoperators
arecharacterizedby therelation

À
¼ ½ ¿ � 	 FQ¬­©£!yF 2 ¬­©�$ (2)

whichholdsfor any FÃIR· © . ThenaturalconeÁ is thenormclosureof theset

��F�À�FN¬­©�� FÄIR·y©��r-
An importantpropertyof thenaturalconeis that for every state®�I�¶
© thereis a unique
vector ¬�ÅTI0Á suchthat ®
7n±²=�!|7¤¬�Å�$<ªÆ©&7n±²=V¬�År= . Moreover, if ; is a

1�2
- dynamicson 8

(notnecessarilyleaving thestateS invariant),thenthereis auniqueself-adjointoperatorÇ
on Oo© suchthat,for all A ,

ª«©�7G; ? 7GFQ=Y=�!y¼ÉÈ ?eÊ ªÆ©¦7GFQ=t¼ l È ?eÊ $
¼ l È ?eÊ Á�Ë�Á[- (3)

The operatorÇ is called the standardLiouvillean. The first formula in (3) allows us to
extend ; to all of ·y© .

A state®RIo¶
© is ; - invariantiff Ç­¬�ÅN!y" . Thus,thestudyof S - normal,; - invariantstates
reducesto thestudyof Ì3¼É´XÇ . This is thefirst link betweenquantumstatisticalmechanics
andmodulartheory. Thesecondoneis Takesaki’s theorem:S is a 7G;%$Yz&= -KMS stateiff

ÂC©
!¨( z�ÇU- (4)

Thethird link is quantumKoopmanism:Thespectralpropertiesof thestandardLiouvilleanÇ encodethe ergodic propertiesof the quantumdynamicalsystem 798:$<;%$YS`= in complete
analogywith Koopman’s lemmaof classicalergodictheory[JP1, JP3]. For example,if the
state S is modular, then 798:$<;%$YS`= is ergodic iff zero is a simpleeigenvalueof Ç . More-
over, thesystemreturnsto equilibriumif thesingularspectrumof Ç reducesto thissimple
eigenvalue.

2.2 Local Perturbations

Let 798:$<;%$YS`= beaquantumdynamicalsystemdescribingaphysicalsystemin asteadystate.
Ourguidingphysicalprincipleis thattheresponseof thesystemto localperturbationswill
reveal its basicthermodynamicalproperties.We now discussthemathematicalformalism
neededto dealwith localperturbations.

Let � be the generatorof the dynamicalgroup ; ? . The operator� is a @ - derivation: Its
domain¢£7¤�¥= is a @ - subalgebraof 8 andfor Fv$<mÍI/¢£7¤�¥= ,

�µ7GFH= 2 !#�q7GF 2 =u$ �q7GF�mo=C!Î�µ7GFH=nmÏ��FQ�µ7Gmo=u-
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Let Ð bea local perturbationi.e., Ð¹!ÃÐ 2 I�8 . Thegeneratorof theperturbeddynamics
is �ÉÑU7n±²= !¨�q7n±²=����uÒÓÐ�$É±VÔ . Theoperator�ÉÑ is alsoa @ - derivationand ¢R7¤�ÉÑC= !Ä¢R7¤��= . The
perturbeddynamicsis givenby theautomorphisms; ?Ñ !y¼ ?eÕ×Ö ,

; ?Ñ 7GFQ=C!y; ? 7GFQ=��,ØÙ�Ú � �
Ù k ?Û p�AX�

k ?GÜÛ prAV	¦±É±É±
k ?eÝ�ÞqÜÛ p�A Ù Ò ; ? Ý 79Ðß=u$�Ò�±É±É±�Ò ; ?GÜ 79Ð»=u$<; ? 7GFH=×Ô�Ô�Ô9-

Thepair 798:$<;¾ÑC= is a
132

- dynamicalsystem.If S is modularand Ç is thestandardLiou-
villean associatedto ; , then the standardLiouvillean associatedto ;¾Ñ is the self-adjoint
operatorgivenby Ç Ñ !yÇ§�,ÐÎ(�À�Ð[ÀÆ$
with domain¢£7GÇ­Ñ�=�!s¢R7GÇ­= .
2.3 Examples

2.3.1 Finite Quantum Systems

Let àwá�â�ã bea finite dimensionalHilbert spaceand 8ä!¹MN7Gà�= . A
1 2

- dynamics; is
determinedby aself-adjointoperator(Hamiltonian) å on à

; ? 7GFQ=�!y¼ È ?cæ F�¼ l È ?cæ -
Thedynamicsassociatedwith thelocalperturbationÐ is

; ?Ñ 7GFH=�!s¼ÉÈ ?Gç�æ`è Ñ&é F�¼ l È ?Gçêæ­è Ñ�é -
A statesSÎI�Z
798[= is determinedby a densitymatrix on à which we denoteby thesame
letter, so SU7GFQ=§!ë³�´ì7PS�FH= . The state S is faithful iff Sí{E" and it is ; - invariant iffÒ S $<å/Ô
!y" .
For any z_I£� thedensitymatrix

¼ l ��æ � ³�´ì7P¼ l ��æ =u$
definestheunique 7G;%$Yz&= -KMS stateon 8 . On theotherhand,if S is a faithful state,then
for any zKî!¡" thereexists a unique

1 2
- dynamicsï © � � suchthat S is a 7Gï © � � $Yz&= -KMS

state.This dynamicsis generatedby theHamiltonian ( z l � a�ð�ñ S .

TheGNS-representation7PO © $<ª © $X¬ © = of 8 associatedto thestateS canbeexplicitly con-
structedas follows. Let "�+óò
��+ô±É±É±:+óò ã be the eigenvaluesof S countedwith
multiplicitiesanddenoteby õ È thecorrespondingeigenvectors.Fix acomplex conjugationõ0BD õ on à . Then

O © !yàsö�à»$
ªÆ©�7GFH=�!yF0öyL>$
¬­©
! ãØ�ø÷ � ò

� � 	� õ�� ö õ � -
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The standardLiouvillean correspondingto the dynamics; generatedby theHamiltonianå is Ç�!yåwöyLv(�LQö å.$
where,by definition, åTõy! å õ . Finally, let usdescribethemodularstructureassociated
to a faithful stateS . Themodularconjugationactsas ÀC7Põ�ö0ù'=�! ù»ö õ , andthemodular
operatoris givenby Â�©
! a�ð�ñ ºß©
! a�ð�ñ S§ösLß(�LNö a�ð�ñ S -
Isolatedfinite quantumsystemshave no interestingthermodynamics.However, models
whereafinite quantumsystemis coupledto infinite thermalreservoirs areoneof thebasic
paradigmsof quantumstatisticalmechanics.

2.3.2 FreeFermi Gases

Let O be the Hilbert spaceof a single fermion and ú its Hamiltonian. For example,a
free non-relativistic spinlesselectronof massû is describedby the Hilbert spaceOü!Ç 	 7P��ýÆ$<p¾þ'= and its Hamiltonian ú is the operatorof multiplication by þ 	 �¥j û . Another
exampleis givenby a spinlesslatticefermionwith Hilbert spaceOÿ!�� 	 7���� = andHamil-
tonian ú
!Ã(�º , theusualdiscreteLaplacianon � � .
Let � l 7POR= be the anti-symmetric(fermionic) Fock spaceover O . For �ÍI)O , denote
by �h7	��= and � 2 7	��= the annihilationandcreationoperatorson � l 7PO/= . They arebounded
operatorssatisfying 
��h7	��=�
*!

�� 2 7	��=�
 !

���
 . As usual,��� standsfor either � or � 2 . Let8 bethe

132
- algebrageneratedby ��� � 7	��=
��� IROT� . Themap

; ? 7�� � 7	��=Y=�!�� � 7P¼ È ?�� ��=u$
extendsto a

1 2
- dynamicson 8 whichcanbeexplicitly writtenas

; ? 7GFQ=�!y¼ È ?cæ F�¼ l È ?cæ $
where åÿ!����`7¤úh= . The

1 2
- dynamicalsystem798:$<;>= describesa freeFermigas.

Oneoftendealswith theevensubalgebra8�� , the
132

- algebrageneratedby

��� � 7	� � = ±É±É±�� � 7	� 	 Ù =
���§!s"%$ W $É±É±É±���� � $É±É±É±�$�� 	 Ù I/O��r-
Thepair 798 � $<;>= is alsoa

1 2
- dynamicalsystem.

A self-adjointoperator� on O , suchthat "o+��Ä+ÎL , determinesastateS�I/Z:798[= by

SU7�� 2 7	�µ�u= ±É±É±�� 2 7	� Ù =��h7! q� = ±É±É±��'7! #"H=Y=�!#�$" � Ù �«¼&%ø�µ7! È $V�'�&(�=X�r-
This, socalledquasi-freegaugeinvariantstate,is completelydeterminedby its two-point
function SU7�� 2 7	��=��'7! %=Y=C!�7! >$V�'��=u- (5)
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A quasi-freegaugeinvariantstatesS is ; - invariantiff for all A , ¼ È ?����U¼ l È ?��v!]� . In particu-
lar, thequasi-freegaugeinvariantstatedeterminedby �y!#}°7¤ú = describesafreeFermigas
with energy densityperunit volume }°7GZ»= . For any z�I � , thequasi-freegaugeinvariant
statedeterminedby �y!)7 W �_¼É�#�µ= l � is theunique 7G;%$Yz&= -KMS stateon 8 .

The GNS-representationandthe associatedmodularstructureof the quasi-freegaugein-
variant state S determinedby � can be explicitly computed(see[AW]). Let ) be the
numberoperatorand ¬ theFockvacuumon � l 7PO/= . Fix a complex conjugationon O and
extendit to acomplex conjugationon � l 7POR= . Set

O © !�� l 7POR=
ö*� l 7POR=u$
¬­©
!#¬_ö0¬Q$

ªÆ©�7��'7	��=Y=�!��'7Y7VLß( �Q= � � 	 ��=
öyLQ�#7V(3Lq= ã ö*� 2 7 � � � 	 �
=u-
Thetriple 7PO°©�$<ªÆ©�$X¬­©
= is theGNS-representationof thealgebra8 associatedto S . The
modularconjugationactsas ÀC79��ö,+3=»!.- +Îö/- � , where -|! 7V(3L%= ã ç�ã l �té � 	 . The
modularoperatoris

ÂC©
! a�ð�ñ ºß©
!����­710�=�ösLß(�LNö2���`7 0�=u$
where 0�! a�ð�ñ �ß7 W ( �Q= l � . ThecorrespondingLiouvillean is givenby

Ç�!����`7¤úh=�öyLv(�LQö2���`7 úh=u-
A quasi-freegaugeinvariantstateis primary. It is modulariff ÌH¼É´Y�y!#ÌH¼É´ì7VLN(£�Q=�!Ä��"q� .
From the above discussionit follows easily that, if S is a quasi-freegaugeinvariantand; - invariant state,then the quantumdynamicalsystem 798:$<;%$YS`= is ergodic iff ú hasno
eigenvalues. Moreover, if the spectrumof ú is purely absolutelycontinuous,then this
systemreturnsto equilibrium.

2.3.3 Interacting Lattice Fermi Gases

Considerthe
1�2

- dynamicalsystem798:$<;>= describingthefreelatticeFermigasintroduced
in theprevious subsection.For 30I4� � , we set �5��763
=U!7���N7¤�$8µ= and,to any finite subset9 Ë:��� , weassociatethelocalalgebra8<; generatedby ��� � 763'=
��3�I 9 � . Thealgebra8
is quasi-localwith respectto thenet ��8�;ß� , in particular 8 is thenormclosureof �=;Q8<; .

Thefermionsinteractthrougha realvaluedpairpotential>£I?� � 7���� = . For any finite subset9 Ë:� � , thelocalperturbation

Ð@;Î! Ø8 � A�B ; >h763£(DCÆ=�� 2 763'=�� 2 76CÆ=��'76C«=��h763
=u$
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inducesadynamics;%?; on 8 . Moreover, thereexistsadynamics;FE on 8 suchthat,for anyF|Is�=;H8�; andfor any increasingsequenceof finite subsetsGÍË
��� which eventually
containsany finite subsetof ��� , onehas

; ?E 7GFH=�! aebcdH�IKJ@L ; ?H 7GFQ=u-
The

1�2
- dynamicalsystem 798:$<;FE�= describesan interactingFermi gason the lattice ��� .

This importantsystemis little understood(seehowever [Hu]).

2.3.4 Lattice Spin Systems

Let à bea finite dimensionalHilbert spaceand,for each3�I4��� , let à'8 bea copy of à .
To afinite domain G]Ë:��� weassociatetheHilbert space

O H !Îö�8 B H OM8q$
andthecorresponding

132
- algebra

8 H !yMN7PO H =u-
If GU�*ËNG`	 , thentheinjection FÎBDEF§ö�LPORQ�SKTUQ Ü allowsusto identify 8 H Ü with asubalge-
braof 8 H S . Let 8 denotethe

132
- algebraobtainedby completing� H 8 H . Wecanidentify

thelocalalgebras8 H with subalgebrasof 8 .

The algebra8 describesobservablesof the infinite spin system,the subalgebra8 H con-
tainingtheobservablesof thespinsinsidethedomain G .

An interactionis a function � from thefinite subsets
9 ËV� � into self-adjointelementsof8 suchthat �H7 9 =�IT8�; . TheHamiltonian

å�7�G =�!EØ;XW H �H7 9 =u$
of afinite domain G inducesadynamics

; ?H 7GFH=�!s¼ È ?cæ*ç H é F�¼ l È ?cæ ç H é $
on 8 .

Let usdenoteby � 9 � thenumberof pointsin
9

. If theinteractionsatisfiesY�Z �8 B J@L Ø;\[]8 
 �H7 9 =�
<¼&^ x ; x �]�s$ (6)

for some_[{�" , thenthelimit

; ? 7GFH=�! aebedH�IKJ�L ; ?H 7GFQ=u$
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exists for any F|Iy� H 8 H . Moreover, ; extendsby continuity to a dynamicson 8 . The
pair 798:$<;>= is the

132
- dynamicalsystemdescribinganinfinite quantumspinsystem.

Whenever Condition (6) holds, thereexist at leastone(andpossiblymany) 7G;%$Yz&= -KMS
stateson 8 for any zÎI�� . Suchstatesareconstructedasthermodynamiclimits of local
KMS statesdefinedon 8 H . Undersomeadditionalregularity conditionson theinteraction� theKMS stateis uniquefor smallenoughz .

Wereferthereaderto [BR2, I, Ru1,Si1] for detailedinformationon thekinematicalstruc-
ture andequilibrium thermodynamicsof quantumspin systems,and to [Ru3, Ru4, Ru5,
Ru6] for their non-equilibriumstatisticalmechanics.The dynamicalaspectsof quantum
spinsystemsarecomparatively little studied.To our knowledgetheonly well-understood
caseis theone-dimensional

9a`
model,see[Ar1, Ar2].

3 Non-equilibrium SteadyStates

In Subsection3.1,wedefinenon-equilibriumsteadystates(NESS)anddescribetheirbasic
structuralproperties.Stability propertiesof quantumdynamicalsystemsarediscussedin
Subsection3.2.Finally, in Subsection3.3,wereview two approachesto thestudyof NESS.

3.1 Definition and BasicPropertiesof NESS

Let 798:$<;%$YS`= bea quantumdynamicalsystemand Ð|I08 a local perturbation.Thenon-
equilibriumsteadystates(NESS)of the locally perturbedsystem798:$<; Ñ = aretheweak-*
limit points,as �yDë��� , of thestates

S fÑcb W
�
k f
Û ST^­; ?Ñ prA - (7)

In otherwords, S èÑ is a NESSiff thereis a sequence� Ù Dô�3� suchthat,for all F�I.8 ,
onehas S èÑ 7GFQ=�! aebedÙ S f ÝÑ 7GFH=u-
Theset d èÑ 7PS`= of NESSis a non-emptyweak-* compactsubsetof Z:798[= whoseelements
are ;¾Ñ - invariant.

Theset d lÑ 7PS`= is definedanalogously, by taking �#D (�� in Equ. (7). Althoughstatesind lÑ 7PS`= arenon-physical,they arebothtechnicallyandconceptuallyuseful.

Obviously, the ; - invarianceof S playsno role in theabove definitions,andwe candefine
theNESSandthesetsd�eÑ 7P®«= for any initial state®
I�Z:798[= .
Remark. Thereis a fair amountof arbitrarinessin theabove definition.Theergodicmean
in Equ. (7) canbereplacedby anotheraveragingprocedure.Without furtherassumptions
ontheergodicpropertiesof thesystem,theresultingsetof NESSwill generallynotcoincide
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with d èÑ 7P®«= . However, mostresultsin this sectionareeitherindependentof our specific
choiceof averaging,or canbe easilyadaptedto otheraveragings.For technicalreasons,
relatedto theuseof spectralanalysis(see[JP5]),aparticularlyusefulalternative is Abelian
averaging.Wedenoteby d eÑ � fhg 7P®«= thesetof weak-* limit pointsof thestatei k iÛ ¼ lkj ? ®3^­;�e ?Ñ p�Au$ (8)

as iml " .
3.1.1 Dependenceon the Initial State

Clearly d èÑ 7P®«= describesthesetof steadystatesthatcanbereachedstartingfrom ® , andthus
dependson theparticularchoiceof theinitial state® . However, we expectthatsufficiently
similar initial statesshouldbe driven towardsthe samesetof asymptoticstates.Indeed,
undersomemild regularity assumption,d èÑ 7P®«= doesnotdependon thechoiceof ® aslong
asit remainsin thefolium ¶ © . Thefollowing resultwill beprovedin [JP6].

Theorem 3.1 Let S bea factor stateandassumethat, for all ®RIo¶ © and Fv$<mwIT8 ,

aebedfhg e i W
�
k f
Û ®
7YÒ ; ?Ñ 7GFH=u$<mvÔP=qprA`!y"%$

holds(weakasymptoticabeliannessin themean).Then dneÑ 7P®Æ=U!od�eÑ 7PS`= for all ®§I�¶
© .
In particular, if ÌH¼É´<Ç`ÑÄî!¨��"q� , thenit is one-dimensionalandthere is a uniqueS - normal;¾Ñ - invariant stateS&Ñ such that d eÑ 7P®Æ=`!Ä�¾S&Ñ­� for all ®RIo¶
© .

3.1.2 Normal and Singular NESS

Fromnow on,wefix theinitial stateS , andinvestigatethestructuralpropertiesof thestates
in d eÑ 7PS`= . Firstweremarkthatif theGNS-representationª«© isnotfaithful,wecanconsider
thequotientdynamicalsystemonthealgebra8 � ÌH¼É´Xª © (whichhasafaithful representation
on Oo© ). Oneeasilyseesthat the NESSof the original systemareobtainedby lifting to8 the NESSof the quotientsystemwith the help of the canonicalprojection ¯�p�8 D8 � ÌH¼É´Xª«© . Thus,without lossof generality, we mayassumethat theGNS-representationªÆ© is faithful andidentify 8 with ªÆ©�798[= .
A positive linear functional q�I_8 2 is called S - normaliff q_!�òsr for somer�IR¶
© andò�{Ã" . It is called S - singulariff qy ¨ù� Ä" for someS - normal ù implies ù_!�" . Any
stateq�I/Z:798[= hasauniquedecompositionqT!�q Ù �4qutø$ (9)

whereq Ù and qut arepositive linearfunctionalsand q Ù is S - normalwhile qut is S - singular
(in particular, q Ù and q t aredisjoint, see[KR, Ta] for details).Since S - normalstatesare
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mappedto S - normalstatesby ;¾Ñ , theuniquenessof this decompositionimplies that if q
is ;¾Ñ - invariant,thenboth q Ù and qut are ;¾Ñ - invariant.Wesaythata NESS q_IDd eÑ 7PS`= is
normalif its S - singularpart q t is zeroandpurelysingularif its S - normalpart q Ù is zero.

Theorem 3.2 Assumethat q�Iad�eÑ 7PS`= , then:

1. If q is a factor state, it is eithernormalor purely singular.

2. If S is a factor state, either q is purely singular or every S - normalstateis also q -
normal.

If the systemhassettledinto a NESS qÍIod èÑ 7PS`= , then it is describedby the quantum
dynamicalsystem798:$<;¾Ñ�$vq�= . Fromthepoint of view of thermodynamics,a fundamental
questionis whetherthis systemhasa strictly positive entropy production.At this level of
generality, it is far from obviousevenhow to defineentropy production.We will returnto
this questionin Section4. We will prove that the entropy productionof the normalpartq Ù is alwayszero. Therefore,a necessaryconditionfor non-trivial thermodynamicsis thatqsîI
¶
© . In otherwords, q mustbe“sufficiently far” from S , sofar in factthat it doesnot
“li ve” in thesameHilbert spaceOo© . Althoughphysicallynatural,this restrictionis oneof
themainsourcesof difficulty in themathematicalstudyof NESS.

The following result gives useful criteria for a systemto have either purely singularor
normalNESS.

Proposition 3.3 Assumethat S is modular, and let Ç`Ñ be the Liouvillean of the locally
perturbedsystem798:$<; Ñ = .

1. If Ì3¼É´<Ç`Ñ_!Ï��"q� , thenanyNESSin d�eÑ 7PS`= is purely singular.

2. If Ì3¼É´<Ç`Ñ containsa separating vectorfor ·y© , thend èÑ 7PS`=C!�d lÑ 7PS`=�!Ä�wq¦�ßË�¶
©�-
Wefinish with a brief discussionof equilibriumvs. non-equilibriumsteadystatesin quan-
tum statisticalmechanics.Considera quantumdynamicalsystem 798:$<;%$YS`= andassume
that S is a 7G;%$Yz¦= -KMS statefor some z { " . The Araki perturbationtheory of KMS
states[Ar5, BR2, DJP] yields that for any local perturbationÐ thereexist a S - normal7G;¾Ñ�$Yz&= -KMS state S&Ñ . Under normal conditions,it is expectedthat for any ®�IÃ¶
© ,d�eÑ 7P®«=�!ó�¾S Ñ � . Thereis no interestingthermodynamicsin the sensethat the entropy
productionof S&Ñ is zero. Hencethemainquestionin thermalequilibrium is whetherthe
quantumdynamicalsystem798:$<;¾Ñ�$YS&ÑC= is ergodicor returnsto equilibrium.Althoughit is
generallyexpectedthatthesepropertieshold for physicalsystemsundernormalconditions
(thezerothlaw of thermodynamics),therearevery few non-trivial modelsfor which this
hasbeenproven(see[BFS, DJ,JP3,M]).

The expectedscenarioin the non-equilibriumcaseis quite different. One considersa
quantumdynamicalsystem798:$<;%$YS`= which is not in thermalequilibriumanda local per-
turbation Ð . Under the influenceof the perturbationthe systemwill settleinto a NESS
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S èÑ Iad èÑ 7PS`= . Oneexpectsthatundernormalcircumstances
aebed ? g è i ®H^`;%?Ñ !sS èÑ for all®TI£¶
© . Moreover, oneexpectsthat S èÑ îI£¶
© andthat theentropy productionassociated

to S èÑ is strictly positive. Establishingthisscenariofor physicallyrelevantmodelsis oneof
thecentralgoalsof non-equilibriumquantumstatisticalmechanics.

3.2 Stability

Froma physicalpoint of view, theprominentfeatureof thermalequilibriumis its stability
underlocal perturbations.This basicphenomenonappearsin two flavors: Structuraland
dynamicalstability.

Let 798:$<;%$YS`= be a quantumdynamicalsystemwhere S is a 7G;%$Yz&= -KMS state. It follows
from Araki’s theory[Ar5, BR2,DJP] thatfor every localperturbationÐ thereis a 7G;¾Ñ $Yz&= -
KMS stateS&Ñ0Io¶
© suchthat 
<S&Ñ�(�S�
­!yxo7�
 Ðz
 =u- (10)

Moreover themap S_BD S&Ñ is, for fixed Ð , abijectionfrom thesetof 7G;%$Yz&= -KMS statesto
thesetof 7G;¾Ñ�$Yz¦= -KMS states.Thisshows thatthesetof thermalequilibriaof thesystemis
structurallystableunderlocal perturbations.

Dynamicalstabilitydoesnothold without furtherassumption.However, if we assumethat

aebedfhg e i W
�
k f
Û 
ìÒÓÐ�$<; ?Ñ 7GFQ=×Ôv
>p�A`!y"%$ (11)

for all F¡I,8 , thenany NESSin d eÑ 7PS`= is a 7G;¾Ñ $Yz&= -KMS state(this is a simplevariant
of Proposition5.4.6 in [BR2]). Moreover, if 798:$<; Ñ $YS Ñ = is ergodic, then the structural
isomorphismS�BDES&Ñ is dynamicallyrealizedas d eÑ 7PS`=�!Ä�¾S¦Ñ­� .
It is a deepfact that thermalequilibrium is actuallycharacterizedby the stability criteria
(10) and(11). Thereareseveralresultsin thisdirection.We will describeoneof them,for
otherssee[BKR, HKTP, HTP, NT]. Thefollowing ergodicity assumptionwill beneeded.

(E) For any self-adjointelementÐ of anorm-dense@ -subalgebra8 Û Ë]8 there
is a ò Ñ0{�" suchthat k i

l i 
ìÒÓÐ�$<; ?{ Ñ 7GFH=×Ôv
>prA*�s�s$ (12)

holdsfor all � ò&�q�]ò Ñ and FÃIT8 Û ,
Underassumption(E), for any self-adjoint Ð�IT8 Û thestronglimits| e{ Ñ b aebcd

? g e i ; l ?{ Ñ ^ ; ? $} e{ Ñ b aebcd
? g e i ; l ? ^­; ?{ Ñ $
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exist on 8 for all � ò&���)ò>Ñ . TheMøller morphisms| e{ Ñ are @ - automorphismsof 8 and7 | e{ Ñ = l � ! } e{ Ñ . SinceST^�; ?{ Ñ !sST^�; l ? ^�; ?{ Ñ , we getd�e{ Ñ 7PS`=�!Ä�¾S~e{ Ñ �r$
with S e{ Ñ b S°^ } e{ Ñ . It follows that S_!sS e{ Ñ ^ | e{ Ñ ! aebed ? g e i S e{ Ñ ^&;%? , from whichwe
gettheformula

S è{ Ñ 7GFH=¦(�S l{ Ñ 7GFQ=`!s�nò k il i Sm�!���v� ç²? é{ Ñ 7YÒÓÐ�$<; ? 7GFQ=×ÔP=qp�Au- (13)

Thestability requirementis:

(S)For any self-adjointÐ�I�8 Û and ò smallenough,thereexistsa ; { Ñ - invari-
antstateS { Ñ I[¶
© , suchthatd�e{ Ñ 7PS`=�!Ä�¾S { Ñ � ����� aebed{ g Û 
<S { Ñ (�S�
 !y"%-

Assumethat (E) and(S) hold, then S è{ Ñ ! S l{ Ñ and it follows from Equ. (13) and the
dominatedconvergencetheoremthatk i

l i SU7YÒÓÐ�$<; ? 7GFQ=×ÔP=qp�A`!y"%- (14)

This is the famousstability criterion of [HKTP]. It is a well-known resultof Haagand
Trych-Pohlmeyer[HTP], andof Bratteli,KishimotoandRobinson[BKR] that(14)together
with (E) impliesthat S is aKMS state.More precisely,

Theorem 3.4 Assumethat S is a factor stateand that assumption(E) holds. Then(S)
holdsif andonly if S is a 7G;%$Yz&= -KMSstatefor somez.IR���T�����]� .
An example of

1 2
- dynamicalsystemsatisfying condition (E) is the even subalgebra798 � $<;>= of a free Fermi gasintroducedin Subsection2.3.2. Let 8 Û be the @ - subalgebra

of 8 � consistingof finite sumof monomials� � 7	�µ�X= ±É±É±$� � 7	�¥	 Ù =u$ (15)

suchthatfor all �<$U� , 7	� È $Y¼ l È ?�� �&(�=­I/Ç � 7P�`=ø- (16)

ThenCondition(12)holdsfor any FÃIT8 Û , any self-adjointÐ�IT8 Û andany ò/I/� . More-
over, thealgebra8 Û is norm-densein 8 � if f ú haspurelyabsolutelycontinuousspectrum
(see[BM] for details).

Thestability of thermalequilibriumcanalsobeunderstoodin spectralterms. Considera
quantumdynamicalsystem798:$<;%$YS`= , andassumethat the ; - invariantstateS is modular.
Since Ç­¬ © !¨" , zerois aneigenvalueof thestandardLiouvillean Ç of thesystem.There
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might be other eigenvectorsin ÌH¼É´<Ç , associatedto other S - normal invariant states. In
physicalsituationsof interest,thezeroeigenvalueis embeddedin thecontinuousspectrum
of Ç whichcoverstheentirerealline. It is apieceof folklore that,unlesspreventedby some
symmetry, this eigenvaluewill turn into complex resonancesundertheinfluenceof a local
perturbationÐ . Therefore,oneexpectsthatthestandardLiouvillean Ç Ñ !#ÇT��Ð#(_À�Ð»À
of theperturbedsystem 798:$<;¾ÑC= will have purelycontinuousspectrumandthat therewill
be no ;¾Ñ - invariantstatein the folium ¶
© . Indeed,by computingthe Fermi goldenrule
for Ç { Ñ , the stability requirement(14) canbe seento be a conditionwhich ensuresthat
zerois aneigenvalueof Ç { Ñ to secondorderof perturbationtheory. Moreover, theKMS
conditionEqu. (4) canbe interpretedasa form of symmetrywhich forces Ç Ñ to have a
zeroeigenvalue.To seethis,notethatsince À�Ð[À belongsto thecommutant8v� , we have

¼ È ç�Ê%è Ñ�é ? À�Ð[À
¼ l È ç�Ê%è Ñ�é ? !s¼ È Ê�? À�ÐoÀ
¼ l È Êµ? -
Therefore,usingEqu. (4), we canwrite

¼ÉÈ çêÊqè Ñ&é ? Ç­Ñ»¼ l È ç�Ê%è Ñ�é ? ¬­©
!��¤Ç��0ÐÄ(�¼ÉÈ Ê�? À�Ð[À'¼ l È Êµ?U� ¬­©
!ÎÐv¬­©°(�¼ÉÈ Ê�? À�Ðß¬­©
!��ìÐÄ(�º l È ?c�n�© À�Ð��3¬­©�-

Theanalyticcontinuationof the right handsideof the last identity to A3!ÿ( �×z �¥j further
gives �ìÐÄ(.º l � � 	© À�Ð��Q¬�©
!���ÐÎ(0À�º � � 	© Ð��3¬­©
!�79ÐÏ(�Ð 2 =V¬­©£!#"%$
from whichwe concludethat

¬*Ñ b ¼ l ��çêÊqè Ñ&é � 	 ¬�©�$ (17)

mustbein thekernelof Ç­Ñ . In fact,up to normalization,Equ. (17) is nothingbut Araki’s
formula for the vector representative of the 7G;¾Ñ�$Yz&= -KMS state S&Ñ , seee.g. [Ar5, BR2,
DJP].

3.3 The Study of NESS

From the above discussion,it shouldbe clear that the study of local perturbationsof a
quantumdynamicalsystem 798:$<;%$YS`= dependscritically on the natureof the state S . We
candistinguishtwo cases:

1. If S is a 7G;%$Yz&= -KMS state,we aredealingwith a systemnearthermalequilibrium.
Weexpectthat aebed

? g e i ®�^­; ?Ñ 7GFH=�!sS¦Ñ*7GFH=u$
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for any initial state® in thefolium ¶
© andany F¹I 8 , where S&Ñ is a 7G;¾Ñ�$Yz&= -KMS
state. This ergodic problemcanbe reducedto the spectralanalysisof the standard
Liouvillean Ç Ñ . Althoughspectraltheoryof thestandardLiouvilleanhasbeensofar
understoodonly for very few systems,the conceptualframework of ergodic theory
nearthermalequilibriumis well-understood.

2. If S doesnot belongto the folium of a 7G;%$Yz&= -KMS state,the systemis far from
equilibrium. In contrastwith theformercase,theconceptualframework for thestudy
of NESSis notwell-understood.In theremainingpartof thissubsection,wedescribe
the two approachesthat have beenadoptedso far in the mathematicallyrigorous
literature.

3.3.1 The ScatteringApproach

Let 798:$<;%$YS`= bea quantumdynamicalsystemand Ð a local perturbationsuchthat for allF in anorm-dense@ - subalgebra8 Û Ë]8 ,k i
l i 
ìÒÓÐ�$<; ? 7GFQ=×Ôv
>p�A*�]�s$ k i

l i 
ìÒÓÐ�$<; ?Ñ 7GFQ=×Ôv
>p�A*�]�s- (18)

As in theprevioussubsection,theseconditionsensurethatthestronglimits} eÑ b aebcd
? g e i ; l ? ^­; ?Ñ $

exist anddefine @ - automorphismsof 8 . It follows thatthat dneÑ 7PS`=�!Ä�¾S~eÑ � and

S~eÑ !yST^ } eÑ ! acbed
? g e i ST^�; ?Ñ 7GFH=u-

TheMøller morphisms} eÑ induceunitaryoperators-<eÑ betweentheGNSspacesOo© andO ©��Ö . Theseoperatorsintertwinethe representationsªÆ©£^ } eÑ and ª ©��Ö andprovide uni-

tary equivalencesbetweenthestandardLiouvilleansassociatedto S and S eÑ . Undersome
additionalregularity assumptionsonecanalsoshow thatfor suitableF¨I�8 ,

S~eÑ 7GFH=C!ySU7GFQ=�� ØÙµÚ � 79�N�n= Ù k
i
Û prA �

k ?GÜÛ prA 	 ±É±É±
k ?eÝ�ÞµÜÛ p�A Ù SU7YÒ ;�e ? Ý 79Ð»=u$�Ò�±É±É±�$�Ò ;�e ?GÜ 79Ð»=u$<FUÔ�Ô�ÔP=u-

(19)
The expansion(19) can be usedfor perturbative computationsof basic thermodynamic
quantitiessuchasentropy productionandheatfluxes.

It is importantto remarkthat theassumptions(18) arevery difficult to verify in concrete
physicallyinterestingmodels,andsofar they have beenestablishedonly for a few exam-
ples. Nevertheless,we believe that thescatteringapproachis a helpful tool in developing
theconceptualunderstandingof thesubject,muchin thespirit of the“chaotichypothesis”
usedin classicalnon-equilibriumstatisticalmechanics(see[Ru2]).
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An exampleof a systemwhere(18) holdshasbeenprovided by Botvich andMalyshev
[BM]. Considera freeFermigaswith oneparticleHilbert spaceO andoneparticleenergyú . Assumethat ú haspurelyabsolutelycontinuousspectrum.Let 8 Û consistsof finite sums
of monomials � � 7	� � = ±É±É±�� � 7	� Ù =u$
suchthat(16) holds.Set Ð b òk� , where�\I�8 Û is anevenpolynomial.Then(18) holds
for sufficiently small ò�I � . In this case,eachtermin theexpansion(19) is well-defined,
andtheseriesconvergesabsolutelyfor all FÃIT8 Û .
3.3.2 The SpectralApproach

As alreadypointedout, thethermodynamicallyinterestingNESSassociatedto a local per-
turbation Ð of thequantumdynamicalsystem798:$<;%$YS`= arenot in thefolium ¶ © . Sinceon
theotherhandthekernelof Ç`Ñ , andmoregenerallyits eigenvectors,provide information
about S - normal ;¾Ñ - invariantstates,the thermodynamicalcontentof the spectraltheory
of Ç`Ñ is not easilydecoded.This explainswhy, for many years,scatteringtheorywasthe
only availableapproachto thestudyof singularNESS.

Recently, in [JP5],we have developeda spectraltheoryof NESSwhich we describehere
in its simplestsetting. According to the remarkin Subsection3, we defineNESSusing
Abelianaveraging(8).

Let 798:$<;%$YS`= beaquantumdynamicalsystemand Ð alocalperturbation.Assumethat S is
amodularstateandthatthemap

���RA�BD Ð ? !s¼ÉÈ ?e½ ¿ Ð3¼ l È ?e½ ¿ IR· ©
extendsto an analytic function (in norm) inside the complex strip ��"Ä�|� d �Ï� W��¥j � ,
boundedandcontinuouson its closure(thesetof such Ð is total in · © ). The

1
- Liouvil-

leanof thelocally perturbedsystemis definedby

Ç i b Ç§�,ÐÎ(�À�Ð l È � 	 À%-
This operatoris closedon ¢£7GÇ i = b ¢£7GÇ�= . Its spectrumis containedin �q� � d � �£+
 Ð e È � 	 
É� , andits adjointis givenby

Ç 2i !yÇ ��ÐÄ(�À�Ð È � 	 ÀÆ-
The operators�×Ç i and �×Ç 2i generatequasi-boundedstronglycontinuousgroupson O°© .
By construction¬ © I/Ì3¼É´XÇ i , thus

¼ È ?eÊ5� ¬­©
!#¬­©�$
(seeEqu.(2)) andit follows from theTrotterproductformulathat

; ?Ñ 7GFH=�!s¼ È ?eÊ�� F�¼ l È ?eÊ�� !y¼ È ?eÊ@�� F�¼ l È ?eÊ@�� - (20)
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For � d �°{," , we definelinearfunctionalsS��QIT8 2 by theformula

S���7GFQ= b � k iÛ ¼ È � ? SU7G; ?Ñ 7GFH=Y=qprA -
Clearly, themap ��BD S=� is weak-@ analyticin thehalf-plane �¾� d ��{Ã"q� . Moreover, for� d �:{�
 Ð e È � 	 
 , we have

S���7GFH=�! � ¬­©�$<Fß7GÇ 2i (��µ= l � ¬�© � -
This formula andthe fact that Abelian NESS q)I,d eÑ � fhg 7PS`= areweak-* limit points,asi�l " , of 7 i � �n=tS È j suggeststhat NESSare describedby zero-resonanceeigenvectorsofÇ 2i . Indeed,it is possibleto develop an abstractaxiomaticcomplex deformationtech-
niquewhichallowsto directly relateNESSto thezero-resonanceeigenvectorsof Ç 2i . This
methodhasbeenusedin [JP5] to studythe NESSof a finite quantumsystemcoupledto
severalfermionicreservoirsatdifferenttemperatures.Thisanalysishasledto resultswhich
couldnot bereachedby scatteringmethods.In particular, it allows to obtainpreciseinfor-
mation on the relaxationto the NESSfrom the study of complex resonancesof the

1
-

Liouvillean. Webriefly describethemodelandresultsof [JP5]in Section5.3.

Thespectralapproachto thestudyof NESSis a recentdevelopmentwhichhasled to some
insights into the generalstructureof the non-equilibriumquantumstatisticalmechanics
and hasbeena useful tool in the study of someconcretemodels. The methodis still
beingdevelopedandits full potentialremainsto bereached.It shouldbenoticedthat this
approachto the dynamicalpropertiesof quantumdynamicalsystemis closelyrelatedto
thestudyof thedecayof correlationsin classicaldynamicalsystems,andin particularto
Ruelleresonancesof thetransferoperator(seefor example[Ru7,Ru8,Ru9]and[E]).

4 Entr opy Production

4.1 PhenomenologicalConsiderations

In non-equilibriumthermodynamics,the local entropy productionrate ï is definedasthe
sourcetermin thelocalentropy balanceequation� ?U� �*� b���� !yï'$
where � is theentropy densityand

�
theentropy flux. In astationarystate,thetotalentropy

productionrate in a subsystem� is thereforeequalto the net entropy flux leaving this
subsystem.If � interactswith independentreservoirs � � $Y� 	 $É±É±É± , which are in thermal
equilibriumat inversetemperaturez
�¾$Yz>	¥$É±É±É± , thenentropy leaves � with a rategiven by
theformula (TØ � z �¥���µ$
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Figure2: Theenergy currents©N� .
where��� denotestheenergy currentleaving thereservoir �:� (seeFig. 2). TheHamiltonian
of thecombinedsystem� ��� � �y±É±É± is

åÿ!#å«ª»��Ø � å«¬~­`��Ð�$
where Ð describestheinteractionbetween� andthereservoirs. TheHeisenberg equation
for the total energy of the reservoir �:� leadsto the expression���#! ( � Ò å�$<å ¬~­ Ô
!( �uÒÓÐ�$<å«¬ ­ Ô . To make theconnectionwith thealgebraicformulationwenotethat

���N!Î�ø�q79Ð»=u$
where �ø� b � Ò å«¬ ­ $�±VÔ is thegeneratorof thedynamicsof �
� . Theentropy productionrate
in astationarystateq cannow bewrittenas

�C��76q�=�!®q*¯&(§Ø � z>�¥�ø�q79Ðß=�°]- (21)

Clearly, theargumentleadingto this formulaphysicallymakessenseonly in theidealized
casewheretheinteractionÐ is sosmallthatit doesnotaffect thethermalequilibriumstates
of the reservoirs. In concretemodels,strictly speakingthis will only be thecaseif eitherÐä!Í" or z���!�z 	[! ±É±É± . However, if the reservoirs areinitially in thermalequilibrium
at differenttemperatures,we do not expecta local perturbationÐ to be strongenoughto
induceaglobalapproachto thermalequilibriumin thecombinedsystem�T�.�/���,±É±É± . In
suchcircumstances,providedthattherestrictionto �:� of theNESSq remainssufficiently
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closeto theinitial thermalequilibrium,thequantitydefinedin Equ. (21) shouldstill carry
usefulinformationon thethermodynamicsof thesystem.

In fact,aswe shall seein thenext section,����76q�= hasmany of theexpectedpropertiesof
an entropy production. In particular, �C��76q�=» �" for an NESS q , andthestrict positivity
of �C��76q�= is a sufficient conditionfor theexistenceof energy currents.Thus,we consider
Equ. (21) asa sufficient motivation for thegeneraldefinitionof entropy productiongiven
below. We refer the readerto [Ru4, Ru5, Ru6] for a moredetaileddiscussionof entropy
productionin spinsystems.

4.2 Definition and BasicProperties

Let 798:$<;%$YS`= be a quantumdynamicalsystem. For any state ®¡Iw¶ © we denoteby�~�±%�7P®��tS`= the relative entropy of ® with respectto S . The basicpropertiesof the rela-
tive entropy arediscussedin themonograph[OP]. We recall that �~�±%ì7P®3�tS`=H+Î" andthat
for finite quantumsystems

�~�±%�7P®3�tS`=�!#³�´�7¤®'7 a�ð�ñ S�( a�ð�ñ ®«=Y='- (22)

Notealsothatournotationfor therelativeentropy differsfrom theoneoriginally introduced
by Araki in [Ar3, Ar4] by asignandtheorderof its two arguments.

Weshallneedtwo assumptions.Thefirst oneconcernsthestateS :

(A1) Thereexistsa
132

- dynamicsïÆ© suchthat S is a 7Gï«©�$¾( W = -KMS state.

Remark 1. Thechoiceof thereferencetemperaturez§!)( W in (A1) is madefor mathemat-
ical convenience.If (A1) holds,thenfor any zsî!Î" thereis a

1 2
- dynamicsï © � � suchthat

S is 7Gï © � � $Yz&= -KMS state(set ï'?© � � !�ï l ?c�n�© ). Let usalsopoint out thata statesatisfying

(A1) is modularandthatTakesaki’s theoremshows that ï ?© 7GFQ=C!s¼ È ?e½ ¿ÆF l È ?e½ ¿ .
Remark 2. A statewhichcanbefactorizedinto aproductof KMS statessatisfiesCondition
(A1). Indeed,if

S_! ã²
�É÷ Û S��µ$ (23)

whereS�� is 7G;É��$Yz>��= -KMS, thenS is 79öH�ì; l � ­ ?� $¾( W = -KMS. Sincethisisacommonsituation
in non-equilibriumstatisticalmechanics,our first hypothesisis quitenatural.

Let �u© bethegeneratorof ï«© . Oursecondassumptionis aregularityconditionfor thelocal
perturbationÐ :

(A2) Ð�IR¢R7¤�u©'= .
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Remark 3. Tomaketheconnectionwith thediscussionof theprevioussectionandFormula
(21),notethatfor thestate(23)we get

�u©£!)(TØ � z>�¥�ø�µ$
where �ø� is thegeneratorof ;É� . Thus,identifying the factorcorrespondingto ³ !)" with
the system� andthe remainingfactorswith the reservoirs �
� , we caneasilyreproduce
Formula(21) by settingz Û !#" .
For a ; - invariantstateS satisfyingHypothesis(A1) anda local perturbationÐ satisfying
(A2), we introducetheobservable

ï Ñ b �u©&79Ðß=�IT8:$
anddefinetheentropy productionof thelocally perturbedsystem798:$<; Ñ = in thestationary
state®£I�Z:798[= , with respectto thereferencestateS , as

����7P®«= b ®
7Gï Ñ­=u-
Thefollowing theoremis a simpleextensionof themainresultin [JP4] (see[JP6] for the
proof).

Theorem 4.1 Assumethat Hypotheses(A1) and (A2) hold. Then,for anystate ®_I�¶
©
onehas

�~�±%ì7P®�^­; ?Ñ �tS`=�!y���P%�7P®��tS`=¦( k ?Û ®�^�; tÑ 7GïhÑC=qp � $ (24)

bothsidesof thisequalitybeingeitherfinite or (�� .

Theproof of Theorem4.1 is basedon theAraki perturbationtheoryof KMS states[Ar5].
It is however an instructive elementaryexerciseto verify Relation(24) for finite quantum
systems.Weusethenotationof Example2.3.1andset

® ? b ®�^­; ?Ñ !s¼ l È ?Gçêæ­è Ñ�é ®`¼ È ?Gç�æ`è Ñ¦é -
FromEqu.(22)we get

���P%�7P®�^�; ?Ñ �tS`=C!y³�´�7P® ? a�ð�ñ S`=¦(�³�´�7P® ? a�ð�ñ ® ? =
!y³�´�7P® ? a�ð�ñ S`=¦(�³�´�7P® a�ð�ñ ®«=u$

andhence pprA �~�±%�7P®3^ ; ?Ñ �tS`=�!s��³�´ì7YÒ ® ? $<åw��ÐHÔ a�ð�ñ S`=u-
SinceS is ; - invariant,we have Ò a�ð�ñ S $<å/Ô'!#" andthecyclicity of thetraceleadsto

pprA �~�±%ì7P®�^­; ?Ñ �tS`=�!¨(*��³�´�7P® ? Ò a�ð�ñ S $uÐHÔP=u-
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Finally, notethat �u©&79Ð»=�!s�uÒ a�ð�ñ S $uÐHÔ , from whichwe conclude

pp�A ���P%�7P®3^­; ?Ñ �tS`=�!¨(*³�´�7P® ? �u©�79Ð»=Y=�!¨( ®3^�; ?Ñ 7¤�u©�79Ðv=Y=u-
In therestof this sectionwe describesomebasicpropertiesof theentropy production.Letq�Iad èÑ 7PS`= besuchthat qC7GFH=�! acbed Ù S f Ý 7GFH= , thenonehas

aebedÙ
W
� Ù �~�±%ì7PST^�; f ÝÑ � S`=�!¨( aebcdÙ

W
� Ù

k f ÝÛ ST^�; ?Ñ 7Gï ÑC=qp�A�!)(*����76q�=u- (25)

Thefollowing resultfollows immediatelyfrom this relation.

Theorem 4.2 AssumethatHypotheses(A1) and(A2) hold. Then,any q�I´d èÑ 7PS`= satisfies

����76q�=  �"%-
Remark. Obviously ����76q�=:+w" if q)I,d lÑ 7PS`= . In particular, �C��76q�=[!¡" for any q)Id èÑ 7PS`=�¸zd lÑ 7PS`= .
As displayedby Formula(25), ����76q�= describesthe rateat which the relative entropy de-
creasesalongthetrajectoryS§^­; ?Ñ . Theideaof definingentropy productionastheasymp-
totic rateof decreaseof somerelative entropy wasalreadypresentin theearlyworks[Sp1]
and[LS], althoughin theslightly differentcontext of quantumsemigroups.For quantum
dynamicalsystems,a similar constructioncanbefoundin [OHI, O1,O2], wheretheposi-
tivity of entropy productionis alsodiscussed.

Thenext resultshows thatthis asymptoticbehavior, andthusthevalueof ����76q�= , is essen-
tially independentof thechoiceof thereferencestateusedto computetherelative entropy.

Proposition 4.3 Assumethat(A1) holds,thenthereis a norm-densesetof states¶ �© Ë�¶
©
such that,as A�D � ,

�~�±%�7P®�^�; ?Ñ � S � =�!y�~�±%ì7P®�^­; ?Ñ � S`=��2µo7 W =u$
for any S��'Io¶]�© andany ®£Io¶
© .

Sincewe believe thata stateq�I£¶
© describesthesamethermodynamicsas S , we expect
sucha stateto have vanishingentropy production. This was shown in [JP4] underthe
assumptionthat q is faithful. Thenext statementgeneralizesthis result.

Proposition 4.4 AssumethatHypotheses(A1) and(A2) hold. Then,for any ;¾Ñ - invariant,S - normalstateq , onehas ����76q�=C!y"%-
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Undertheassumptionsof theabove propositionit follows that,for any NESS q.I´d eÑ 7PS`= ,
onehas �C��76q�=�!Vq � 7Gï Ñ =u$
where q � denotesthe S - singularpartof q . Thusthesingularpartof a NESScontainsthe
full informationaboutits entropy production.

Thereverseof Proposition4.4holdsin a slightly weaker form:

Proposition 4.5 Assumethat (A1) andthefollowingconditionhold,

aebed�b ��¶? g3i �~�±%ì7PST^�; ?Ñ �tS`=­{Î(��s-
Then,onehas d èÑ 7PS`=�!yd lÑ 7PS`=�!Ä�wq¦��Ë�¶
©�-
Undersomeweakergodicity assumption,we canactuallycharacterizeS - normality of a
NESSby thevanishingof its entropy production.This resultis aneffective way to prove
strictpositivity of entropy productionin someinterestingexamples,seeSection5.3.

Proposition 4.6 Assumethat q�I·d èÑ 7PS`= satisfiesYKZ �f¹¸ Û«ºººº
k f
Û �GST^ ; ?Ñ 7Gï ÑC=�(DqC7Gï ÑC= � prA ºººº �]�s- (26)

Thenq is S - normalif andonly if �C��76q�=�!s" .
Finally, we wish to briefly comebackto the interpretationof entropy production. For a
NESS qyINd�eÑ 7PS`= , we have seenthat ����76q�= describesthedivergencerateof theentropy
of S�^*; ?Ñ relative to a “typical” referencestatein ¶ © . However, we do not yet have such
an interpretationfor an arbitrary ;¾Ñ - invariant state ®�I�Z
798[= (we are grateful to J.L.
Lebowitz for raisingthisquestion).

Let ®RI/Z:798[= beanarbitrarystate.Since¶
© is weak-*densein Z:798[= , thereis asequence® Ù Io¶ © whichconvergestowards® in theweak-*topology. Moreover, oneeasilyarranges
thatsequenceto satisfy ���P%�7P® Ù �tS`=�{Î(N� . By Theorem4.1,thelimit

ºM0 7P®h$YA<= b aebedÙ � �~�±%�7P® Ù ^�; ?Ñ �tS`=&(��~�±%�7P® Ù �tS`= � $ (27)

exists,is independentof thechoiceof theapproximatingsequence® Ù andsatisfies

ºM0 7P®h$YAY=`!¨( k ?Û ®�^�; tÑ 7Gï Ñ =qp � -
Hence,if ® is ;¾Ñ - invariant,then ����7P®«= is therateof divergenceof theentropy differentialºM0 , º»0 7P® $YA<=�!¨(*Aq�C��7P®Æ=u-



24

4.3 Stability and Entr opy Production

Let 798:$<;%$YS`= beaquantumdynamicalsystemsuchthat 798:$<;>= satisfiesAssumption(E) of
Section3.2 for some @ - subalgebra8 Û . It follows that for any self-adjoint ÐëIÎ8 Û and� ò��&�¹ò Ñ , onehas d e{ Ñ 7PS`=H! �¾S e{ Ñ � . Assumethat S satisfiesHypothesis(A1) andthat
(A2) holdsfor all self-adjoint Ð�IT8 Û . Finally supposethatthefollowing assumptionalso
holds:

(A3) For all self-adjoint Ð¹IT8 ÛYKZ �x { x ¼ { Ö � ? ¸ Û ºººº
k ?Û 7PS ^­; t{ Ñ 7Gï Ñ`=¦(�S è{ Ñ 7Gï Ñ`=Y=qp � ºººº �]�s-

By Theorem4.1,if �C��7PS è{ Ñ =C!y" theassumptionsof Proposition4.5holdandtherefore

S è{ Ñ !sS l{ Ñ I[¶
©�-
Moreover, thewell-known entropicinequality
<S è{ Ñ (�S�
 	 +Î( j �~�±%ì7PS è{ Ñ �tS`=u$
togetherwith theuppersemi-continuityof therelative entropy, yieldstheestimate
<S è{ Ñ (�S�
 	 !yµ[79òh=u-
Thusthestabilityassumption(S) is satisfiedand,provided S is a factorstate,Theorem3.4
yieldsthat S is a 7G;%$Yz¦= -KMS statefor somez_IR���T���3�s� .
Hence,undersufficient regularity assumptions,S is a KMS stateif andonly if theentropy
productionvanishesfor sufficiently many localperturbationsÐ . Moreprecisely:

Theorem 4.7 Let 798:$<;%$YS`= bea quantumdynamicalsystemwhere S is a factor statesat-
isfying (A1). Assumethat (E) holds and that (A2) holds for all self-adjoint Ð Iä8 Û .
Finally assumethat (A3) holds.Underthesehypotheses,S is a 7G;%$Yz&= -KMSstatefor somez¹I#�#�����3�]� if and only if �C��76q�=o!ÿ" for all q�I�d è{ Ñ 7PS`= , all local perturbationsÐ�I§8 Û andall sufficientlysmall òTI£� .

Exampleswhereall conditionsof Theorem4.7 aresatisfiedcanbe constructedusingthe
evensubalgebraof a freeFermigas.Weomit thedetails.

4.4 Time-DependentPerturbations

In this sectionwe considertime-dependentlocal perturbationsof a quantumdynamical
system798:$<;%$YS`= . Theresponseof thesystemto suchperturbationswill shedanadditional
light on thenotionof entropy production.
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Theentropy productionfor time-dependentperturbationsof
1 2

- dynamicalsystemshave
beenpreviouslystudiedin [OHI, O1, O2]. Someof thebasicformulasof thissectionseem
to beknown for a long time (seeRemarkon page281in [PW]).

A time-dependentlocal perturbationis specifiedby a norm-continuous,self-adjoint, 8
valuedfunction Ð
7PA<= on � . Theperturbedtime evolution is a family of norm-continuous
automorphismsof 8 givenby theformula

; ?Ñ 7GFH= b ; ? 7GFH=�� ØÙµÚ � � Ù k ?Û prAu� k ?GÜÛ prAV	¦±É±É± k ?eÝ�ÞµÜÛ prA Ù Ò ; ? Ý 79Ð:7PA Ù =Y=u$�Ò�±É±É±�$�Ò ; ?GÜ 79Ð
7PAu�X=Y=u$<; ? 7GFQ=×Ô�Ô�Ô9-
Notethatin general;%?Ñ is notagroup.

Theusualinteractionrepresentationof this time evolution is givenby

; ?Ñ 7GFQ=`!�� ? Ñ ; ? 7GFH=�� ? 2Ñ $ (28)

where � ? Ñ is theunitaryelementof 8 satisfyingthedifferentialequation

pprA � ? Ñ !s�U� ? Ñ ; ? 79Ð
7PA<=Y=u$ (29)

with theinitial condition � Û Ñ !¨L .
Throughoutthis section,we assumethat the state S satisfies(A1) andthat Ð:7PA<= satisfies
(A2) for all A . Moreover, themapsA­BD Ð:7PAY= and A`BD � © 79Ð
7PAY=Y= areassumedto berespec-
tively

1 � 7P� $u8o= and
1 7P� $u8o= . Weset

ï Ñ*7PA<= b �u©¦79Ð°7PA<=Y=u$
andfor any state®
I�Z:798[= , wedefinetherateof entropy productionby

�C��7P® $YA<= b ®
7Gï Ñ�7PAY=Y=u- (30)

Theanalogof theTheorem4.1 is thefollowing result.

Theorem 4.8 For anystate®£Io¶
© , such that �~�±%�7P®��tS`=�{Î(�� , onehas

���P%ì7P®�^­; ?Ñ �tS`=�(��~�±%�7P®��tS`=�!¨( k ?Û ®�^­; tÑ 7GïhÑ*7 � =Y=qp � !¨( �9®
7�� ? Ñ �u©&7�� ? 2Ñ =Y=u- (31)

Its proof follows closely the proof of Theorem4.1. Time-dependentlocal perturbations
allow us to discusssomephysicalaspectsof entropy productionwhich could not be dis-
cussedwithin theframework of Section4.2.Themostinterestingof thoseaspectsinvolves
therelationbetweenentropy productionandCarnot’s versionof thesecondlaw of thermo-
dynamics.
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Assumethat thesystem798:$<;%$YS`= is initially in thermalequilibrium– this meansthat S is
a 7G;%$Yz&= -KMS state,where zy{Ä" is the inversetemperature.TheKMS conditionimplies
that � © !)( z�� . Assumealsothat Ð:7PAY= vanishesoutsideof theinterval Ò "%$V�*Ô . Relation(31)
yieldsthat �~�±%�7PS§^�; fÑ �tS`=C!s�9z�SU7�� f Ñ � � � f 2Ñ = � - (32)

On theotherhand,thequantity 4 b ( �9SU7�� f Ñ � � � f 2Ñ = � is preciselythework doneon the
systemby thetime-dependentforce Ð . Let usbriefly elaboratethis well-known point (see
SectionV.3.3 in [Ha] andAppendixto SectionIV.5 in [Si1]). Assumethatour systemis
finite, that is, that 8 is a finite dimensionalalgebra.Denoteby å theHamiltonianof the
unperturbedsystem,so that �µ7n±²=£!|�uÒ å�$É± Ô . The Hamiltonianof the perturbedsystemiså�7PA<=�!yåw��Ð:7PAY= , andits energy at time A is½ 7PAY=C!sSU7G; ?Ñ 7Gå�7PAY=Y=u-
Since å�7 �H=�!yå , thetotal amountof work doneon thesystemis givenby

4 ! ½ 7 �Q=¦( ½ 7G"�= !ySU7G; fÑ 7Gå =Y=�(�SU7Gå =
!)(a¾ fÛ ST^­;%?Ñ 7¤�q79Ð£7PAY=Y=Y=qp�A
!)( �9SU7�� f Ñ �µ7�� f 2Ñ =Y=u$ (33)

wherethelastrelationis easilyderivedwith thehelpof (29)and(28). For infinite systems,
the total energy is infinite and å is not well-defined. However, the work 4 remainsa
well-definedquantitygivenby oneof thetwo lastformulasin (33). In particular, Equ.(33)
yieldsthefollowing expressionfor theinstantaneouspower dissipatedinto thesystem:

�*Ñ*7PAY= b ( ST^�; ?Ñ 7¤�q79Ð£7PAY=Y=Y=u-
Equ.(32) is theintegratedform of therelation

�C��7PS§^­; ?Ñ $YA<=�!sz&� Ñ 7PAY=u- (34)

Obviously, (32)and(34)areexpressionsof thethermodynamicalrelation p�0_!sz�p�¿ .

We further remarkthat sincethe relative entropy is alwaysnon-positive and z¨{¹" , (32)
implies that theenergy 4 transferedby theexternalperturbationsis alwaysnon-negative
– this is Carnot’s versionof thesecondlaw of thermodynamicswhichsaysthatonecannot
extractwork from a systemin thermalequilibrium. With regardto theusualdiscussionof
passivity, energy transferandthesecondlaw of thermodynamics(see[BR2, Ha,Si1, Th]),
we emphasizetherelationof thesenotionswith entropy production.

Considernow two independentsystems798H�µ$<;É�µ$YS���= , eachof which is in thermalequilib-
rium at inversetemperaturez>� ( S&� is a 7G;É��$Yz ��= -KMS state).Weset

8)!Ï8ß�&ö�83	¥$ ;°!y;��&ö�;É	�$ S_!sS���ö�S&	ì$
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anddenoteby �ø� the generatorof ;É� . The generatorof ; is given by ��! �ì���Ï�ø	 . As
alreadynoticed,Assumption(A1) holdsand �u©�!¡(�7Pz
�u�ì�`�]z>	¾�ø	�= . Let Ð:7PA<= be a time-
dependentlocal perturbationof 798:$<;%$YS`= , vanishingoutsideof thetime interval Ò "%$V�UÔ , and
establishinga temporarylink betweenthe two subsystems.In accordancewith theabove
discussion,thetotalwork doneby theexternalperturbationis

4 !¨( �×SU7�� f Ñ �q7�� f 2Ñ =Y=u-
Obviously, 4 !Î4_����4�	 , where

4��N!¨( �×SU7�� f Ñ �ø�%7�� f 2Ñ =Y=u$
is interpretedas the work doneon the ³ -th subsystem.As in the previous example, it
follows from Theorem4.8 that

z � 4 � ��z 	 4 	 !)(*�~�±%�7PST^�; fÑ �tS`=u- (35)

Relation(35)hasaninterestingconsequence[PW]. If �
� b z l �� denotesthetemperatureof
the ³ -th subsystemand �&�U{��
	 , then S is nota thermalequilibriumstate,andin principle
it is possibleto have 4_�*��" , whichmeansthatthefirst systemproducesapositiveamount
of work duringacyclic process.Sincetherelativeentropy is non-positive,wegetfrom (35)
that 4 �," and 44 � + �&�C( �
	� � -
This is the well-known Carnot’s formula which statesthat theefficiency of a heatengine
is limited by 7 ���H(]�'	�= � �&� , where �&� is the temperatureof the heatsourceand �'	 the
temperatureof theheatsink (comparewith remarkon page216of [BR2] and[PW]).

A deepresultof PuszandWoronowicz [PW] assertsthat(underamild additionalregularity
conditionandassuming�&�U{��
	 ) thereexist perturbationÐ:7PAY= satisfyingall ourconditions
andsuchthat 4_�*��" (seealsoTheorem5.4.28in [BR2]). It suffices,for example,thatthe
systems798H�µ$<;É�µ$YS���= have thepropertyof returnto equilibrium.

5 Thermodynamicsof Finite Quantum SystemsCou-
pled to Thermal Reservoirs

In this sectionwe considera morespecificclassof modelswherea finite quantumsystem� interactswith severalextendedreservoirs �:� which areat thermalequilibriumat differ-
ent inversetemperaturesz>� . This classof modelsis a basicparadigmof non-equilibrium
quantumstatisticalmechanics[JP5, LS, Ru3]. Theclassicalstatisticalmechanicsof such
systemshasbeendevelopedin [BL, L, LSh].

We definethesemodelsanddescribetheir basicpropertiesin Subsection5.1. Thegeneral
featuresof thescatteringapproachandspectralanalysisof thesemodelsaredescribedin
Subsection5.2.Finally, in Subsection5.3,wediscussaconcreteexample.
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5.1 The Model

Thesystem� is afinite quantumsystem,asdescribedin 2.3.1.Wedenoteits Hilbert space
by OMª andits Hamiltonianby åÀª . Thecorresponding

132
- dynamicalsystemis 798�ª�$<;Fª'=

andwe denoteits 7G;Fª�$<"�= -KMS state(i.e., thenormalizedtraceon 8�ª ) by Suª Û .
Eachreservoir �
� , ³o! W $É±É±É±�$�Á , is aquantumdynamicalsystem7983��$<;É�µ$YS���= , in thermal
equilibriumat inversetemperaturez>� . Thus S�� is a 7G;É�µ$Yz>�r= -KMS state.We denoteby �ø�
thegeneratorof ;É� .
Thecombinedsystem�T���/���,±É±É±¾���ÃÂ is describedby thequantumdynamicalsystem798:$<;%$YS`= where 8 b 8<ª»ö�8»�&ös±É±É±�ö�8�Â§$
andthefree(i.e.,decoupled)dynamicsis givenby

;°!#; ª ö�; � ös±É±É±�ö�; Â -
Weareinterestedin initial statesof theform

S_!ySuª»ö_SC�&ös±É±É±�ö�S�Â/$ (36)

where S ª is a faithful, ; ª - invariantstateon 8 ª . We denotethesetof suchproductstates
by ¶?ª . If 7PO°©�$<ªÆ©�$X¬�©h= is theGNS-representationassociatedto S]I:¶?ª , then Oo© and ªÆ©
do notdependon thechoiceof S .

The couplingof the finite system� with the reservoir �:� is specifiedby a self-adjoint
elementÐ«�ßIT8<ªvö�83� . Notethat Ð>� is naturallyidentifiedwith anelementof 8 . Wewill
usesuchobviousidentificationwithout furthercomment.Thecompleteinteractionis given
by thelocal perturbation

ò Ð¨!Îò ÂØ�É÷ � Ð>��$
where ò is a coupling constant. We assumethat Ð>�ÏI\¢R7¤�ø��= for all ³ , and thereforeÐ�I§¸¦�¾¢R7¤�ø�r= . Thegeneratorof thelocally perturbeddynamics; { Ñ is givenby

� { Ñ ! ÂØ�É÷ � �ø�*���uÒ åÀª»��òhÐ�$
±VÔ9- (37)

The goal is to study the NESSof 798:$<; { Ñ = associatedto the initial statesS¡Is¶ ª . As
remarked in Subsection4.1, theobservabledescribingthe heatflux from the �
� into the
system� is ��� b ò �ø�q79Ð»=�!Îò �ø�q79Ð>��=u-
It follows from Equ.(37) thattheheatfluxessatisfytheenergy balancerelationÂØ�É÷ � � �N!#� { Ñ 7Gå«ª»�0òhÐ»=u$
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from which we immediatelyobtainthe following expressionof thefirst law of thermody-
namics

Proposition 5.1 For any ;¾Ñ - invariant state® , onehasÂØ�ø÷ � ®'79����=�!y"%-
It is alsopossibleto definethe heatflux from the ³ -th reservoir into the system� asthe
”changeof energy” of � dueto thecouplingto �:� . We thenobtaintheobservablesÄ��� b pp�A ; ?{ Ñ�­ 7Gå ª = ºº ? ÷ Û !s�uÒÓòhÐ«�µ$<å ª Ô9$ (38)

whichsatisfytheenergy balancerelationÂØ�É÷ � Ä���H!#� { Ñ 7GåÀª'=u- (39)

Therelationwith thepreviously definedheatflux is givenbyÄ� �N!Î���N(_ò � { Ñ 79Ð>�¥=����nò 	 ÒÓÐ�$uÐ>�¾Ô9- (40)

Notethatboth � � and
Ä��� are µ[79òh= , while � �C( Ä��� is µo79ò 	 = , up to atotalderivative. From

Equ.(39)and(40) weobtainthefollowing result.

Proposition 5.2 For any ;¾Ñ - invariant state® , onehasÂØ�ø÷ � ®'7 Ä����=�!y"%-
Moreover, if ÒÓÐ�$uÐ>�¾Ô'!#" , then ®'79����=�!s®
7 Ä����= .
Finally, werelatetheheatfluxesto entropy production.For thispurpose,it is convenientto
choosethereferencestate

S Û !ySuª Û ö�S���ös±É±É±¥ö_S�ÂT$
where S�ª Û is theKMS stateof � at z�!)" . Thenwe have �u©ÆÅ3!Í(aÇ � z>���ø� . Oneshows
thatfor any S�Io¶ ª ,

�~�±%�7PST^�; ?Ñ �tS`=�!#�~�±%�7PST^�; ?Ñ �tS Û =��:xo7 W =
as A�D � , andthefollowing resultis immediate.

Proposition 5.3 Assumethat S�I°¶?ª , thenfor any q�Iad èÑ 7PS`= onehasÂØ�É÷ � z ��qC79���¥=�!¨(*�C��76q�=u- (41)

Formula(41) is thebasicthermodynamicrelationbetweenheatfluxesandentropy produc-
tion. In particular, if ����76q�=­{�" , theNESSq carriesnon-vanishingenergy currents.
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5.2 The Study of NESS

In Section3.3 we have discussedthe scatteringandspectralapproachesto the study of
NESSfor generalquantumsystems.In this subsectionwe describefeaturesof thesemeth-
odswhichareparticularto thespecificmodel � ���/�&�s±É±É±����ÃÂ .

5.2.1 The ScatteringApproach

Thescatteringapproachdescribedin Section3.3.1hasto beslightly modifiedto accommo-
datefor thefinite subsystem� . Thenecessarychangesaredescribedin [Ru3]. Setting

8�¬ b 8»�&ös±É±É±�ö�8�Â�$
;F¬ b ;���ös±É±É±�ö0;wÂ�$
S ¬ b S � Ü ös±É±É±¥ö�S ��È $

the
1�2

- dynamicalsystem798�¬H$<;F¬U= describesfreenon-interactingreservoirs. Assumethat
thereexistsnorm-densesubalgebras8 Û Ë¨8 and 8<¬ Û ËÃ8<¬ suchthat, for FwI�8 Û andF\¬ÎI§8�¬ Û ,k i

l i 
ìÒÓÐ�$<; ? 7VLÆª[ö�F\¬�=×Ôv
>p�A �]�s$ k i
l i 
ìÒÓÐ�$<; ?Ñ 7GFQ=×Ôv
>p�A*�]�s- (42)

Thefirst conditionensuresthatthelimits| eÑ 7GF\¬�= b aebed
? g e i ; l ?Ñ ^­; ? 7VLÆªoö�FX¬*=u$

exist in normanddefine @ - morphisms| eÑ p'8<¬ÄD 8 . Thesecondconditionensuresthat
thestronglimits } eÑ b aebcd

? g e i ; l ? ^­; ?Ñ $
exist anddefine @ - morphisms} eÑ ph8)Dë8 . Oneshows thatfor FÄIT8 ,} eÑ 7GFH=�!¨L ª ö } eÑÉ¬ 7GFH=u$
where } eÑ¹¬ !�7 | eÑ = l � . Thus } eÑÉ¬ arein fact @ - isomorphisms.Thesetsd eÑ 7PS`= consistof
singleNESSS~eÑ and S~eÑ !sST^ } eÑ !sS ¬ ^ } eÑ¹¬ -
Undersomeadditionalassumptiononecanalsoconstructperturbative expansionsof S eÑ
analogousto (19). For detailsandadditionalinformationwe referthereaderto [Ru3].

The abstractscatteringmethodis elegant and provides a fairly completeframework for
the studyof NESS.However, in concretemodels,the verificationof Conditions(42) (or
suitablevariantsof them)is a ratherdifficult mathematicalproblem.
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Thereexistsanumberof interesting,essentiallyexactlysolvablemodels,for whichCondi-
tions(42) (or suitablevariantsof them)canbeverified. Onesuchmodelis theextensively
studied

9a`
spin chain [Ar1, Ar2]. Anotherone involves a single spin coupledto free

fermionic reservoirs [AM]. It would be interestingto studytheNESSof thesemodelsin
detailandshow thatthey have strictly positive entropy production.

5.2.2 The SpectralApproach

In thissectionwetakeinto accounttheadditionalstructureof themodel �H�o�/���/±É±É±G�o�ÃÂ
to elaboratethespectraltheoryof NESSdescribedin 3.3.2.Let 7PO ª $<ª ª $X¬ ª = betheGNS-
representationof 8�ª associatedto the 7G;Fª�$<"�= -KMS stateSuª Û . TheLiouvillean Ç~ª is then
givenby ÇRªR!yå«ªßö#Lv(0LHö åaª�$
andif ��Z È � is thespectrumof å ª , thespectrumof Ç ª consistsof theeigenvaluedifferences��Z È (_Z�(¥� . In particular, " is aneigenvaluewhosemultiplicity is at leastequalto thedi-
mensionof O»ª . Let 7PO
��$<ª ��$X¬ �¥= betheGNS-representationof 83� associatedto S�� andletÇC� bethecorrespondingLiouvillean. Weassumethatthereservoirsaresufficiently ergodic
so that Ç`� hasa simpleeigenvaluezero, the restof its spectrumbeingpurely absolutely
continuousandfilling the entirereal line. The GNS-representation7PO°©�$<ªÆ©�$X¬�©h= associ-
atedto astateS�I[¶?ª is obtainedby takingtensorproductsof theGNS-representationsof
individual subsystems.In particular,

Oo©
!sO»ª»ö�O���öy±É±É±¥ö�O?Â/-
ThecorrespondingLiouvillean is

Ç�!yÇ~ª»��Ç*���y±É±É±���Ç�ÂT-
The eigenvaluesof Ç coincidewith the eigenvaluesof ÇRª andthe restof its spectrumis
purelyabsolutelycontinuousandcoverstherealline, seeFigure3.

Figure3: Thespectrumof Ê
ThestandardLiouvillean for thelocally perturbeddynamics; { Ñ is

Ç { !yÇ§��òhÐÏ(_ò'À�ÐoÀÆ-
If the temperaturesof the reservoirs are different, then one expectsthat for small non-
zero ò all theeigenvaluesof Ç turn into resonancesandthat thespectrumof Ç { is purely
absolutelycontinuous(seeFigure4). This impliesthat in non-equilibriumsituationsthere
is no S - normal, ; Ñ - invariantstate.In fact,by Theorem3.3,any NESSis purelysingular.
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Figure4: Thespectrumandresonancesof Ê { , far from equilibrium

To provetheabovespectralresultsin concretemodelsoneuseseithercomplex deformation
techniquesor Mourretheory, see[DJ] for ageneraldescriptionof thesemethods.

If the temperaturesof all the reservoirs are equal, " remainsan eigenvalue of Ç { with
an eigenvector correspondingto the perturbedKMS state S { Ñ . Apart from this simple
eigenvalue,thespectrumof Ç { is expectedto bepurelyabsolutelycontinuous,all theother
eigenvaluesof Ç turninginto complex resonances,seeFigure5. Thisyieldsthat,in thermal
equilibrium,thecombinedsystemenjoysstrongergodicpropertiesandin particular, hasthe
propertyof returnto equilibrium.See[DJ, JP3] andthenext sectionfor applicationof this
strategy to concretemodels.

Figure5: Thespectrumandresonancesof Ê { , nearequilibrium

In thenon-equilibriumcasetheabove argumentshows that, for small non-zerocoupling,
thereis nonormalNESS.To studysingularNESSoneusesthe

1
- Liouvilleandefinedby

Ç { � i !yÇ ��ò ÐÄ(_ò
À�º ÜS Ð�º l ÜS ÀÆ$ (43)

where º and À arethemodularoperatorandconjugationof theunperturbedsystem.For
sufficiently regular Ð , theoperatorÇ { � i is well-definedandclosed. It is not self-adjoint
andsatisfiesÇ { � i ¬­©�!�" . Theexpectedspectralpictureis now moredelicate.Roughly,
thereis a BanachspaceM , denselyandcontinuouslyembeddedin O°© , with thefollowing
property. For all �yI/M , thematrixelements

79�N$�7G�v(�Ç { � i = l � �U=u$ (44)

originally definedfor large � d �:{s" , have ananalyticcontinuationto theentirehalf-plane� d �
{s" , anda meromorphiccontinuationacrosstherealaxisto a secondRiemannsheet.
Theonlysingularityontherealaxisis asimplepoleat " . Theresidueatthispoleis givenby79�N$X¬­©h='7¤¬ { $u�*= , where ¬ { I§M 2 is a “resonanceeigenvector” of Ç 2{ � i . For a norm-dense
subsetËÍËs8 suchthat ªÆ©�76Ëo=V¬­©TË�M , theformula

S è{ 7GFH=�!)7¤¬ { $<ªÆ©&7GFH=V¬­©'=u$
definestheuniqueNESSof theperturbedsystem.Moreover, ¬ { andhenceS è{ will have
convergentexpansionsin powersof ò .
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Fordetailsandadditionalinformationconcerningtheaboveheuristicdescriptionof spectral
theoryof NESSwe refer thereaderto [JP5]. In thenext sectionwe describea non-trivial
modelto which theabove spectralapproachcanbeeffectively applied.

5.3 An Example

In this sectionweconsideraconcretemodel �����/�'��±É±É±ø���ÃÂ , wherethereservoirs are
identicalfreeFermigases.For concreteness,we assumethat theHilbert spaceof a single
fermion(in momentumrepresentation)is O !¨Ç 	 7P��ý«$<pÉþ'= andthat its Hamiltonianis the
operatorof multiplicationby SU7²þ'=�!�� þ¦� 	 �¥j û . Denoteby Ì��Æ7	��= b �q�q7	��=��?� 2� 7	��= thefield
operatorof �:� . Thecoupling Ð«� is givenby

Ð«�H!y¿3��öNÌ��%7 } ��=u$
where } �ßIRO is a form-factorand ¿3�Q!,¿ 2� IT8�ª . Thetotalperturbationis

ò Ð¨!ÎòNØ � Ð>��$
where ò is acouplingconstant.

To our knowledge,the dynamicalsystem 798:$<; { Ñ = wasfirst studiedby Davies in [Da1].
Davies investigatedthe van Hove weak coupling limit ò l " , AÃÍy� with A b ò 	 A�!8£7 W = . This limit yields information in the first non-trivial order of perturbationtheory.
Thepaper[Da1] wasfollowedby a substantialbodyof literatureconcerningdynamicsof
openquantumsystemsin the van Hove limit (for referencesand additionalinformation
see[GFV]). In particular, thenon-equilibriumthermodynamicsin thevanHove limit have
beenstudiedin detail in [LS], while thelinearresponsetheorywasdevelopedin [DS].

The tools to studythedynamicalsystem798:$<; { Ñ = for finite small ò have beendeveloped
only recently. In thecasewhereall the reservoirs have thesametemperature,it hasbeen
shown in [JP3]thatthesystemenjoys strongergodicproperties.In fact,thesystemstudied
in [JP3] differs from theoneconsideredhereby thebosonicnatureof thereservoir. How-
ever the techniquesextendimmediatelyto the fermionic case(seealso[BFS, DJ, M] for
additionaldevelopments).The non-equilibriumcasehasbeenconsideredin [JP5], using
thespectralapproachoutlinedin theprevioussection.In therestof this section,webriefly
summarizetheresultsof [JP5]. For reasonsof space,we will not specifyhereall thetech-
nical conditionswe need- the interestedreadermay consult[JP5] for precisestatements
andadditionalinformation.

Weneedtwo assumptionsonthemodel.Thefirst oneis anon-degeneracy conditionwhich
ensurestheuniquenessof theNESS.

(ND) The commutant ��å«ª�$�¿»�¾$É-É-É-¾$�¿�ÂT�¾� in 8<ª is trivial, namelyconsists
only of multiplesof theidentity. Moreoverk i

l i ¼ l È ?GçÏÎkÐ l Î Ý é S��µ71Ì��Æ7 } �¥=n; ?� 71Ì��Æ7 } �¥=Y=Y=qp�A3î!y"%$ (45)
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for Z\"�$<Z Ù IRï�7Gå«ª
= .
Note that if

9 Iy��åÀª�$�¿ß�¾$É-É-É-ì$�¿�Â��¾� , then ;%?Ñ 7 9 =�! 9
. Thus,the non-triviality of the

above commutantwould leadto an artificial multiplicity of NESS.Relations(45) ensure
thatthereservoirs inducestransitionsbetweeneigenstatesof thesmallsystem.

Thesecondassumptionwe needis of a moretechnicalnature.It requirestheform-factors} � to beanalyticin asuitablesense.Thisconditionallowsusto useacomplex deformation
techniqueto investigatetheanalyticstructureof theresolvent(44). It is possiblethatsome
of thetechnicaldevelopmentsin [BFS, DJ] canbeusedto relaxthiscondition.

Fix an initial stateS�I�¶?ª andassumethatnot all z>� arethesame.Themain resultsof
[JP5] aresummarizedasfollows: thereexistsa constantGy{�" suchthat,for "o�Ä� ò&�%�NG ,
thefollowing holds:

(1) d è{ Ñ 7PS`= consistsof a uniquepurelysingularNESS S è{ Ñ . Moreover, for all®£I°¶ © and FÃIT8 , aebed
? g3i ®�^­; ?{ Ñ 7GFH=�!sS è{ Ñ 7GFH=u- (46)

(2) The limit (46) is exponentially fast in the following sense. Thereexist| 79òh=
{w" , a norm-densesetof states¶ Û Ë)¶
© anda norm-dense@ - subal-
gebra8 Û Ë]8 suchthat,for ®
I°¶ Û and FÄI§8 Û ,

ºº ®�^­; ?{ Ñ 7GFH=¦(�S è{ Ñ 7GFQ= ºº + 1 ~�� Å � { ¼ l@Ñ ç { é ? - (47)

Moreover, | 79òh=�! | Û ò 	 �/8£79ò�Òì= as ò£DE" , where| Û {�" is acomputablecon-
stant. In fact, ( | 79òh= is equalto the imaginarypartof thenon-zeroresonance
of theoperatorÇ { � i closestto therealaxis.

(3) � ��$ Ä����$<ï Ñ b �u©ÆÅ¥79Ðß=�IT8 Û . Hence,Proposition4.6appliesandgives

����7PS è{ Ñ =�{�"%-
(4) Thereexist operatorsÓ ª � ��p 8�ª/D 8<ª , completelydeterminedby thesec-
ondorderperturbationtheory(FermiGoldenRule)of theresonancesof Ç { � i
andsuchthat ÓÀª b Ç � Ó ª � � is preciselythegeneratorof theMarkovian dy-
namicsin thevanHove limit. Namely, for any F ª I�8 ª andany initial stateS�!sSuª»ö�S���ös±É±É±�ö�S=Â¡Io¶?ª we have

aebed{ g Û ST^�; l ?c� { S ^ ; ? � { S{ Ñ 7GF\ª[öyLÆ¬�=�!ySuªz�É¼ l ?!Ô=Õ FXªs�»-
(5) For FëI¨8 Û , the function òÎBD S è{ Ñ 7GFH= is analytic for � ò��U��G . More
precisely, thereexist linearfunctionalsS è� ph8 Û D â suchthat,for F¨IT8 Û ,

S è{ Ñ 7GFH=C!ÎØ� Ú Û ò � S è� 7GFQ=u- (48)
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Thefirst term S èÛ belongsto ¶?ª andhencehastheform

S èÛ !ySuª � �1Ö ö�SC��öy±É±É±�ö�S=ÂT- (49)

ThestateS�ª � �UÖ is ;Fª - invariant.It is asolutionof theequationÓ 2ª 7PSuª � �1Ö =�!#" .
Thenon-degeneracy condition(ND) ensuresthatscalarmultiplesof thedensity
matrix S�ª � �UÖ are the only solution of this equation. Although the formulas
for the higherorder termsin Equ. (48) becomequickly very complicated,in
principleit is possibleto computeall termsof thisexpansion.

The proofsof (1)-(5) arebasedon the spectralanalysisof the
1

- Liouvillean Ç { � i and
follow the strategy describedin Section3.3.2. The necessarymodularstructuresneeded
to computethe

1
- Liouvillean aredescribedin 2.3.1and2.3.2. The technicalanalysisis

basedonthecomplex deformationtechniquepreviouslydevelopedin [JP2, JP3].Condition
(ND) is relatedto theergodicpropertiesof theMarkovian semigroup¼ l ?×Ô�Ø (see[Fr1, Fr2,
GFV, Sp2]).

The results(3)-(5) allow to computeheatfluxes and entropy productionperturbatively.
SinceS èÛ is invariantundertheunperturbeddynamics,we have S èÛ 7Gï { Ñ =`!yS èÛ 79����=�!#" .
Hence,

�C��7PS è{ =�!Îò 	 S è� 7¤�u© Å 79Ð»=Y=���ò ý S è	 7¤�u© Å 79Ð»=Y=��s±É±É±�$
S è{ 79����=�!Îò 	 S è� 7¤�ø�%79Ð»=Y=���ò ý S è	 7¤�ø�%79Ð»=Y=��s±É±É±�- (50)

Of particularimportancearethe ò 	 -contributions(wewill call themtheFermiGoldenRule
terms).They canbeusedto give a perturbative proof of thestrict positivity of theentropy
production,aswewill describebelow. With

�C�
!sS è� 7¤� ©ÆÅ 79Ðß=Y=u$
���H!sS è� 7¤�ø�%79Ðß=Y=u$

we canwrite ���
!¨( Ø � z>� ���r-
FromEqu.(38),(40)it easilyfollows that

���H!sS�ª � �1Ö 7�Ó ª � �%7Gå«ªh=Y=u-
TheoperatorsÓ ª � � canbeexplicitly computedanda somewhat long computationshows
that,aslong asthe z>� arenotall identical,onehas

���/{�"%-
Thisgivesanotherproofof thestrictpositivity of theentropy productionfor small ò , which
hastheadvantageof providing aconcreteestimate.

Someof theprinciplesof phenomenologicalthermodynamicshold for thestateS�ª � �UÖ . Of
particularinterestaretheOnsagerreciprocityrelations.For theproofof theserelationsand
additionaldiscussionwereferthereaderto [LS].
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[DJP] Derezinski,J.,Jaǩsić, V., Pillet, C.-A.: Perturbationtheoryof 4 2
- dynamics,Liou-

villeansandKMS states.Submitted.

[E] Eckmann,J.-P.: Resonancesin dynamicalsystems.Proceedingsof the IXth Inter-
nationalCongressof MathematicalPhysics(Swansea1988).Hilger, Bristol (1989).



37

[Fr1] Frigerio, A.: Quantumdynamicalsemigroupsandapproachto equilibrium. Lett.
Math.Phys.2, 79 (1977).

[Fr2] Frigerio,A.: Stationarystatesof quantumdynamicalsemigroups.Commun.Math.
Phys.63, 269(1978).

[GFV] Gorini, V., FrigerioA., Verri, M., Kossakowski, A., Sudarshan,E.C.G.:Properties
of quantumMarkovian masterequations.Rep.Math.Phys.13, 149(1978).

[Ha] Haag,R.: Local QuantumPhysics.Springer-Verlag,Berlin (1993).

[HKTP] Haag,R.,Kastler, D., Trych-PohlmeyerE.: Stabilityandequilibriumstates.Com-
mun.Math.Phys.38, 213(1974).

[HTP] Haag,R.,Trych-Pohlmeyer E.: Stabilitypropertiesof equilibriumstates.Commun.
Math.Phys.56, 273(1977).

[Hu] Hugenholz,N.M.: Derivation of the Boltzmannequationfor a Fermi gas.J. Stat.
Phys.32, 231(1983).

[I] Israel,R. B.: Convexity in theTheoryof LatticeGases.PrincetonUniversityPress,
Princeton,N.J.,(1979).
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