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Abstract

Wereview andfurtherdevelopamathematicalramewnork for non-equilibriumguantum
statisticalmechanicsecentlyproposedn [JP4 JP5,JP§ Ru3,Ru4, Ru5 Ru6]. In thealge-
braicformalismof quantumstatisticalmechanicsve introducenotionsof non-equilibrium
steadystates,entroy productionand heatfluxes, and study their properties. Our basic
paradigmis a model of a small (finite) quantumsystemcoupledto several independent
thermalreserwirs. We exhibit examplesof suchsystemswhich have strictly positve en-
tropy production.



1 Intr oduction

Thepropertieof aphysicalsystenoutof thermalequilibriumareusuallydescribedn term
of phenomenologicatonceptdike steadystate,entropy productionandheatflux. These
notionsarerelatedby thefundamentalaws of thermodynamicsAs anillustration,consider
amodeldescribinga small systemS coupledto two infinite heatreserwirs R1,Rs which
areattemperaturd, T>. Undernormalconditions,oneexpectsthatthe combinedsystem

N

Figurel: A systemcoupledto two heatreseroirs

will settleinto a steadystatein which thereis a constantflow of heatand entrofy from
the hotterto the colderreserwir acrosshe systemS. Let &, bethe heatcurrentflowing
from reseroir Ry, into thesmallsystemS, andEp theentrogy productionratein S. In the
steadystate the fundamentalaws of thermodynamicsead:

P 4+ Py =0,

1)
o, Dy (
—+——==-Ep<0.
T + Ty P =
The first relation expressesnegy conseration (the first law of thermodynamics).The
seconassertshatthe heatflows from thehotterto the colderreserwir andthattheentrogy
of § is notdecreasindthe secondaw of thermodynamics).

Ourgoalisto give aprecisemathematicaineaningo thenotionsof non-equilibriumsteady
state entrofy productionandheatflux, studytheir propertiesandprove Relationg(1) from
first principles. We will alsoexhibit examplesof combinedsystemsS + R + R which
have strictly positive entropy productionandhencenon-trivial thermodynamics.

We will work in the mathematicaframevork of algebraicquantumstatisticalmechanics
which appeargo be particularlywell-suitedto the studyof generalstructuralpropertieof
non-equilibriumsteadystates. The basicnotionsof this algebraicframewnork are briefly
introducedin Section2. The readeris referredto the monographgBR1, BR2, Ha, Sil,
Th] for more detailedexpositions. In Section3, we definenon-equilibriumsteadystates
anddiscusgheir basicstructuralproperties.Section4 is devotedto the notion of entropy
production. Finally, a simple classof modelswith strictly positve entrofy productionis
describedn Section5.



This review is basedon a seriesof recentpapers[JP4 JP5,JP6,Ru3, Ru4, Ru5, Rud|.

Theseworks rely on a large body of knowledge previously developedby mary authors
in variousareasof mathematicaphysics: Equilibrium statisticalmechanicsguantumdy-

namicalsystemsguantumMarkovian processesyan Hove limit, linear responseheory
etc... Eventhoughwe have tried to provide thereademwith the mostrelevantreferenceso
theseearlierworks, we do not claim completenes this respectandreferthe readerto
[BR1, BR2,0OBR for anextensve list of references.

Acknowledgment. We aregratefulto JanDerezinskiandDavid Ruellefor usefuldiscus-
sionsonthesubjectof this review. A partof thiswork hasbeendoneduringthevisit of the
first authorto JohnsHopkinsUniversity V.J.is gratefulto Steve Zelditchfor his friend-
ship andto MathematicsDepartmeniof JohnsHopkins University for generoussupport.
The secondauthorthanksJean-Pierr&ckmannfor hospitalityat the University of Genera
where part of this work hasbeendone, andthe SwissNational ScienceFoundationfor
financialsupport.Theresearclhof thefirst authorwaspartly supportecby NSERC.

2 The Framework

In its algebraidormulation,the quantummechanic®f a physicalsystemis describedy a
C* oraW*- dynamicalsystem.To avoid technicalitiesve will consideiin thisreview only
C*- systemsThenon-equilibriumstatisticalmechanicof W*- systemswill bediscussed
elsavhere.

C*- dynamicalsystemsreintroducedn Subsection2.1and2.2below. In Subsectior2.3
we describesomeexamplesof suchsystems.

2.1 C*- Dynamical Systems

A C*- dynamicalsystemis a pair (O, 7), where© is a C*- algebraand ¢ a strongly
continuougroupof - automorphismsf O (thatis, themapt — 7¢(A) isnorm-continuous
for eachA € O). We assumehat O hasanidentity 1. The elementsof O describe
obsenrablesof the physicalsystemunderconsideratiormandthe groupr specifiegheirtime
evolution. An exampleof a C*- algebrais B(#), thealgebreof all boundecbperatorona
Hilbert spaceH, equippedvith theoperatomormtopology Any C*- algebras isomorphic
to asubalgebraf B(H) for someHilbert space.

A stateof thesystemis describedy a positive linearfunctionalw € O* satisfyingw(1) =
1. Thenumberw(rt(A)) is the expectedvalueof theobserable A attime ¢, assuminghat
the systemwasinitially in thestatew. ThesetE(O) of all stateon O is a convex, weak-*
compactsubsebf the dualBanachspaceOD*.

A statew € E(O) is called - invariant, or steadystate,if w o 7t = w for all t. A C*-
dynamicalsystemhasat leastone (andtypically mary) steadystates. We call quantum
dynamicalsystematriple (O, 7,w), wherew is a - invariantstate.



A quantumdynamicalsystem(Q, 7, w) is calledergodicif

. 1 T *_t _ *
Tlgl;oﬁ/_Tw(B 7(A)B) dt = w(A)w(B*B),

forall A, B € O. It is saidto have the propertyof returnto equilibriumif

lim w(B*r*(A)B) = w(A)w(B*B).

[t| =00

Thermalequilibrium statesare characterizedy the KMS condition. Let 5 > 0 be the
inversetemperatureA statew is (1, 3)-KMS if, for all A, B € O, thereis afunctionF4 g
analyticinsidethe strip {z |0 < Imz < g}, boundedand continuouson its closure,and
satisfyingthe KMS boundaryconditions

Fap(t) =w(AT'(B)),  Fap(t+if) = w(r'(B)A),

for t € R. A KMS stateis 7- invariant. The guantumdynamicalsystem(O, 7, w), where
wisa(r, §)-KMS state describes physicalsystemn thermalequilibriumattemperature

1/8.

Note thata (7, 3)-KMS stateis alsoa 3'-KMS statefor the dynamicsdefinedby 7%'/5,
Eventhough,in mostsystemsthe physicaltemperatures a non-ngative parameterit is
mathematicallyconvenientto defineKMS statefor all 5 € R U {+o0}. Thecases = 0
correspondso infinite temperatureand (7, 0)-KMS states(r- invarianttraces)are some-
timescalledchaoticstatesLet § bethegeneratoof 7. Thestatew is called(r, +00)-KMS
stateif +iw(A*§(A)) > 0 forall A € D(d). (,3)-KMS statesat valuesg = +oo and
B = —oc arecalledrespectiely groundstatesandceiling states.

Letw beastateontheC*- algebra®. We denoteby (H,,, 7, 2,) the GNS-representation
of O associatedo w. An injective representatiom,, is calledfaithful. A staten € E(O)
is calledw- normalif thereis a densitymatrix p onH,, suchthatn(-) = Tr(pm,(-)). The
setN,, of all w- normalstatess a normclosedconvex subsebf E(O). N, is sometimes
calledthefolium of w. Any n € N, hasauniquenormalextensionto the ervelopingvon
Neumanralgebradit,, = 7, (O)". Thestatew is calledfactorstate(or primary state)if its
ervelopingvon Neumanrelgebras afactori.e, if its centeft,, NMt,, consistof multiples
of theidentity.

Theeffectivenes®of thealgebraidormalismof quantumnrstatisticaimechanicss largely due
to Tomita-Takesakimodulartheoryof von NeumanralgebrasWe assumehatthereadeiis
familiar with the basicresultsof this theoryasdiscussedfor example,in [BR1, BR2, Ha,
OB. For notationalpurposesve recallsomewell-known facts.

The statew is called modularif €2, is a separatingrectorfor 90, i.e. if w extendsto a
faithful normal stateon 93t,,. Any KMS stateat inversetemperatures € R is modular
Assumethatw is a modularstateon @ anddenoteby A, = e“~, J andP the modular
operator the modularconjugationandthe naturalconeassociatedo the pair (90, ).



TheoperatorL,, is self-adjointwhile J is ananti-unitaryinvolutionon#,,. Theseoperators
arecharacterizedy therelation

Jef 2 AQ, = A*Q,, 2)
which holdsfor ary A € 91,,. ThenaturalconeP is thenormclosureof the set
{AJAQ,|A € M, }.

An importantpropertyof the naturalconeis thatfor every staten € N, thereis aunique
vectorQ), € P suchthatn(-) = (2, 7, (-)Q,). Moreover, if 7 is a C*- dynamicson O
(notnecessarilyeaving the statew invariant),thenthereis a uniqueself-adjointoperatorL
onH,, suchthat,for all ¢,

T (T4 (A)) = eFr, (A)e L,
, (3)
e ULp C .

The operatorL is calledthe standardLiouvillean. The first formulain (3) allows usto
extendr to all of 971,,,.

A staten € N, is 7- invariantiff LQ,, = 0. Thus,thestudyof w- normal,r- invariantstates
reducego the studyof Ker L. Thisis thefirst link betweemuantumstatisticalmechanics
andmodulartheory The secondneis Takesakis theoremw is a (7, 8)-KMS stateiff

L., = —pL. (4)

Thethird link is quantumKoopmanismThespectrapropertief thestandard.iouvillean
L encodethe ergodic propertiesof the quantumdynamicalsystem(Q, ,w) in complete
analogywith Koopmans lemmaof classicakrgodictheory[JP1 JPJ. For example,if the
statew is modular then (O, 7,w) is emodiciff zerois a simple eigevalue of L. More-
over, the systenreturnsto equilibriumif the singularspectrunmof L reducego this simple
eigervalue.

2.2 Local Perturbations

Let (O, 7, w) beaquantundynamicalsystendescribinga physicalsystemin asteadystate.
Our guiding physicalprincipleis thattheresponsef the systemto local perturbationswill
revealits basicthermodynamicaproperties.We now discusshe mathematicaformalism
neededo dealwith local perturbations.

Let § be the generatorf the dynamicalgrouprt. The operators is a - derivation: Its
domainD(4) is a x- subalgebraf O andfor A, B € D(d),

§(A)* = §(A%),  6(AB) = 6(A)B + As(B).



LetV bealocal perturbation.e.,V = V* € O. Thegeneratoof the perturbeddynamics
is dy (-) = &(-) + i[V,-]. Theoperatordy is alsoa x- dervationandD(dy) = D(4). The
perturbecdynamicsis givenby theautomorphisms{, = /v,

H+Yi / dty / iy "t [ (V), [ [ (), 7 (AY]

n>1

The pair (O, 1v) is a C*- dynamicalsystem.If w is modularand L is the standard_iou-
villean associatedo 7, thenthe standardLiouvillean associatedo 7y is the self-adjoint
operatorgivenby

Ly=L+V —-JVJ,

with domainD(Ly) = D(L).

2.3 Examples
2.3.1 Finite Quantum Systems

Let K ~ CV beafinite dimensionaHilbert spaceand© = B(K). A C*- dynamicsr is
determinedy aself-adjointoperatorfHamiltonian) H on K

Tt(A) — eitHAe_itH.
Thedynamicsassociateavith thelocal perturbationV is

H(A) = GHHAV) go—it(H+V)

A statesv € E(O) is determinedby a densitymatrix on X which we denoteby the same
letter sow(A) = Tr(wA). The statew is faithful iff w > 0 andit is 7- invariantiff
[w,H] =0.

Forary 8 € R thedensitymatrix
e P Tr(e™ M),

definestheunique(r, 8)-KMS stateon O. Ontheotherhand,if w is a faithful state then
for ary 8 # 0 thereexists a uniqgueC*- dynamicso,, g suchthatw is a (o, g, 3)-KMS
state.This dynamicsis generatedby the Hamiltonian— 3! log w.

The GNS-representatiofi,,, ,,, ) of O associatedb the statew canbe explicitly con-
structedasfollows. Let0 < A < --- < Ay bethe eigevaluesof w countedwith

multiplicities anddenoteby 1); the correspondingigervectors.Fix a complex conjugation
¢+~ p onK. Then

%w:’C®Ka

Ww(A) =AQ® 17

N
Q=N v @Y

k=1



The standard.iouvillean correspondindo the dynamicsr generatedy the Hamiltonian
His
L=H®1-1QH,
where,by definition, Hy = H4). Finally, let us describethe modularstructureassociated
to afaithful statew. ThemodularconjugatioractsasJ (v ® ¢) = ¢ ® v, andthemodular
operatoiis givenby
Ly,=logA,=logw®1—-1Q logw.

Isolatedfinite quantumsystemshave no interestingthermodynamics.However, models
whereafinite quantumsystemis coupledto infinite thermalreserwirs areoneof the basic
paradigmf quantumstatisticalmechanics.

2.3.2 FreeFermi Gases

Let A be the Hilbert spaceof a single fermion and h its Hamiltonian. For example,a
free non-relatvistic spinlesselectronof massm is describedby the Hilbert spaceH =
L?(R3,dp) andits Hamiltonianh is the operatorof multiplication by p?/2m. Another
exampleis given by a spinlesdattice fermionwith Hilbert spaced = ¢2(Z4) andHamil-
tonianh = —A, theusualdiscretelaplacianon Z¢.

Let I'_(H) be the anti-symmetric(fermionic) Fock spaceover . For f € H, denote
by a(f) anda*(f) the annihilationandcreationoperatoronI'_(#). They arebounded
operatorssatisfying||a(f)| = |la*(f)|| = ||f||. As usual,a# standdor eithera or a*. Let
O bethe C*- algebrageneratedvy {a¥ (f) | f € H}. Themap

'(a? (f)) = a® (e f),
extendsto a C*- dynamicson O which canbe explicitly writtenas
7H(A) = it Ae—itH
whereH = dI'(h). TheC*- dynamicalsystem(O, 7) describes free Fermigas.

Oneoftendealswith theevensubalgebraD,, the C*- algebrageneratedby
{a®(f1)---a® (fan) [ = 0,1, 5 fr, oo, fon € M}
Thepair (O, 7) is alsoa C*- dynamicalsystem.
A self-adjointoperator?’ on #, suchthat0 < 7' < 1, determines statew € E(O) by
w(a™(f1)---a*(fn)a(gy) - - algm)) = dmndet{(gi, T f;)}-

This, so calledquasi-freegaugeinvariantstate,is completelydeterminedy its two-point
function

w(a®(f)alg)) = (9, Tf)- (5)



A quasi-freegaugeinvariantstatesw is 7- invariantiff for all ¢, e®»Te~%" = T In particu-
lar, thequasi-freggaugenvariantstatedeterminedy 7' = F'(h) describesfree Fermigas
with enegy densityperunit volume F(E). For ary g € R, thequasi-freegaugeinvariant
statedeterminedby 7' = (1 + ¢#?)~! is theunique(r, 8)-KMS stateon O.

The GNS-representatioandthe associatednodularstructureof the quasi-freegaugein-
variant statew determinedoy T' can be explicitly computed(see[AW]). Let N be the
numberoperatorand(2 the Fock vacuumonT' _(#). Fix acomple conjugationon 4 and
extendit to acomplex conjugationonT'_ (H). Set

Ho = P*(,H) ® P*(’H)a

QW =0%9,
ro(a(f)) = a(@ - 7)) ® 1+ (1) @ o*(T*F).

Thetriple (H., 7w, Q) is the GNS-representatioaf the algebra® associatedo w. The
modularconjugationactsas J(® ® ¥) = U¥ ® U®, whereU = (—1)YNWV-1/2, The
modularoperatoris

L,=1logA,=dl'(S)®1—1®dI(S),
whereS = log T'(1 — T') . Thecorrespondindtiouvilleanis givenby
L=dI'(h)®1—1®dl'(h).

A quasi-freegaugenvariantstateis primary It is modulariff Ker? = Ker(1 — 7') = {0}.

From the above discussiorit follows easilythat, if w is a quasi-freegaugeinvariantand
T- invariant state,then the quantumdynamicalsystem(O, 7, w) is emodic iff A hasno
eigewvalues. Moreover, if the spectrumof A is purely absolutelycontinuous,then this
systenreturnsto equilibrium.

2.3.3 Interacting Lattice Fermi Gases

Considerthe C*- dynamicalsystem(O, 7) describingthe freelattice Fermigasintroduced
in the previous subsectionFor z € Z¢, we seta™ (z) = a#(§,) and,to ary finite subset
X C Z4 weassociat¢helocalalgebra® x generatedby {a* (z) |z € X}. Thealgebra®
is quasi-localwith respecto thenet{Ox }, in particularQ is thenormclosureof UxOx.

Thefermionsinteractthrougha realvaluedpair potentiaky € £'(Z4). For ary finite subset
X c 74, thelocal perturbation

Vx = Y o(z —y)a*(z)a* (y)a(y)a(@),

z,yeX



inducesadynamicsrt onO. Moreover, thereexistsa dynamicsr, on O suchthat,for ary
A € UxOx andfor ary increasingsequencef finite subsetsA C Z? which eventually
containsary finite subsebf Z¢, onehas

L(A) = lim 74(A).
7(4) = lim 7 (4)

The C*- dynamicalsystem(O, 7,) describesan interactingFermi gason the lattice Z<.
Thisimportantsystemis little understoodseehowever [Hu]).

2.3.4 Lattice Spin Systems

Let K be afinite dimensionaHilbert spaceand,for eachz € Z¢, let K, beacopy of K.
To afinite domainA C Z¢ we associatehe Hilbert space

HA = ®$EAH27
andthe corresponding’*- algebra
Op = B(Ha)-

If A1 C Ag, thentheinjectionA — A® 17{A2\A1 allows usto identify O, with asubalge-
braof O,,. Let O denotethe C*- algebraobtainedoy completinguy O, . We canidentify
thelocalalgebrasD, with subalgebrasf O.

The algebraQ describebserablesof the infinite spin system,the subalgebrad, con-
tainingthe obsenablesof the spinsinsidethedomainA.

An interactionis afunction ® from thefinite subsetsX C Z¢ into self-adjointelementsof
O suchthat®(X) € Ox. TheHamiltonian

of afinite domainA inducesa dynamics

Tjt\(A) — eitH(A)Ae_itH(A),

onO.

Let usdenoteby | X'| the numberof pointsin X. If theinteractionsatisfies

sup > [[(X)le" X! < oo, (6)
.Z‘EZdXBI

for somer > 0, thenthelimit

H(A) = lim 74 (A
7' (4) AITI;dTA( );



existsfor ary A € UpOx. Moreover, 7 extendsby continuity to a dynamicson O. The
pair (O, 7) is the C*- dynamicalsystemdescribinganinfinite quantumspinsystem.

Wheneer Condition (6) holds, thereexist at leastone (and possiblymary) (r, 5)-KMS
stateson O for ary 8 € R. Suchstatesareconstructedasthermodynamidimits of local
KMS statesddefinedon O, . Undersomeadditionalregularity conditionson theinteraction
® the KMS stateis uniquefor smallenoughg.

Wereferthereaderto [BR2, |, Rul,Si1] for detailedinformationon the kinematicalstruc-
ture and equilibrium thermodynamic®f quantumspin systemsandto [Ru3, Ru4, Ru5
Ru6] for their non-equilibriumstatisticalmechanics.The dynamicalaspectf quantum
spinsystemsarecomparatrely little studied. To our knowledgethe only well-understood
cases theone-dimensionaK'Y model,see[Arl, Ar2].

3 Non-equilibrium SteadyStates

In Subsectior8.1,we definenon-equilibriumsteadystated NES S)anddescribeheir basic
structuralproperties. Stability propertiesof quantumdynamicalsystemsarediscussedn
SubsectiorB.2. Finally, in Subsectior8.3,we review two approachew thestudyof NESS.

3.1 Definition and BasicPropertiesof NESS

Let (O, 7,w) beaquantumdynamicalsystemandV € O alocal perturbation.The non-
equilibrium steadystateSNESS)of the locally perturbedsystem(O, 7/) arethe weak-*
limit points,asT — +oo, of thestates

1 T
wl = — / wo T dt. (7)
T Jo

In otherwords,wy; is a NESSiff thereis a sequencd}, — +oo suchthat,for all A € O,
onehas
wi (A) = linman(A).

ThesetX{;(w) of NESSis a non-emptyweak-* compactsubsebf E(O) whoseelements
arety- invariant.

ThesetX, (w) is definedanalogouslyby takingT — —oc in Equ. (7). Althoughstatesn
¥}, (w) arenon-physicalthey arebothtechnicallyandconceptuallyuseful.

Obviously, the 7- invarianceof w playsnorole in the above definitions,andwe candefine
theNESSandthesetsE{ () for ary initial staten € E(O).

Remark. Thereis afair amountof arbitrarinessn the above definition. The ergodicmean
in Equ. (7) canbereplacedby anotheraveragingprocedure Without furtherassumptions
ontheemgodicpropertieof thesystemtheresultingsetof NESSwill generallynotcoincide

10
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with Z‘J;(n). However, mostresultsin this sectionare eitherindependenbf our specific

choiceof averaging,or canbe easilyadaptedo otheraveragings.For technicalreasons,
relatedto the useof spectrabnalysigsee[JP5]),aparticularlyusefulalternatve is Abelian

averaging.We denoteby Z‘%’Ab(n) the setof weak-*limit pointsof the state

e/ e “no T‘jft dt, (8)
0

ase | 0.

3.1.1 Dependenceon the Initial State

CIearIyE‘t(n) describeshesetof steadystateghatcanbereachedtartingfrom, andthus
depend®n the particularchoiceof theinitial staten. However, we expectthatsuficiently
similar initial statesshouldbe driven towardsthe samesetof asymptoticstates. Indeed,
undersomemild regularity assumptiony;(n) doesnotdependn the choiceof 7 aslong
asit remainsn thefolium A/,. Thefollowing resultwill beprovedin [JP4.

Theorem 3.1 Letw bea factor stateandassumehat, for all n € N,, and A, B € O,
N DY
Lim T/, n([mv(A), B])dt = 0,
holds(weakasymptoticabeliannessn the mean). ThenZ{ (n) = I (w) for all n € A,
In particular, if KerLy # {0}, thenit is one-dimensionaandthere is a uniquew- normal
Ty~ invariant statewy sut that 25 (n) = {wy} for all n € A,

3.1.2 Normal and Singular NESS

Fromnow on,wefix theinitial statew, andinvestigatehe structuralpropertiesf thestates
in E‘jﬁ(w). Firstweremarkthatif theGNS-representation, is notfaithful, we canconsider
thequotientdynamicalsystenonthealgebra® /Kerr,, (whichhasafaithful representation
on H,). Oneeasilyseesthatthe NESSof the original systemare obtainedby lifting to
O the NESSof the quotientsystemwith the help of the canonicalprojectionp: O —
O/Kerm,. Thus,without lossof generality we may assumehatthe GNS-representation
m, is faithful andidentify O with 7, (O).

A positive linearfunctionaly € O* is calledw- normaliff 4 = Av for somerv € N, and
A > 0. It is calledw- singulariff u > ¢ > 0 for somew- normal¢ implies¢ = 0. Any
statey € F(Q) hasauniquedecomposition

B= fn + U, (9)

whereu,, andu arepositve linearfunctionalsandy,, is w- normalwhile u is w- singular
(in particular u,, andus aredisjoint, see[KR, Ta] for details). Sincew- normalstatesare



mappedo w- normalstatesby 7y, the uniguenessf this decompositionmpliesthatif u
is Ty - invariant,thenboth u,, andus arery - invariant. We saythataNESSy € Z‘jﬁ(w) is
normalif its w- singularpartus is zeroandpurelysingularif its w- normalpartu,, is zero.

Theorem 3.2 Assumehaty € i (w), then:

1. If 4 is afactor state it is eithernormalor purely singular

2. If w is a factor state either y is purely singular or every w- normal stateis also -
normal.

If the systemhassettledinto a NESSy € ZJ‘;(w), thenit is describedby the quantum
dynamicalsystem(O, Ty, ). Fromthe point of view of thermodynamicsa fundamental
guestionis whetherthis systemhasa strictly positive entrofy production. At this level of

generalityit is far from obvious evenhow to defineentrofy production.We will returnto

this questionin Section4. We will prove thatthe entrory productionof the normal part
I 1S @lwayszera Thereforeanecessargonditionfor non-trivial thermodynamicss that
u & No,. In otherwords, . mustbe “sufficiently far” from w, sofarin factthatit doesnot

“live” in thesameHilbert space,,. Although physicallynaturalthis restrictionis oneof

themainsourceof difficulty in the mathematicastudyof NESS.

The following result gives useful criteria for a systemto have either purely singularor
normalNESS.

Proposition 3.3 Assumehat w is modular and let Ly, be the Liouvillean of the locally
perturbedsystem O, 1v).

1. If KerLy = {0}, thenanyNESSn Z‘i/(w) is purely singular
2. If KerLy containsa sepaating vectorfor 2t,,, then

S (w) = By (w) = {1} C N

We finish with a brief discussiorof equilibriumvs. non-equilibriumsteadystatedn quan-
tum statisticalmechanics. Considera quantumdynamicalsystem(QO, 7,w) and assume
thatw is a (1, 8)-KMS statefor someS > 0. The Araki perturbationtheory of KMS
states[Ar5, BR2, DJH vyields that for ary local perturbationV thereexist a w- normal
(1v,8)-KMS statewy. Under normal conditions, it is expectedthat for ary n € N,
YE(n) = {wy}. Thereis no interestingthermodynamicsn the sensethat the entrogy
productionof wy is zero. Hencethe main questionin thermalequilibriumis whetherthe
quantumdynamicalsystem(O, 7y, wy ) is ergodicor returnsto equilibrium. Althoughit is
generallyexpectedthatthesepropertieshold for physicalsystemsundernormalconditions
(the zerothlaw of thermodynamics)hereare very few non-trivial modelsfor which this
hasbeenproven (seg[BFS, DJ, JP3,M]).

The expectedscenarioin the non-equilibriumcaseis quite different. One considersa
quantumdynamicalsystem(Q, 7, w) which is notin thermalequilibriumanda local per
turbationV. Underthe influenceof the perturbationthe systemwill settleinto a NESS

12



wi € T{(w). Oneexpectsthatundernormalcircumstancefim,_, o 1 o ¢, = wy> for all
n € N,. Moreover, oneexpectsthatwﬁ; ¢ N, andthattheentropy productionassociated
to w{'} is strictly positive. Establishinghis scenaridor physicallyrelevantmodelsis oneof
the centralgoalsof non-equilibriumquantumstatisticalmechanics.

3.2 Stability

Froma physicalpoint of view, the prominentfeatureof thermalequilibriumis its stability
underlocal perturbations.This basicphenomenomappearsn two flavors: Structuraland
dynamicalstability.

Let (O, 7,w) bea quantumdynamicalsystemwherew is a (7, 5)-KMS state. It follows
from Araki's theory[Ar5, BR2,DJHR thatfor everylocal perturbatiorV thereis a (ry, 8)-
KMS statewy € N, suchthat

lwy — wll = OIVI]). (10)

Moreoverthemapw +— wy is, for fixed V', abijectionfrom the setof (r, 5)-KMS statego
thesetof (7y, 8)-KMS states This shavs thatthe setof thermalequilibriaof the systemis
structurallystableunderlocal perturbations.

Dynamicalstability doesnot hold without furtherassumptionHowever, if we assumehat

1 T
lim ! =
Jim [ =o an)
for all A € O, thenary NESSin X (w) is a (1, 8)-KMS state(this is a simplevariant
of Proposition5.4.6in [BR2]). Moreover, if (O, 1y,wy) is ergodic, thenthe structural
isomorphismu — wy is dynamicallyrealizedasz‘i,(w) = {wy}.

It is a deepfactthatthermalequilibriumis actually characterizedby the stability criteria
(10)and(11). Thereareseveralresultsin this direction. We will describeoneof them,for
otherssee[BKR, HKTP, HTP, NT]. Thefollowing ergodicity assumptiorwill be needed.

(E) For ary self-adjointelement” of anorm-dense-subalgebr&), C O there
isaAy > 0 suchthat

o0

| v de < oo, (12)
o0

holdsfor all |A| < Ay andA € O,

Underassumptior{E), for ary self-adjointV’ € O, the stronglimits

+ _ li —t t
= mm 7 oT
v =M T )

+

— t
Oé)\v =

lim 7 tort
t—too AV



existon O for all |A| < Ay. TheMgller morphismsﬁ\ﬁv arex- automorphismef O and
(')')\iv)_1 = afv. Sincew o 7ty = wo Tt o 7L, We get

S (@) = {wyp

with wyy, = wo ajy,. It followsthatw = wyy, 073, = limy, 4o wi;, o 7%, from whichwe
gettheformula

o0

iy () = () =i [ SEO VA 13)

—0o0

The stability requirements:

(S) For ary self-adjointV € Oy andA smallenoughthereexistsaryy - invari-
antstatew,y € N, suchthat

va(w) ={wiv} and ;1_15(1) lwry — w|| = 0.

Assumethat (E) and (S) hold, thenwj\LV = wyy andit follows from Equ. (13) andthe
dominatedcorvergencetheoremthat

o0
/ w([V, 7 (A)) dt = 0. (14)
—0oQ

This is the famousstability criterion of [HKTP]. It is a well-known resultof Haagand
Trych-Pohlmger[HTP], andof Bratteli,KishimotoandRobinsor{BKR] that(14)together
with (E) impliesthatw is a KMS state.More precisely

Theorem 3.4 Assumehat w is a factor stateand that assumption(E) holds. Then(S)
holdsif andonlyif w is a (, 8)-KMS statefor somes € RU {+o0}.

An example of C*- dynamical systemsatisfying condition (E) is the even subalgebra
(O, 1) Of afree Fermigasintroducedin Subsectior2.3.2. Let O, bethe x- subalgebra
of O, consistingof finite sumof monomials

a*(f1) -+ a¥#(fan), (15)

suchthatfor all 1, 7, )
(fia e—zthfj) c LI(R) (16)

ThenCondition(12) holdsfor ary A € Oy, ary self-adjointV € Oy andary A € R. More-
over, thealgebra®, is norm-densén O, iff h haspurely absolutelycontinuousspectrum
(see[BM] for details).

The stability of thermalequilibrium canalsobe understoodn spectraterms. Considera
quantumdynamicalsystem(O, 7, w), andassumehatthe 7- invariantstatew is modular
SinceL{,, = 0, zerois aneigervalue of the standard_iouvillean L of the system.There

14



might be other eigervectorsin KerL, associatedo otherw- normalinvariant states. In
physicalsituationsof interestthe zeroeigeivalueis embeddedhn the continuousspectrum
of L whichcoverstheentirerealline. It is apieceof folklore that,unlesgpreventedoy some
symmetrythis eigevaluewill turninto complex resonanceandertheinfluenceof alocal
perturbationV. ThereforepneexpectsthatthestandardLiouvillean Ly = L+V — JV.J
of the perturbedsystem(QO, /) will have purely continuousspectrumandthattherewill
be no 7y - invariantstatein the folium N,,. Indeed,by computingthe Fermigoldenrule
for Ly, the stability requiremen{14) canbe seento be a conditionwhich ensureghat
zerois aneigewalueof L,y to secondorderof perturbatiortheory Moreover, the KMS
conditionEqu. (4) canbeinterpretedasa form of symmetrywhich forces Ly to have a
zeroeigemwalue. To seethis, notethatsinceJV J belongsto the commutant?’, we have

ei(L+V)tJVJef’i(L+V)t — eiLtJVJefiLt‘
ThereforeusingEqu. (4), we canwrite
ei(L+V)t Ly ef’i(L+V)th — (L +V— eiLtJVJefiLt) Q.
=VQ, —eltjva,
_ (v - A;“/ﬂJV> 0,

The analyticcontinuationof the right handside of the lastidentity to ¢t = —i3/2 further
gives
(v —az2v) Q= (V- JaL2V) @ = (V - V90, =0,

from which we concludethat
Qp = e PLAVI2Q (17)

mustbein thekernelof Ly . In fact,up to normalization Equ. (17) is nothingbut Araki’s
formula for the vectorrepresentate of the (ry, 3)-KMS statewy, seee.g. [Ar5, BR2,
DJA.

3.3 The Study of NESS

From the above discussion,t shouldbe clearthat the study of local perturbationsof a
quantumdynamicalsystem(O, 7, w) dependritically on the natureof the statew. We
candistinguishtwo cases:

1. If wisa(r, B)-KMS state,we aredealingwith a systemnearthermalequilibrium
We expectthat
lim 7o (A) = wy(A),

t—*+o0
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for ary initial staten in thefolium N, andary A € O, wherewy is a(ry, 8)-KMS
state. This ergodic problemcanbe reducedto the spectralanalysisof the standard
Liouvillean Ly . Althoughspectratheoryof thestandard.iouvillean hasbeensofar
understoodnly for very few systemsthe conceptuaframework of ergodic theory
nearthermalequilibriumis well-understood.

2. If w doesnot belongto the folium of a (7, 5)-KMS state,the systemis far from
equilibrium In contraswith theformercasetheconceptuaframenork for thestudy
of NESSis notwell-understoodin theremainingpartof this subsectionwe describe
the two approacheshat have beenadoptedso far in the mathematicallyrigorous
literature.

3.3.1 The Scattering Approach

Let (O, 7,w) beaquantumdynamicalsystemandV alocal perturbationsuchthatfor all
A in anorm-dense- subalgebra), C O,

/ WA ) dt < oo, / Wit (Al d < . (18)

—0oQ — 00
As in the previous subsectiontheseconditionsensurethatthe stronglimits

+_ —t ot
a, = lim 77" o1y,

t—+oo

exist anddefines- automorphismsf O. It follows thatthat > (w) = {wi} and

+ + . t
wy =woay = lim woTt{(A4).
14 \4 t—+oo V( )

TheMgller morphismSa‘jﬁ induceunitaryoperators{]‘j,E betweenthe GNS spaceg4,, and
Hw‘%. Theseoperatorgntertwine the representations,, o a‘jﬁ and T and provide uni-

tary equivalencedetweerthe standard.iouvilleansassociatedio w andw‘jﬁ. Undersome
additionalregularity assumptionsnecanalsoshav thatfor suitabled € O,

t1 tn—1

wiH(A) = w(d) + ) (&))" / Tty [ty ([T V), [ [ V), AT).
>1 0 0 0

(19)
The expansion(19) can be usedfor perturbatie computationsof basicthermodynamic
guantitiessuchasentrofy productionandheatfluxes.

It is importantto remarkthatthe assumptiong18) are very difficult to verify in concrete
physicallyinterestingmodels,andsofar they have beenestablisheanly for a few exam-
ples. Neverthelessye believe thatthe scatteringapproachs a helpful tool in developing
the conceptualinderstandingf the subject,muchin the spirit of the “chaotichypothesis”
usedin classicahon-equilibriumstatisticalmechanicgsee[RuZ2)).



An exampleof a systemwhere (18) holds hasbeenprovided by Botvich and Malysher
[BM]. ConsiderafreeFermigaswith oneparticleHilbert spaceH andoneparticleenegy
h. Assumehath haspurelyabsolutelycontinuouspectrumLet O, consistf finite sums
of monomials

a®(f1) - a* (fa),

suchthat(16) holds. SetV = AP, whereP € O, is anevenpolynomial. Then(18) holds
for sufficiently small A € R. In this casegachtermin the expansion(19) is well-defined,
andtheseriescorvergesabsolutelyfor all A € Oy.

3.3.2 The Spectral Approach

As alreadypointedout, the thermodynamicallynterestingNESSassociatedio alocal per
turbationV” of the quantumdynamicalsystem(O, 7, w) arenotin thefolium A/,. Sinceon
the otherhandthe kernelof Ly, andmoregenerallyits eigewvectors,provide information
aboutw- normal - invariantstates the thermodynamicatontentof the spectraltheory
of Ly is not easilydecoded.This explainswhy, for mary years,scatteringheorywasthe
only availableapproacho the studyof singularNESS.

Recently in [JP5], we have developeda spectraltheory of NESSwhich we describehere
in its simplestsetting. Accordingto the remarkin Subsectior8, we defineNESSusing
Abelianaveraging(8).

Let (O, 7,w) beaquantumdynamicalsystemandV alocal perturbation Assumethatw is
amodularstateandthatthemap

R >t V; =etbeVe e c o,

extendsto an analytic function (in norm) inside the comple strip {0 < Imz < 1/2},
boundedandcontinuousonits closure(the setof suchV is totalin 93t,,). The C- Liouvil-
leanof thelocally perturbedsystemis definedby

Loo = L+ V — JV_Z/QJ

This operatoris closedon D(L,) = D(L). Its spectrumis containedin {|Imz| <
|Vi/20l}, andits adjointis givenby

Lt =L+V — JVipl.

The operatorg L., andiL}, generateguasi-boundedtrongly continuousgroupson H,,.
By constructiorf),, € KerLq,, thus

e, =Q,
(seeEqu. (2)) andit follows from the Trotter productformulathat

T{;(A) — eitLoo Ae—itLoo — eitL(’;0 Ae_itL:;". (20)

17



18

ForImz > 0, we definelinearfunctionalsw, € O* by theformula
wo(A) = i / ity (rL(A)) dt.
0

Clearly themapz — w, is weak= analyticin the half-plane{Imz > 0}. Moreover, for
Imz > ||V )2, we have

wy(A) = (Q, A(LE, — z)flﬂw) .

This formula andthe fact that Abelian NESSyu € E‘%,Ab(w) areweak-* limit points,as
e | 0, of (¢/i)w;e Suggestshat NESSare describedby zero-resonanceigervectorsof
LY%,. Indeed,it is possibleto develop an abstractaxiomaticcomplex deformationtech-
niquewhichallowsto directly relateNESSto the zero-resonanceigervectorsof L7 . This
methodhasbeenusedin [JP5]to studythe NESSof a finite quantumsystemcoupledto
severalfermionicreserwirs atdifferenttemperaturesrhis analysishasledto resultswhich
couldnot bereachedy scatteringmethods.In particular it allows to obtainpreciseinfor-
mation on the relaxationto the NESSfrom the study of comple resonancesf the C-
Liouvillean. We briefly describehe modelandresultsof [JP5]in Section5.3.

Thespectralpproactto the studyof NESSis arecentdevelopmentwhich hasled to some
insightsinto the generalstructureof the non-equilibriumquantumstatisticalmechanics
and hasbeena useful tool in the study of someconcretemodels. The methodis still
beingdevelopedandits full potentialremainsto bereached It shouldbe noticedthatthis
approachto the dynamicalpropertiesof quantumdynamicalsystemis closely relatedto
the study of the decayof correlationsin classicaldynamicalsystemsandin particularto
Ruelleresonancesf thetransferoperator(seefor example[Ru7,Ru8,Ru9]and[E]).

4 Entropy Production

4.1 PhenomenologicalConsiderations

In non-equilibriumthermodynamicsthe local entrogy productionrateos is definedasthe
sourcetermin thelocal entrofy balancesquation

0is + divs = o,

wheres is theentropy densityands theentroy flux. In a stationarystate thetotal entropy
productionrate in a subsysten®s is thereforeequalto the net entroy flux leaving this

subsystem.If S interactswith independenteseroirs Ri,Rs,---, which arein thermal
equilibrium at inversetemperaturedy, 52, - - -, thenentropy leavesS with arategiven by
theformula

_Z/Bkéka
k



Figure2: Theenegy currentsd,.

where®; denotesheenegy currentleaving thereseroir R, (seeFig. 2). TheHamiltonian
of thecombinedsystemS + R1 + --- is

H=Hs+)Y Hg,+V,
k

whereV describegheinteractionbetweenS andthereserwirs. The Heisenbay equation
for the total enegy of the reservir R, leadsto the expression®, = —i[H,Hg,] =
—i[V, Hg,]. To malke the connectiorwith the algebraidormulationwe notethat

q)k = 5k(v)a

wheredy, = i[Hg,, -] is thegeneratoof thedynamicsof R. Theentrofy productionrate
in astationarystatey cannow bewrittenas

Ep(u) = (— 3 ﬁkék(V)> - (21)
k

Clearly theagumentleadingto this formulaphysicallymakessenseonly in theidealized
casewheretheinteractionV is sosmallthatit doesnotaffectthethermalequilibriumstates
of thereserwirs. In concretemodels,strictly speakingthis will only be the caseif either
V =0o0rp; = pBs = ---. However, if thereseroirs areinitially in thermalequilibrium
at differenttemperaturesywe do not expecta local perturbationV' to be strongenoughto
inducea globalapproacto thermalequilibriumin thecombinedsystemS + R; + ---. In
suchcircumstancegrovidedthattherestrictionto R, of the NESSy remainssuficiently
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closeto theinitial thermalequilibrium,the quantitydefinedin Equ. (21) shouldstill carry
usefulinformationon thethermodynamicef the system.

In fact,aswe shall seein the next section,Ep(u) hasmary of the expectedpropertiesof

anentrogy production. In particular Ep(x) > 0 for an NESSy, andthe strict positivity

of Ep(u) is a sufiicient conditionfor the existenceof enegy currents.Thus,we consider
Equ. (21) asa sufiicient motivation for the generaldefinition of entrofy productiongiven

belov. We referthe readerto [Ru4, Ru5, Ru6] for a moredetaileddiscussiorof entropy

productionin spinsystems.

4.2 Definition and BasicProperties

Let (O, 7,w) be a quantumdynamicalsystem. For ary staten € N, we denoteby
Ent(n |w) the relative entrogy of n with respectto w. The basicpropertiesof the rela-
tive entrofy arediscussedn the monograpHOP]. We recallthatEnt(n |w) < 0 andthat
for finite quantumsystems

Ent(n |w) = Tr (n(logw —logn)) . (22)
Notealsothatournotationfor therelative entropy differsfrom theoneoriginally introduced

by Araki in [Ar3, Ar4] by asignandthe orderof its two arguments.

We shallneedtwo assumptionsThefirst oneconcernghe statew:
(Al) Thereexistsa C*- dynamicss,, suchthatw is a(o,,, —1)-KMS state.

Remark 1. Thechoiceof thereferencaemperaturggd = —1 in (Al) is madefor mathemat-
ical corveniencelf (Al) holds,thenfor ary 3 # 0 thereis a C*- dynamicso,, 5 suchthat

w is (oy 8, 8)-KMS state(seta(f]’ﬂ = o[,t/ﬂ). Let usalsopoint out thata statesatisfying
(A1) is modularandthat Takesakis theoremshavs thato? (A) = e?fw A ~#Ew,

Remark 2. A statewhichcanbefactorizednto aproductof KMS statessatisfieCondition
(Al1). Indeed.,if

N
w = Qwr; (23)
k=0

wherewy, is (7%, Bk)-KMS, thenw is (®krk_’3’“t, —1)-KMS. Sincethisisacommorsituation
in non-equilibriumstatisticalmechanicsour first hypothesids quite natural.

Let ., bethegeneratoof o,,. Oursecondassumptions aregularity conditionfor thelocal
perturbation:

(A2) V € D(5,).



Remark 3. To make theconnectiorwith thediscussiorof theprevioussectionandFormula
(21), notethatfor the state(23) we get

60.1 = - Zﬂkéka
k

wheredy, is the generatoof 7. Thus,identifying the factorcorrespondingo £ = 0 with
the systemS andthe remainingfactorswith the reserwirs Ry, we caneasilyreproduce
Formula(21) by settingsy = 0.

For a 7- invariantstatew satisfyingHypothesig/Al) anda local perturbationl” satisfying
(A2), weintroducethe obserable
oy = (5w(V) c 0,

anddefinetheentrogy productionof thelocally perturbedsystem(O, 7v/) in the stationary
staten € E(O), with respecto thereferencestatew, as

Ep(n) = n(ov).

The following theoremis a simple extensionof the mainresultin [JP4 (see[JP§ for the
proof).

Theorem 4.1 Assumehat Hypothese$Al) and (A2) hold. Then,for any staten € N,
onehas

t
Ent(n o T{t/ |w) = Ent(n | w) — / n oy (ov)ds, (24)
0

both sidesof this equalitybeingeitherfinite or —oo.

The proof of Theoremd.1is basedon the Araki perturbatiortheoryof KMS stateqAr5].
It is however aninstructive elementaryexerciseto verify Relation(24) for finite quantum
systemsWe usethe notationof Example2.3.1andset

t —it(H+V)

m=noty =e HHAV)

ne .
FromEqu. (22) we get

Ent(n o 7, |w) = Tr(n; logw) — Tr(n; log ;)

= Tr(n; logw) — Tr(nlogn),

andhence d
EEnt(n o1y |w) =i Tr([ny, H + V]logw).

Sincew is 7- invariant,we have [log w, H] = 0 andthecyclicity of thetraceleadsto

%Ent(n ot |w) = —i Te(ms [log w, V]).
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Finally, notethatd,, (V') = i[log w, V], from which we conclude

%Ent(n ot |w) = —Tr(n 6,(V)) = —1 0 78 (6, (V).

In therestof this sectionwe describesomebasicpropertiesof the entrogy production.Let
p € 37 (w) besuchthatu(A4) = lim, w’(A), thenonehas

1 I
lim T—Ent(w o 7‘7;" |w) = —lim T / wo Ty (oy) dt = —Ep(u). (25)
0

L) n Anp

Thefollowing resultfollows immediatelyfrom this relation.
Theorem 4.2 AssumehatHypothese$Al) and(A2) hold. Thenanyy € % (w) satisfies

Ep(u) > 0.

Remark. Obviously Ep(u) < 0if p € 7, (w). In particular Ep(p) = 0 for ary p €
S w) N Ey (w).

As displayedby Formula(25), Ep(u:) describeghe rateat which the relatve entrofy de-
creaseslongthetrajectoryw o {,. Theideaof definingentrofy productionasthe asymp-
totic rateof decreasef somerelative entrojy wasalreadypresenin theearlyworks[Sp1]
and[LS], althoughin the slightly differentcontext of quantumsemigroups.For quantum
dynamicalsystemsa similar constructiorcanbefoundin [OHI, O1, 0O2], wherethe posi-
tivity of entrogy productionis alsodiscussed.

Thenext resultshavs thatthis asymptoticbehaior, andthusthe valueof Ep(u), is essen-
tially independenof the choiceof thereferencestateusedto computetherelative entropy.

Proposition 4.3 Assumehat (A1) holds,thentheris anorm-densesetof states\/, C N,
sud that,ast — oo,

Ent(y o 7} |w) = Ent(n o th|w) + O(1),
foranyw’ € N andanyn € N,,.

Sincewe believe thata statey € N, describethe samethermodynamicasw, we expect
sucha stateto have vanishingentropy production. This was shavn in [JP4 underthe
assumptiorthaty is faithful. The next statemengeneralizeshis result.

Proposition 4.4 AssumehatHypothesegAl) and(A2) hold. Then for anyry - invariant,
w- normalstateu, onehas

Ep(u) =0.



Underthe assumptiongf the above propositionit follows that,for any NESSy € E‘jﬁ(w),
onehas

Ep(p) = ps(ov),

whereps denoteghe w- singularpartof . Thusthe singularpartof a NESScontainsthe
full informationaboutits entrofy production.

Thereverseof Propositiord.4 holdsin a slightly wealer form:
Proposition4.5 Assumehat (A1) andthefollowing conditionhold,

o . t B
hgclngnt(w oy |w) > —oc.
Then,onehas

(@) = Ty (@) = {4} C N

Undersomeweak ergodicity assumptionwe canactually characterizes- normality of a
NESSby the vanishingof its entrofy production. This resultis an effective way to prove
strict positvity of entrofy productionin someinterestingexamplesseeSection5.3.

Proposition 4.6 Assumehaty € X (w) satisfies

sup

T
/ (wo T{(ov) — uloy)) dt| < . (26)
T>0 |Jo

Theny is w- normalif andonlyif Ep(u) = 0.

Finally, we wish to briefly comebackto the interpretationof entrofy production. For a
NESSu € Efﬁ(w), we have seenthat Ep(u) describeghe divergencerate of the entropy
of w o 7{, relative to a “typical” referencestatein \;,. However, we do not yet have such
an interpretationfor an arbitrary 7 - invariantstaten € E(O) (we are gratefulto J.L.
Lebawitz for raisingthis question).

Letn € E(O) beanarbitrarystate.SinceN,, is weak-*densen E(O), thereis asequence
nn € N, whichconvergestowardsy in theweak-*topology Moreover, oneeasilyarranges
thatsequencéo satisfyEnt(n, |w) > —oco. By Theoremd.1, thelimit

AS(n,t) = li%n (Ent(nn o1l |w) — Ent(n, | w)) , (27)

exists,is independentf the choiceof the approximatingsequence,, andsatisfies

t
a0 == [ norp(ov)ds.

Hence|f 7 is 7y - invariant,thenEp(n) is therateof divergenceof the entropy differential
AS,
AS(n,t) = —tEp(n).

23



24

4.3 Stability and Entropy Production

Let (O, 7, w) beaquantumdynamicalsystemsuchthat (O, 7) satisfiesAssumption(E) of
Section3.2 for somex- subalgebra)d,. It follows thatfor ary self-adjointV € O, and
1Al < Av, onehas¥i, (w) = {w}y }. Assumethatw satisfiesHypothesis(A1) andthat
(A2) holdsfor all self-adjointV € Oy. Finally supposehatthefollowing assumptioralso
holds:

(A3) For all self-adjointV € Oy

t
/0 (wo iy (ov) —wyi, (ov)) ds| < co.

sup
[Al<Ay, t>0

By Theorend.1,if Ep(wj\LV) = ( theassumptionsf Propositiond.5hold andtherefore
wyy = Wiy € No.
Moreover, thewell-known entropicinequality
oty — wl® < ~2Ent(wfy, ),
togethemwith the uppersemi-continuityof therelatve entroyy, yieldstheestimate
lwhy — wl® = O().

Thusthe stability assumptior{S) is satisfiedand,providedw is afactorstate,Theorem3.4
yieldsthatw is a(7, 5)-KMS statefor someg € R U {+o0}.

Henceundersufiicient regularity assumptionsy is aKMS stateif andonly if the entrogy
productionvanishedor sufiiciently mary local perturbationd’”. More precisely:

Theorem 4.7 Let(O, 7, w) bea quantumdynamicalsystenwhere w is a factor statesat-
isfying (A1). Assumethat (E) holds and that (A2) holdsfor all self-adjointV € Q.
Finally assumehat (A3) holds. Underthesehypothesesy is a (7, 3)-KMS statefor some
B € RU {+oo} if andonly if Ep(u) = 0 for all 4 € =},,(w), all local perturbations
V € Oy andall suficientlysmallA € R.

Exampleswhereall conditionsof Theorem4.7 are satisfiedcanbe constructedusingthe
evensubalgebraf afree Fermigas.We omit the details.

4.4 Time-DependentPerturbations

In this sectionwe considertime-dependentocal perturbationsof a quantumdynamical
system(O, 7, w). Theresponsef the systemto suchperturbationsill shedanadditional
light onthe notionof entrofy production.
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The entrogy productionfor time-dependenperturbation®f C*- dynamicalsystemshave
beenpreviously studiedin [OHI, O1, O2]. Someof the basicformulasof this sectionseem
to beknown for alongtime (seeRemarkon page281lin [PW]).

A time-dependenlocal perturbationis specifiedby a norm-continuousself-adjoint, O
valuedfunction V' (¢) on R. The perturbedime evolution is a family of norm-continuous
automorphismsf O givenby theformula

WL i [ty [ ), eV 0), AT

Notethatin generalr{, is notagroup.

Theusualinteractionrepresentationf thistime evolutionis givenby
v/(4) = Ty (A)TY, (28)

whereT, is theunitary elemenbf O satisfyingthedifferentialequation

9t =iryr (v ), (29)

with theinitial conditionT'), = 1.

Throughoutthis section,we assumehat the statew satisfies(A1l) andthat V' (¢) satisfies
(A2) for all t. Moreover, themapst — V (t) andt — 4,,(V (t)) areassumedo berespec-
tively C1 (R, ©) andC(R, O). We set

ov(t) = 8,(V(2),
andfor ary staten € E(O), we definetherateof entrogy productionby

Ep(n,t) = n(ov(t)). (30)
Theanalogof the Theoremd.1is thefollowing result.

Theorem 4.8 For anystaten € N, sud thatEnt(n | w) > —oo, onehas

t
Fnt(n o 7t |w) — Bnt(n|w) = _/0 n o i (ov(s)) ds = —in(Th6,(TH)).  (31)

Its proof follows closelythe proof of Theorem4.1. Time-dependeniocal perturbations
allow usto discusssomephysicalaspectof entrofy productionwhich could not be dis-
cussedvithin theframework of Section4.2. The mostinterestingof thoseaspectsnvolves
therelationbetweerentropy productionandCarnots versionof thesecondaw of thermo-
dynamics.



Assumethatthe system(O, ,w) is initially in thermalequilibrium— this meanghatw is
a(r,3)-KMS state,wherep > 0 is the inversetemperature The KMS conditionimplies
thaté,, = — (4. AssumealsothatV (¢) vanishesutsideof theintenal [0, T']. Relation(31)
yieldsthat

Ent(w o 7y, |w) = iBw(I}4 (TTF)) . (32)

On the otherhand,the quantityW = —iw(I“T,é (F‘T,*)) is preciselythe work doneon the
systemby thetime-dependerforce V. Let usbriefly elaboratehis well-knowvn point (see
SectionV.3.3in [Ha] and Appendixto SectionlV.5in [Sil]). Assumethatour systemis
finite, thatis, that O is afinite dimensionaklgebra.Denoteby A the Hamiltonianof the
unperturbedsystem,sothaté(-) = i[H,-]. The Hamiltonianof the perturbedsystemis
H(t) = H + V(t), andits enegy attime is

e(t) = w(ry (H(t)).
SinceH(T) = H, thetotal amountof work doneon the systemis givenby
W =e(T) —e(0) = w(ry(H)) - w(H)
= — [Jworh(8(V(t))) dt (33)
= —iw(T8ITT)),

wherethelastrelationis easilyderivedwith the help of (29) and(28). For infinite systems,
the total enepy is infinite and H is not well-defined. However, the work W remainsa
well-definedquantitygiven by oneof thetwo lastformulasin (33). In particular Equ. (33)
yieldsthefollowing expressiorfor theinstantaneoupower dissipatednto the system:

Oy (t) = —wo TH(8(V(1))).

Equ. (32) is theintegratedform of therelation

Ep(w o y,t) = BBy (1) (34)
Obviously, (32) and(34) areexpression®f thethermodynamicalelationdS = £dQ.

We further remarkthat sincethe relative entropy is alwaysnon-positve andg > 0, (32)

impliesthatthe enegy W transferedy the externalperturbationss alwaysnon-ngative

—thisis Carnots versionof the secondaw of thermodynamicsvhich saysthatonecannot
extractwork from a systemin thermalequilibrium. With regardto the usualdiscussiorof

passvity, enegy transferandthe secondaw of thermodynamic¢see[BR2, Ha, Si1, Th]),

we emphasizeherelationof thesenotionswith entrofy production.

Considemow two independensystems Oy, 7, w ), €achof which s in thermalequilib-
rium atinversetemperaturgdy (wy is a (7x, Bx)-KMS state).We set

0201®027 T:7—1®7-2a LUZOJ1®L02,
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anddenoteby §; the generatof 7. The generatomof 7 is givenby § = 61 + d2. As
alreadynoticed,Assumption(Al) holdsandé,, = —(511 + B202). Let V(¢) beatime-
dependenlocal perturbatiorof (O, 7, w), vanishingoutsideof thetime intenal [0, T'], and
establishinga temporarylink betweenthe two subsystemsin accordancevith the abore
discussionthetotal work doneby the externalperturbations

W = —iw(TT6(T7)).
Obviously, W = W7 + W5, where
Wy, = —iw(Ty 8, (T")),

is interpretedas the work doneon the k-th subsystem.As in the previous example, it
follows from Theoremé.8that

BiWi + BoWo = —Ent(w o 7 | w). (35)

Relation(35) hasaninterestingconsequencgPW]. If T}, = ﬂk‘l denoteghetemperaturef
the k-th subsystenand7; > 75, thenw is notathermalequilibriumstate andin principle
it is possibleto have W, < 0, which meanghatthefirst systemproduces positive amount
of work duringacyclic processSincetherelative entropy is non-positve, we getfrom (35)
thatW < 0 and

K < T, — T

Wy - Ty
This is the well-knowvn Carnots formulawhich statesthat the efficiengy of a heatengine
is limited by (T} — T»)/T1, whereT is the temperatureof the heatsourceand T3 the

temperaturef the heatsink (comparewith remarkon page216 of [BR2] and[PW]).

A deepresultof PuszandWoronavicz [PW] assertshat(underamild additionalregularity
conditionandassuming} > T5) thereexist perturbationV/ (¢) satisfyingall our conditions
andsuchthatW; < 0 (seealsoTheorenb.4.28in [BR2]). It suffices,for example thatthe
systemg Oy, 7k, wi) have the propertyof returnto equilibrium.

5 Thermodynamicsof Finite Quantum SystemsCou-
pled to Thermal Resewoirs

In this sectionwe considera morespecificclassof modelswherea finite quantumsystem
S interactswith severalextendedreserwirs R which areatthermalequilibriumat differ-
entinversetemperature®;. This classof modelsis a basicparadigmof non-equilibrium
guantumstatisticalmechanicgJP5 LS, Ru3]. The classicalstatisticalmechanicof such
systemshasbeendevelopedin [BL, L, LSh).

We definethesemodelsanddescribetheir basicpropertiesn Subsectiorb.1. Thegeneral
featuresof the scatteringapproachandspectralanalysisof thesemodelsare describedn
Subsectiord.2. Finally, in Subsectiorb.3, we discussa concreteexample.
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5.1 The Model

ThesystemS is afinite quantumsystemasdescribedn 2.3.1.We denoteits Hilbert space
by #s andits Hamiltonianby Hs. The corresponding’*- dynamicalsystemis (Ogs, 7s)
andwe denoteits (75, 0)-KMS state(i.e., thenormalizedtraceon Og) by ws.

Eachreseroir Ry, k = 1,--- , M, isaquantumdynamicalsystem(Oy, 7, w ), in thermal
equilibriumatinversetemperaturgd,. Thuswy, is a (7%, 8k )-KMS state.We denoteby dy
thegeneratoof 7.

ThecombinedsystemS + R; + - - - + Ry, is describedy the quantumdynamicalsystem
(O, 7,w) where
0=0s01®--Q Oy,

andthefree(i.e.,decoupledjlynamicss givenby
T=TsQ®TI Q- ®Tnp.
We areinterestedn initial statesof theform
W=WwsQuw1 Q- Qwpm, (36)

wherews is a faithful, 75- invariantstateon Og. We denotethe setof suchproductstates
by Ns. If (H,, 7w, Q) is the GNS-representatioassociateto w € Ns, thenH,, andr,
do notdependonthe choiceof w.

The coupling of the finite systemS with the reseroir Ry is specifiedby a self-adjoint
elementV, € Ogs ® Oy. NotethatV;, is naturallyidentifiedwith anelementof 0. We will
usesuchobviousidentificationwithoutfurthercomment.Thecompletenteractionis given
by thelocal perturbation

M
AV =2V,
k=1
where )\ is a coupling constant. We assumethat V;, € D(dy) for all k, and therefore
V € Ny D(dx). Thegeneratoof thelocally perturbeddynamicsr,y is givenby

M
Sw =3 O +i[Hs + AV, -]. (37)
k=1

The goalis to studythe NESSof (O, ,1/) associatedo the initial statesw € Ns. As
remarled in Subsectiord.1, the obserable describingthe heatflux from the R, into the
systemS is

(I)lc = )\(5k(V) = Adk(Vk).

It follows from Equ. (37) thatthe heatfluxessatisfythe enegy balancerelation

M
D ¥y =G (Hs + AV),
k=1
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from which we immediatelyobtainthe following expressionof the first law of thermody-
namics

Proposition5.1 For anyry - invariant stater, onehas

M
> n(®) = 0.
k=1

It is alsopossibleto definethe heatflux from the k-th reserwir into the systemS asthe
"changeof enegy” of S dueto thecouplingto R;. We thenobtaintheobserables

- d )
(Dk = %Tf\vk (HS)|t:0 = Z[)\Vk,HS], (38)
which satisfythe enegy balancerelation
M ~
> & = by (Hs). (39)
k=1
Therelationwith the previously definedheatflux is givenby
Dp = By — Aorv (Vi) + X[V, Vi (40)

Notethatboth®; and®;, areO()), while &), — &, is O()?), upto atotal derivative. From
Equ. (39) and(40) we obtainthefollowing result.

Proposition 5.2 For any Ty - invariant statern, onehas

M ~
> n(®) = 0.
k=1

Moreover, if [V, Vi] = 0, thenn(®) = n(Pk).
Finally, we relatetheheatfluxesto entrogy production.For this purposeit is corvenientto
choosdhereferencestate

Wy =wso Qw1 -+ Qwur,

wherews is the KMS stateof S at3 = 0. Thenwe have §,,, = — ), Bidx. Oneshavs
thatfor ary w € Ns,

Ent(wo i |w) = Ent(w o 7, |wp) + O(1)
ast — oo, andthefollowing resultis immediate.

Proposition 5.3 Assumehatw € N, thenfor anyy € - (w) onehas
M
> Bru(@k) = —Ep(u). (41)
k=1

Formula(41)is the basicthermodynamicelationbetweerheatfluxesandentrofy produc-
tion. In particular if Ep(u) > 0, theNESSy carriesnon-vanishingenegy currents.



5.2 The Study of NESS

In Section3.3 we have discussedhe scatteringand spectralapproacheso the study of
NESSfor generalquantumsystemslin this subsectionwe describefeaturesof thesemeth-
odswhich areparticularto the specificmodelS + Ry + -+ + Ry

5.2.1 The Scattering Approach

Thescatteringapproachdescribedn Section3.3.1hasto beslightly modifiedto accommo-
datefor thefinite subsystens. Thenecessarghangesredescribedn [Ru3]. Setting

OREOI®"'®0M7
TMRETQ - &Q Tm,
WR =Wg, - QWgy,,

the C*- dynamicalsystem(Ox, 7z ) describesreenon-interactingeseroirs. Assumethat
thereexistsnorm-densesubalgebra®)y ¢ O andOxy C O suchthat,for A € Oy and
Ar € ORo,

/Oo IV, 7% (1s ® AR)]|| dt < oo, /OO IV, 7 (A)]ll dt < oo (42)

—00 —

Ihefirst conditionensureghatthe limits
‘y:t A = lim 7 ¢ 7t 1s® A
V( R) : 1 v © ( S R)7

exist in normanddefinex- morphismsyi: Or — O. The secondconditionensureshat

the stronglimits

= lim 7 tor
t—+oo Vo

<H

(07
exist anddefinex- morphismsxi; : O — O. Oneshawsthatfor A € O,
a\:&(A) =1s® a\:ER(A)a

whereai, = (7i)™!. Thusai, arein fact+- isomorphismsThe setsEi (w) consistof
singleNESSwi; and

w‘:E :woa‘i,:wgoa‘jf%.
Undersomeadditionalassumptiorone canalso constructperturbatie expansionsof w‘jﬁ
analogoudo (19). For detailsandadditionalinformationwe referthereaderto [Ru3].

The abstractscatteringmethodis elegantand provides a fairly completeframework for
the study of NESS.However, in concretemodels,the verification of Conditions(42) (or
suitablevariantsof them)is aratherdifficult mathematicaproblem.
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Thereexistsanumberof interesting gssentiallyexactly sohvablemodels for which Condi-
tions(42) (or suitablevariantsof them)canbeverified. Onesuchmodelis the extensvely
studied XY spinchain[Arl, Ar2]. Anotheroneinvolves a single spin coupledto free
fermionicreserwirs [AM]. It would be interestingto studythe NESSof thesemodelsin
detailandshawv thatthey have strictly positve entrofy production.

5.2.2 The Spectral Approach

In this sectionwetake into accountheadditionalstructureof themodelS+R1+---+Rus
to elaboratehe spectratheoryof NESSdescribedn 3.3.2.Let (Hs, 7s, Qs) bethe GNS-
representationf Og associatedo the (s, 0)-KMS statewgy. TheLiouvillean Lg is then
givenby

L52H3®1—1®H5,

andif { E;} isthespectrunof Hg, thespectrunof Ls consist®f theeigevaluedifferences
{E; — E;}. In particular 0 is an eigervaluewhosemultiplicity is at leastequalto the di-
mensiorof Hs. Let (Hy, 7k, ;) bethe GNS-representatioof Oy associatetb wy andlet
L; bethecorrespondindLiouvillean. We assumehatthereserwirs aresuficiently emgodic
sothat L;, hasa simpleeigemvalue zero, the restof its spectrumbeing purely absolutely
continuousandfilling the entirerealline. The GNS-representatio(i,,, 7, ,,) associ-
atedto astatew € N is obtainedby takingtensomproductsof the GNS-representationsf
individual subsystemdn particular

Hy=HsQH1®---Q@Hum.
Thecorresponding.iouvilleanis
L:L5+L1+---+LM.

The eigevaluesof L coincidewith the eigevaluesof Ls andthe restof its spectrumis
purelyabsolutelycontinuousandcoverstherealline, seeFigure3.

Figure3: Thespectrunof L

Thestandard.iouvillean for thelocally perturbeddynamicsryy is

Ly=L+\V - AVJ.

If the temperature®f the reserwirs are different, then one expectsthat for small non-
zero\ all theeigevaluesof L turn into resonanceandthatthe spectrunof L is purely
absolutelycontinuougseeFigure4). Thisimpliesthatin non-equilibriumsituationsthere
is now- normal, 7y - invariantstate.In fact,by Theorem3.3,ary NESSis purelysingular
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O

Figure4: Thespectrumandresonancesf L,, farfrom equilibrium

To prove theabove spectraresultsin concretamodelsoneuseseithercomplex deformation
technique®r Mourretheory see[DJ] for ageneraldescriptionof thesemethods.

If the temperature®f all the reseroirs are equal,0 remainsan eigervalue of L, with
an eigervector correspondingo the perturbedKMS statew,y. Apart from this simple
eigevalue,thespectrunof L, is expectedo be purelyabsolutelycontinuousall the other
eigewvaluesof L turninginto comple resonanceseerigure5. Thisyieldsthat,in thermal
equilibrium,thecombinedsystemenjoys strongergodicpropertiesandin particular hasthe
propertyof returnto equilibrium. Seg[DJ, JP3 andthe next sectionfor applicationof this
stratgy to concretanodels.

Figure5: Thespectrumandresonancesf Ly, nearequilibrium

In the non-equilibriumcasethe abore argumentshaws that, for small non-zerocoupling,
thereis nonormalNESS.To studysingularNESSoneusesthe C- Liouvillean definedby

Lyoco = L+ AV — AJATVA"2, (43)

whereA andJ arethe modularoperatorand conjugationof the unperturbedystem.For
sufficiently regular V', the operatorL) , is well-definedandclosed. It is not self-adjoint
andsatisfiesLy €2, = 0. The expectedspectralpictureis nov moredelicate. Roughly
thereis a BanachspaceB, denselyandcontinuouslyembeddedn #,,, with thefollowing
property For all ® € B, thematrix elements

(D, (2 — Laoo) D), (44)

originally definedfor largeImz > 0, have ananalyticcontinuationto the entirehalf-plane
Imz > 0, anda meromorphiaontinuationacrosgherealaxisto a secondRiemannsheet.
Theonly singularityontherealaxisis asimplepoleat0. Theresidueatthispoleis givenby

(®,Q,) (20, ), where2, € B* is a“resonanceeigervector” of L} . Foranorm-dense
subsetA C O suchthatn,(A)$2,, C B, theformula ’

w;\'—(A) = (0, 7 (A) ),

definesthe uniqgueNESSof the perturbedsystem.Moreover, €2 andhencewj\r will have
convergentexpansionsn powversof .



For detailsandadditionalinformationconcerningheabove heuristicdescriptiorof spectral
theoryof NESSwe referthereaderto [JP5]. In the next sectionwe describea non-trivial
modelto which the above spectralapproackcanbe effectively applied.

5.3 An Example

In this sectionwe considera concretanodelS + R1 + - - - + R, wherethereserwirs are
identicalfree Fermigases.For concretenessye assumehatthe Hilbert spaceof a single
fermion (in momentunrepresentationis # = L?(R?, dp) andthatits Hamiltonianis the
operatomf multiplicationby w(p) = |p|?/2m. Denoteby ¢ (f) = ax(f)+a}(f) thefield
operatorof R;. ThecouplingVy, is givenby

Vi = Qr ® o (o),

whereay, € H is aform-factorand@Q = Q; € Os. Thetotal perturbationis
AV =2) W,
k

where) is a couplingconstant.

To our knowledge, the dynamicalsystem(Q, 7,17) wasfirst studiedby Daviesin [Dal].
Davies investigatedthe van Hove weak couplinglimit A | 0, ¢ 1 oo with 7 = \*t =
O(1). This limit yields informationin the first non-trivial order of perturbationtheory
The paper[Dal] wasfollowed by a substantiabody of literatureconcerningdynamicsof
openquantumsystemsin the van Hove limit (for referencesand additionalinformation
see[GFV]). In particular the non-equilibriumthermodynamicé thevanHove limit have
beenstudiedin detailin [LS], while thelinearrespons¢heorywasdevelopedin [DS].

Thetoolsto studythe dynamicalsystem(O, 7,y) for finite small A have beendeveloped
only recently In the casewhereall thereserwirs have the sametemperatureit hasbeen
showvn in [JP3]thatthe systemenjoys strongergodic propertiesin fact,the systemstudied
in [JPJ differsfrom the oneconsideredereby the bosonicnatureof the reseroir. How-
ever the techniqguesxtendimmediatelyto the fermionic case(seealso [BFS, DJ, M] for
additionaldevelopments).The non-equilibriumcasehasbeenconsideredn [JP5], using
thespectrabpproactoutlinedin the previous section.In therestof this sectionwe briefly
summarizeheresultsof [JPF. For reason®f spacewe will notspecifyhereall thetech-
nical conditionswe need- the interestedreadermay consult[JP] for precisestatements
andadditionalinformation.

We needtwo assumptionsnthemodel. Thefirst oneis anon-dgenerag conditionwhich
ensuresheuniquenessf the NESS.

(ND) The commutant{ Hs, Q1,...,Qun} in Og is trivial, namely consists
only of multiplesof theidentity Moreover

/_OO e~ MEm=En) 4y (or () h (0r (cr))) dt # 0, (45)
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for B, By, € o(Hg).

Notethatif X € {Hs,Q1,...,Qum}, thent!,(X) = X. Thus,the non-triiality of the
abore commutantwould leadto an artificial multiplicity of NESS.Relations(45) ensure
thatthereserwirs inducestransitionshetweereigenstatesf the smallsystem.

The secondassumptiorwe needis of a moretechnicalnature.lt requiresthe form-factors
ay, to beanalyticin asuitablesenseThis conditionallows usto useacomplex deformation
techniqueo investigatehe analyticstructureof theresohent(44). It is possiblethatsome
of thetechnicaldevelopmentsn [BFS, DJ] canbeusedto relaxthis condition.

Fix aninitial statew € Ng andassumehatnot all 8, arethe same.The mainresultsof
[JP] aresummarizedasfollows: thereexistsaconstantA > 0 suchthat,for 0 < |A| < A,
thefollowing holds:

(1) =}, (w) consistof auniquepurely singularNESSwy';,. Moreover, for all
neN,and4 € O,
: t — 7t
t]ircr)lon o Tyy (A) = wyy, (A). (46)
(2) The limit (46) is exponentiallyfastin the following sense. There exist

v(A) > 0, anorm-densesetof states\Vy C N, anda norm-densex- subal-
gebra®, c O suchthat,for n € Ny andA € Oy,

[n o 7hy (A) — wiy (A)| < Cayre TV (47)

Moreover, y(A) = 1022+ O(A*) asA — 0, whereyy > 0 is acomputableon-
stant. In fact, —y() is equalto theimaginarypartof the non-zeroresonance
of theoperatorL, ., closesto therealaxis.

(3) B, Pp, oy = 6, (V) € Op. Hence Propositiord.6 appliesandgives
Ep(w),) > 0.

(4) Thereexist operatorsK s . : Os — Og, completelydeterminedy the sec-
ondorderperturbatiortheory (Fermi GoldenRule) of theresonancesf L) .,
andsuchthat Ks = ), Ks  is preciselythe generatoof the Markovian dy-
namicsin thevanHove limit. Namely for ary As € Og andary initial state
Ww=wsQuw; Q- - Quwy € Nswehae

)l\ii)%w o 7'_7:/)‘2 o Ti/v)\z (As (24 171) = ws (e_tKSAS) .

(5) For A € Oy, thefunction A — w,(A4) is analyticfor |A\| < A. More
preciselythereexistIinearfunctionaISw,j: Oy — C suchthat,for A € Oy,

wiy (4) = Ml (A). (48)
k>0
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Thefirsttermwy belongsto As andhencehastheform
w§:w5,6q®w1®---®w1\/1- (49)

The statews ¢q is 7s- invariant. It is asolutionof the equationks (ws eq) = 0.
Thenon-dgenerag condition(ND) ensureshatscalamultiplesof thedensity
matrix ws¢q arethe only solution of this equation. Although the formulas
for the higherordertermsin Equ. (48) becomequickly very complicated,n
principleit is possibleto computeall termsof this expansion.

The proofs of (1)-(5) are basedon the spectralanalysisof the C- Liouvillean L o, and

follow the stratgy describedn Section3.3.2. The necessarynodularstructuresneeded
to computethe C- Liouvillean aredescribedn 2.3.1and2.3.2. The technicalanalysisis

basednthecomplex deformatiortechniquepreviously developedin [JP2 JP3].Condition

(ND) is relatedto the ergodic propertiesof the Markovian semigroupe X+ (see[Fri, Fr2,

GFV, Sp2).

The results(3)-(5) allow to computeheatfluxes and entrofy productionperturbatiely.
Sincew, is invariantunderthe unperturbedlynamicswe have wy (oxy) = wy (%) = 0.
Hence,

Ep(wy) = Xwf (0 (V) + Nw3 (dug (V) + -+,
(50)
Wy (@k) = N0 (66(V)) + Vil (5r(V) +--- .

Of particularimportancearethe \2-contritutions(we will callthemthe FermiGoldenRule
terms). They canbe usedto give a perturbatre proof of the strict positvity of the entrofy
productionaswewill describebelov. With

E_p = wf—((swo (V))7

By = wy (5(V)),
we canwrite o B
Ep=—)_ Br®s.
k
FromEqu. (38),(40)it easilyfollows that
P, = ws,eq(Ksk(Hs))-

The operatorsKs 5, canbe explicitly computedanda somevhatlong computationshavs
that,aslong asthe g, arenotall identical,onehas

Ep > 0.

This givesanotherproofof thestrict positvity of theentrogy productionfor small\, which
hasthe adwantageof providing a concreteestimate.

Someof the principlesof phenomenologicahermodynamicsiold for the statews ¢q. Of
particularinterestarethe Onsagereciprocityrelations.For the proof of theserelationsand
additionaldiscussiorwe referthereaderto [LS].
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