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Abstract

We study self adjoint operators of the form H, = Ho + > w(n)(d,|-)dn, where
the d,,’s are a family of orthonormal vectors and the w(n)’s are independent random
variables with absolutely continuous probability distributions. We prove a general
structural theorem which provides in this setting a natural decomposition of the
Hilbert space as a direct sum of mutually orthogonal closed subspaces that are
almost surely invariant under H,, and which is helpful for the spectral analysis of
such operators. We then use this decomposition to prove that the singular spectrum
of H, is almost surely simple.



1 Introduction

Let H be a separable Hilbert space and Hy a bounded self adjoint operator on H. Let
{6n}nen be a set of orthonormal vectors in H, where A is either finite or a countable
infinite set. Let {p, }nen be absolutely continuous (w.r.t. Lebesgue measure) Borel prob-
ability measures on R and consider the probability space (€, dP), where Q = RV and
dP = @, dp,. For each w € €2, we define

Vo= wn)(@al)0n,  H,:=Hy+ V.. (1.1)
neN

We call families of self adjoint operators of the form { H,, } ,cq, Anderson type Hamiltonians
[JL1]. They are a conceptually and technically convenient generalization of many specific
models of discrete random Schrodinger operators discussed in the literature, including
the standard Anderson model on Z%, models with decaying, sparse, or surface random
potentials, models on Bethe lattice, etc.

We denote by H, ., the cyclic subspace generated by H, and a vector ¢ € H. This
subspace is the closure of the linear span of the set of vectors {(H, —2) 1 : z € C\R}.
By the spectral theorem, the operator H,, [ 'H,,  is unitarily equivalent to the operator of
multiplication by the parameter on L*(R, dpi,, ), where p,, , is the spectral measure for H,
and 1. In the sequel, p,p.ac and fiy, ¢ sing denote, respectively, the absolutely continuous
and the singular parts of p,, (w.r.t. Lebesgue measure). For notational simplicity, we
write H,,,, for Hy5,, twn for s, , ete.

For any subset M C N, we let H,, o denote the cyclic subspace generated by H,, and
the family of vectors {d, }nerr. This subspace is the closure of the linear span of the set
UnemHen. For every pair n,m € N, we define

En,m = {w : Hw,n l Hw,m}-
Let
S:={neN : for P-ae. w, u,, is not equivalent to the Lebesgue measure on R},

where we say that two Borel measures are equivalent if they have the same sets of zero
measure. Our first result is the following general structural theorem for Anderson type
Hamiltonians.

Theorem 1.1 (1) For every w € §, H, n is equal to the cyclic subspace generated by
Hy and {6, }nen, and is thus completely independent of w.

(2) For every pair n,m € N', P(E, ) € {0,1}.

(3) The relation n ~ m iff P(E,.) =1 is an equivalence relation on S.

(4) Let So = N'\'S and let S, k = 1,2,... be the equivalence classes generated by ~
within §. Then for every k > 0, there exists a closed subspace Hs, € H, such that for
P-a.e. weQ, H,s, = Hs,-

(5) For every k,m >0, k # m, for P-a.e. w € Q, Hys, L Hos,,-



We note that in many cases, S = N (in particular, this is clearly the case whenever
the spectrum of H, is almost surely not equal to R). Moreover, as we discuss further
in Section 3 below, there are many natural cases, including all of the above mentioned
discrete random Schrodinger operators, where ~ is an equivalence relation on NV, even if
S # N. In such cases, one can prove a slightly simpler variant of Theorem 1.1, in which ~
is an equivalence relation on N and where all of the S;.’s are equivalence classes generated
by ~. In the event that A"\ S # () and that ~ is not an equivalence relation on all of NV,
one can still view the set A/ \ S as a special equivalence class along side the equivalence
classes generated by ~ within §. We thus see that, in either case, Theorem 1.1 provides
a division of the set A/ into w-independent equivalence classes. Each such equivalence
class has an associated subspace of H, nr, which is the cyclic subspace generated by H,
and the set of §,, vectors corresponding to this class. (4) implies that these subspaces
coincide, P-a.s., with some w-independent subspaces. (4) and (5) together then imply
that these w-independent subspaces are mutually orthogonal and that they are P-a.s.
invariant under H,. Thus, Theorem 1.1 gives an w-independent decomposition of H as a
direct sum of mutually orthogonal closed subspaces which are P-a.s. invariant under H,,.

Recall that the main results of [JL1] were obtained for Anderson type Hamiltonians of
the form (1.1), under the additional assumption that P(F,, ,,) = 1 for every pair n,m € N.
The current paper is, in fact, a natural continuation of [JL1]. Part of the importance of
Theorem 1.1 is that it allows one to apply the results of [JL1] to the more general setting
considered here by essentially applying them independently to the restrictions of H, to
the different invariant subspaces associated with the equivalence classes generated by ~.

We note that by item (1) of Theorem 1.1, the invariant subspace H,, s is non-random
and that if H,n # H, then H, | HtN = Hy | Hj,N- Thus, our interest here is only
in H, | Hyn. Therefore, in what follows we identify H, with H, | H, a, namely, we
assume that {d, }nen is a cyclic family for H,,. This involves no real loss of generality. We
denote by H,, sing and H,, y sing the subspaces associated, correspondingly, with the singular
spectra of H, and H, [ 'H, . Recall that S;, £ =1,2,..., denote the equivalence classes
generated by ~ within §. Our main result is the following:

Theorem 1.2 Let ¢ =Y, ., axdn,, where ny € Sy, ap # 0, and >, a; < oo. Then for
P-a.e. w, -

Hw,sing = Hw,w,sing-

Remark 1. This says that, with probability one, the singular spectrum of H, is simple
and 1 is a cyclic vector for H,, [ H, sing-

Remark 2. If P(E,,,) = 1 for every pair n,m € N, then one can take ¢y = ¢, for
any n. This is the case, for example, if A is the set of vertices of a connected graph of
a bounded degree, H = (*(N), the §,’s are delta function vectors on A/, and Hy is the
associated discrete Laplacian ((Hoy)(n) = 32, _,, = ¥(m), where [n —m| is the distance



on the graph between n and m). The special case N' = Z? corresponds to the Anderson
model. A natural case to have in mind where P(E,, ,,) = 0 for some pairs is where A is
the set of vertices of the union of two or more connected graphs which are disconnected
from each other. In such a case, Theorem 1.2 says that the singular spectrum of H,, is
still almost surely simple, but one needs to take some linear combination of delta function
vectors from the different disconnected components of A/ in order to get a cyclic vector

for H, | He sing-
Theorem 1.2 is motivated, in part, by the following result of [JL1]:

Theorem 1.3 (Theorem 1.1 of [JL1]) Assume that P(E, ) = 1. Then the spectral
Measures [ty , and (i, are P-a.s. equivalent and the operators H, | Hyn and Hy, | Heym
are thus P-a.s. unitarily equivalent.

In this paper we prove

Theorem 1.4 Assume that P(E,,,) =1. Then for P-a.e. w,

Hw,n,sing = Hw,m,sing-

As we shall see below, Theorem 1.2 follows fairly easily from Theorem 1.4. Similarly to
[JL1], the proof of Theorem 1.4 can be naturally reduced to the special case N' = {1, 2}.
We study this special case using some standard tools of rank one perturbation theory
[Si2] and Poltoratskii’s theorem concerning the ratios of Borel transforms of measures
[Po, JL3]. We note that our proof of Theorem 1.4 relies heavily on the full strength of
Poltoratskii’s theorem.

For the case of pure point spectrum and a single class of equivalence, Theorem 1.2 has
been essentially proven by Simon in [Sil]. Theorem 1.2 is thus an extension of Simon’s
result. In particular, it extends it to singular continuous spectrum. We note that while
the random part (V,,) of H,, may be considered as the main generator of its spectral prop-
erties, it is also possible to consider Anderson type Hamiltonians where the random part
is “very small.” In particular, one can consider cases where V,, is almost surely a trace
class operator with an arbitrarily small trace norm. From this perspective, spectral prop-
erties which must hold for Anderson type Hamiltonians may be interpreted as “generic”
properties of self adjoint operators, because any spectral property of a self adjoint opera-
tor that cannot occur with positive probability for Anderson type Hamiltonians must be
very unstable—as it would be almost surely “removed” by a “tiny” random perturbation.
From this point of view, Theorem 1.2 can be interpreted as saying that singular spectrum
is “generically simple.” It is thus connected with the many known results concerning the
non-genericity of degenerate eigenvalues. As far as we know, Theorem 1.2 is the first
result establishing (in some sense) the non-genericity of degenerate singular continuous
spectrum.



We note that, since V,, may be a trace class operator, H, and H, may have the
same absolutely continuous spectrum with the same multiplicity. Thus, since Hy may
have absolutely continuous spectrum of arbitrary multiplicity, no general statement can
be made regarding the multiplicity of the absolutely continuous spectrum of H,. The
simplicity of the singular spectrum is thus the strongest possible statement that one can
make regarding spectral multiplicity for general Anderson type Hamiltonians.

Another potentially interesting aspect of Theorem 1.2 is that it provides a new criterion
for the existence of absolutely continuous spectrum for Anderson type Hamiltonians.
Explicitly, in order to prove that an Anderson type Hamiltonian has some absolutely
continuous spectrum (P-a.s.), it suffices to prove that its spectrum is not simple (with
any positive probability). Moreover, for cases with a single class of equivalence, it suffices
to show that for some n, d,, is not a cyclic vector with positive probability. These criteria
do not refer to any specific energy ranges (mobility edges) and could thus be potentially
easier to establish than, e.g., the detailed picture of Anderson delocalization suggested by
the physics literature for the Anderson model on Z<.

We note that (multidimensional) Anderson type Hamiltonians with singular continu-
ous spectrum have been constructed recently by Last-Simon [LS]. Theorem 1.2 establishes
the simplicity of the spectrum for these models.

We finish this discussion with some technical remarks. First, the assumption that the
w(n)’s are completely independent can be relaxed. It suffices that for each n, the condi-
tional probability distribution of w(n), given any {w(m)}m.y, is absolutely continuous,
and (if AV is infinite) that the tail o-field of the sequence {w(n)},en is trivial (so that
Kolmogorov’s 0-1 law can be applied). Second, the assumption that Hy is bounded can
also be relaxed. With the single exception of item (1) of Theorem 1.1, our results (namely,
items (2)—(5) of Theorem 1.1 and Theorems 1.2 and 1.4) hold with the same proofs also
for an unbounded self adjoint Hy, as long as H, [ Dom (Hy) N Dom (V,,) is essentially self
adjoint for P-a.e. w. We note that this condition is non-other than the natural condition
to ensure that H, makes sense as a self adjoint operator in this case. Regarding item (1)
of Theorem 1.1, we note that if Hy is unbounded, then a deterministic statement for all
w is not likely to be valid, since (if A is infinite) there will usually be some w’s in RV for
which H,, will not be self adjoint. However, our proof of this statement shows that H,
is equal to the cyclic subspace generated by Hy and {d, }nen for every w for which both
H, | Dom (Hy) N Dom (V) and Hy [ Dom (Hp) N Dom (V,,) are essentially self adjoint. A
natural case where this clearly holds is when V, is bounded. If Hy [ Dom (Hy) NDom (V)
is not essentially self adjoint, one can still use an argument similar to our proof of item
(4) of Theorem 1.1 below (namely, using rank one perturbations and Kolmogorov’s 0-1
law) to show that for P-a.e. w € Q, H, » coincides with some non-random subspace.
However, we cannot exclude in this case that the almost sure H,, o is strictly contained in
the cyclic subspace generated by Hy and {0, },en. We also note that, similarly, if we do
have that both H,, [ Dom (Hy) NDom (V,,) and Hy [ Dom (Hy) NDom (V,,) are essentially
self adjoint, then one can use an argument similar to our proof of item (1) of Theorem



1.1 below to prove a slightly stronger variant of item (4) of Theorem 1.1, namely, that for
every k > 0, for P-a.e. w € ), 'H,, s, coincides with the cyclic subspace generated by H,
and {0, }nes, -

The rest of this paper is organized as follows. In Section 2 we give some preliminaries
and in Section 3 we prove Theorem 1.1. In Section 4 we prove a theorem about rank one
perturbations and in Section 5 we prove a theorem about rank two perturbations, which
is a simple consequence of the theorem we prove in Section 4. Finally, in Section 6 we
prove Theorems 1.4 and 1.2.
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2 Preliminaries

Throughout the paper we will use the shorthand Ci := {z : £Imz > 0}. The Borel
transform of a complex valued measure ;o on R is defined by

F.(z) = /R (iu—(xz)’ Im 2z # 0.

If f e L'(R,du), then fu denotes the measure defined by (fu)(S) = [¢ fdu. We will
need the following celebrated result of Poltoratskii [Po, JL3]:

Theorem 2.1 Let i be a complex valued measure on R and f € LY(R,du). Then

i Ere P

for psing-a.e. E.
We will also need the celebrated theorem of F. & M. Riesz [Ri]:

Theorem 2.2 If ju is a non-vanishing complex valued measure on R and if F,(z) van-
ishes on C, then |u| is equivalent to the Lebesgue measure on R.

In the literature one can find many different proofs of Theorem 2.2. For example, three
different proofs are given in [Ko|. To the best of our knowledge, however, it has not been
previously noticed that the F. & M. Riesz theorem is an easy consequence of Poltoratskii’s
theorem. Since this fact is of some independent interest, we include the proof below.

Proof of Theorem 2.2. We first prove that |u| is absolutely continuous w.r.t. Lebesgue
measure. Write u = h|u|, where |h(E)| = 1 for all E. By Poltoratskii’s theorem,

F,(E+i
L (B +ie)

BB Ty =1,
BRE i M)



for |ptsing-a.e. E. Since lim¢o |F),(E + i€)| = oo for |usng-a.e. E, we must have that
lime | |F,(E + i€)| = oo for |p|sing-a.e. E. Thus, if |u|sng # 0, F,, cannot vanish in C,,
and we conclude that |pt|sng = 0.

To prove that |u| is equivalent to the Lebesgue measure on R, we need to show that

Im Fj, (£ +1i0) = lim edlpl(z)

——>0 2.2
o Jo (w— B2+ e (22)

for Lebesgue a.e. E. Since, for any measure v,

L (r — E)dv(x) i edv(x)
F"(E+1€)_/R (x — E)? + €2 + /R(x—E)Q+62’ (2:3)

we see that if Im Fj, (£ +i0) = 0 for some E, then F,(E +i0) = F,(£ —i0) (in the
sense that any one of these limits exists if and only if the other exists and then they are
equal). Since p is non-vanishing and F), vanishes on C,, F), is non-vanishing on C_, and
by well known results about boundary values of analytic functions [Ko], F, (£ —i0) # 0 for
Lebesgue a.e. E. Hence, if Im F), /(£ +10) = 0 on a set of positive Lebesgue measure, then
F,,(E+1i0) # 0 on a set of positive Lebesgue measure and this contradicts the assumption
that F), vanishes on C,. O

Another fact that we need is:

Lemma 2.3 Let p be a finite positive Borel measure on R and let f € L*(R,du). Then
for Lebesgue a.e. E € R for which Im F,,(E +10) =0, Fy,(E +i0) = Fy,(E — i0).

Proof. By the Cauchy-Schwartz inequality and (2.3), we have

\/ / 6|f|2d#+62 /(xidﬁfﬂ .

- \/Im Fp,(E +i€) Im F, (E + ie)

efd,u
e

(2.4)

Since limsup, o Im Fjgq2, (£ + i) < oo for Lebesgue a.e. E € R, we see that the last
expression in (2.4) goes to zero as € — 0 for Lebesgue a.e. E' € R for which Im F},(E+i0) =
0. Thus, by (2.3) again, we see that for an appropriate set of E’s

(v — E)f du(z) :
hmeM(E +ie) = 113(1) T G_Brie = lElr(I)lFfM(E — ie).

We also need:



Lemma 2.4 (the spectral averaging lemma) Let u be a Borel probability measure on
R, let A denote the operator of multiplication by the parameter on L*(R,du), let 1 denote
the constant function 1(x) = 1 Vo € R, and for every X € R, let puy be the spectral
measure for the vector 1 and the operator A+ X(1]-)1 on L*(R,du). Then for any Borel
set S C R,

[ ms)ar=1si.
R
where | - | denotes Lebesque measure.

Proof. This is an immediate consequence of Theorem 1.8 of [Si2]. O

In our proofs we will deal with functions on the probability space and with subsets
of it that are defined through the spectral theory of H,. It is not difficult to show that
all of the functions and sets which appear in our paper are measurable. We give below
two of the relevant measurability arguments, largely as an example of how these can be
obtained. The others are left to the reader. For definitions and basic results concerning
measurability for random self adjoint operators, we refer the reader to [CL].

Lemma 2.5 Let 1, be the orthogonal projection onto H,, . Then the map w — 1, is
measurable.

Proof. Let {2z} be an ordering of points in C\ R whose both coordinates are rational
numbers. Let ¢y, = (H, — 2;) " '¢. Obviously, ¢y, # 0, the linear span of the set {¢y.,}
is dense in H,,, for all w, and the functions w — ¢, € H are measurable. Let {uy,}
be an orthonormal basis of H,, , obtained from {¢y .} by the Gram-Schmidt procedure.
Then the functions w — uy,, are measurable. Since, for any ¢ € 'H,

]—w,w(b = Z(uk,w ‘ (b)uk,wu
k

the function w — 1, 4 is measurable. O

Lemma 2.6 Let ¢, p € H. Then the sets
O i={w:Hey L Hoot and Qo= {w: Heypsing = Huw,psing }
are measurable.
Proof. Let {¢;} be a countable dense set in H. Then
O ={w : (Low@illued;) =0, Vi, j},
and the set on the r.h.s. is measurable by the previous lemma.
Let 1gng(H,,) be the projection on Hy, ging. The map w — 1g,(H,,) is measurable (see

[CL]). Let 1, 4 sng be the projection on H ysing- Then, 1,y sing = Lsing(Hw)lw,y and so
the function w — 1, 4 sing is Measurable. Finally, the measurability of €2, follows from

Q2 - {w : (¢i|1w,w,sing¢j) = (¢i|1w,<p,sing¢j)7 VZ,j}



3 The relation ~

We recall the following well known result (see, e.g., the proof of Corollary 1.1.3 in [JL1]):

Proposition 3.1 Assume that for P-a.e. w, [ty n.ac 15 equivalent to the Lebesgue measure
on R. Then pi,,sng = 0 for P-a.e. w, namely, n ¢ S.

Proof of Theorem 1.1. (1) We assume here that both H, [ Dom (Hy) N Dom (V,,)
and Hy [ Dom (Hy) N Dom (V,,) are essentially self adjoint. (This clearly holds if Hy is
bounded.) Let Hy n denote the cyclic subspace generated by Hy and {d, }nen. Without
loss of generality, we assume that N = {1,2,...}, and for every n € N, we define

Hcfzn) = Ho + Z w(p)(dp| - )0,

1<p<n
HSY = Hy+ Y w(p)(6]-)5,.
p>n

For all z € C\ R and n,k € N, we have

(H) = 2)7'60 = (Ho — )"0k — ) w(p)(§|(He — 2)7'00) (Ho — 2) 6,

1<p<n

(HE = 2)"0p = (Hy — 2) 0+ Y w(p) (G| (HS) = 2)7'0k) (Hy — 2) 716,
1<p<n
and thus .
(H — 2)7'6), € How, (H — 2)716 € How

w

If NV is finite, then there is an n for which HU(Jn) = H, and ]jL(Jn) = Hy, and so we see
that Hox = Ho . Otherwise, our assumption that both H,, [ Dom (Hy) N Dom (V,,) and

Hy | Dom (Hy) N Dom (V,,) are essentially self adjoint implies that lim,, aY = H, and
lim,, Hu(,n) = Hy, where both limits are in the strong resolvent sense. Thus, we have

w
n—0o0

(H, — 2)7'6, = lim (H™ — 2)716, € Hon,

(HO — Z)_lék = lim (ﬁugn) — Z)_l(Sk € Hw,_/\[,

n—oo

and so Hon = Hu -
(2) First, note that H,, ,, £ He m iff there exists z € C\R such that (d,|(H,—2) 0m) #
0. Let w € E,,, and let z be such that (d,|(H, — 2)'0,,) # 0. Let p € N and

Hyx=H,+ )‘(5p| ) )51)- (3-5)



Then

(Onl(Hox = 2)"10m) = (0n|Ho = 2) ™ 0m) = A0l (Ho — 2)716,) (6] (Hop — 2)101n)
S (o — 2)726,) (8, (Ho — 2)716,) (3.6)
L+ (6| (Ho — 2)71p) !

= (0u|Hy — 2) " 26m) — /\<

where the second equality in (3.6) is obtained by applying the first equality to the case
n = p and then using the resulting expression for (,|(H,» —2) d,,). Hence, there exists
at most one X such that (8,|(H, — 2)"'0,) = 0. Since the random variable w(p) has
density, the event E,, ,, is independent of w(p) for all p € N. If NV is finite, this yields the
statement. If A is infinite, then E, ,, is measurable w.r.t. the tail o-field of the sequence
{w(p)} and Kolmogorov’s 0-1 law yields that P(E,,,) € {0, 1}.
(3) Let
Ry = {w : (6,|(H, — 2)7'6,,) # 0for some z € C, }.

Obviously, R,,,, C E,,. By the same argument as in the proof of (2), we see that
P(R, ) € {0,1}. If P(E,,,) =1 and P(R,,,,) = 0, then, by Theorem 2.2, fi,, , oc and
Im.w.ac are equivalent to the Lebesgue measure on R for P-a.e. w, and thus, by Proposition
3.1, n,m € N\ S. Hence, for n,m € S, P(E,,,) =1 iff P(R, ) = 1.

Consider now n, m,p € S and assume that n ~pand p ~m. Let w € R, ,N R, ,,. Let
z € Cy4 be such that (6,|(H, —2)7'6,)(8p|(H, — 2) " '6:m) # 0 (such z must exist, since the
the product of two non-vanishing analytic functions is a non-vanishing analytic function).
Then (3.6) again yields that there exists at most one A such that (6,|(H,x—2) 10,,) = 0.
Let §® € Q = RV be the sequence with 6%)(p) = 1 and §® (n) = 0 for n # p. Then for
every w € R, , N Ry, w+ A0®P) € R, ,,, for Lebesgue a.e. A. Since the random variable
w(p) has density, the Fubini theorem yields that P((R,, N Rpm) \ Rum) = 0. Since
P(R,,NR,,,) =1, we have P(R,,,,) =1 and so n ~ m. This shows that ~ is transitive.
Since it is obviously symmetric, we see that it is an equivalence relation.

(4) Consider any k > 0. We first show that for any n € S, and m € N \ Sy,
P(E, ;) = 0. For n,m € S, this is immediate from the definition of ~. If k¥ = 0 and
P(E, ) =1, then, by Theorem 1.3, pi,,, and p, m, are P-a.s. equivalent and so (i, must
be equivalent to the Lebesgue measure on R with positive probability. Thus, m ¢ S and
it follows that m € Sy = Sj. Similarly, m € Sy and P(E,, ,,) = 1 imply & = 0. Thus, we
see that in either case, n € S and m € N'\ Sy, imply P(E, ) = 0.

For every w € , p € N, and A € R, let H, , be given by (3.5) and let H,, s, be the
cyclic subspace generated by H,, » and {0, }nes,. Similarly to 3.6, we have for any n € NV,

(6p| (Ho — 2)~"0n)
14+ Mop|(Ho — 2)710p)

(Hyp—2)" "0, = (Hy, — 2) 6, — A (H, — 2)7'6,. (3.7)

Consider now n € Sy. If p € S, we see from (3.7) that H, r s, € He.s, for every w € Q and
A € R. By considering v = w-+ A3, this also implies H,, s, = Ho x5, € Hos, = Hors,

10



and so we see that for p € Si, Hu s, = Hos, for every w € Q and A e R. If p ¢ Sy, then
P(E,,) = 0, and so we have (8,|(H, —z)"'d,) = 0 for P-a.e. w, for every z € C\R. Thus,
we have in this case that (H,, , —2)"'6, = (H, —2) ', for P-a.e. w, for every z € C\R,
and so we conclude that ‘H, s, = Hos, for P-a.e. w, for every A € R. Therefore, for
any p € N, we have that H, s, = Hu.s, for P-a.e. w, for every A € R. That is, the
projection on H,, s, is a measurable function of w which is P-a.s. independent of w(p) for
any p € N. Thus, Kolmogorov’s 0-1 law yields the required statement.

(5) Consider k,m > 0, k # m. For every n € S; and p € S,,,, we have P(E,,,,) =0, and
so for P-a.e. w, Hy, L H,p. Thus, we clearly obtain that for P-a.e. w, H,s, L Ho.s,,-
O

We note that the only thing which is (possibly) preventing ~ from being an equivalence
relation on all of AV is the possibility that in some cases where Hy,,, £ Heym, we would
nevertheless have (8,|(H, — z) '0,,) = 0 for all 2 € C, (in which case we must have
that (6,,|(H, — z)74,) doesn’t vanish on C, and so P(R,,,) need not be symmetric
in n and m). This can prevent the relation ~ from being transitive. Indeed, it is not
difficult to construct examples (albeit with an unbounded Hy) with N' = {1, 2,3}, where
1 ~2and 2 ~ 3, but 1 ¢ 3. Fortunately, the F. & M. Riesz theorem, Theorem 2.2,
along with Proposition 3.1, assure us that this kind of “anomaly” can only happen in
cases where fi, ,, and [, , are both equivalent to the Lebesgue measure on R. Thus, one
can simply consider the class S = N\ S as a special equivalence class. This class is
different from the other classes S, k = 1,2,..., in that for £ > 1, we have P(E, ) =1
for every n,m € Sy, whereas we may have P(E, ,,) = 0 for n,m € S, so that H,, s, may
consist of “disconnected” components and H,, [ H, s, may be a more complex object than
H, | H,gs, for k> 1. Since, however, for n € Sy, 14, must be almost surely equivalent to
the Lebesgue measure on R, the spectral properties of H,, [ H,. s, are essentially known
(in particular, it must have purely absolutely continuous spectrum, P-a.s., and it thus
plays no role for the singular spectrum of H,) and so, from the perspective of spectral
theory, there is not much loss here.

We further note that ~ is, in fact, an equivalence relation on all of A in the following
cases (even if N'\ S # 0):

(a) The spectral measure for Hy and the pair of vectors d,,d,, is real-valued (namely, a
signed measure) for every pair n,m € N.

(b) 6, € Dom (H?) for all n € N, j > 0 and P-a.e. w.

The case (a) is seen immediately from equation (2.3), since one sees that in this case,
(0u|(Hy — 2) 7' 0m) = (6,|(H, — 2)715,,), where = denotes complex conjugation. For a
proof of (b), see Lemma 5.10 in [JL2]. In any of these cases, one clearly has a slightly
simpler variant of Theorem 1.1, in which ~ is an equivalence relation on N and where all
of the &;’s are equivalence classes generated by ~.

We also need the following fact:

Proposition 3.2 Letn,m € S and suppose that n o4 m. Then for P-a.e. w, the measures

11



e nsing ONA oy m sing aT€ Mutually singular.

Proof. We decompose the probability space {2 along the n-th coordinate, 2 = R x €,
Q =RV dP = dp, ® dP, dP = ®N\{n} dp;, and we write w = (A, @), where A € R
and @ € Q. Similarly to equation (3.6), we have for every p € N and z € C\ R,

(9p|(H(0.2) — 2)715n)(5n|(H(0,a)) - 2)715m).

Hog —2)t = Hoo —2)7 ! —
(0 ( (A@) 2)7 0m) = (6| (0,0) 2)" 0m) = A 1+>\(5n‘(H(0,@)—2)_15n)

(3.8)
Since P(E,, ;) = 0, we must have (6,|(H, —z)"d,,) = 0 for P-a.e. w, for every z € C\R,
and so by setting p = n in (3.8), we see that we must also have (8, |(Hz) — 2) '6,) = 0
for P-a.e. @, for every z € C\ R (otherwise, the r.h.s. of (3.8) cannot vanish for more

than one value of A). Setting now p = m in (3.8), we conclude that for P-a.e. &, for every
z€ C\R, (0,|(Hppng) — 2) '0,) is independent of X. Now let

Som ={E €R : limsup |(6,,|(H, — E —i€)'6,,)| = o0},
€l0

then for every w, S, ,, is a Borel set of zero Lebesgue measure which supports i, m sing-
Since, for P-a.e. @, (6m|(Hnz) — 2)~"0) is independent of A, we see that Si\ z)m is also
independent of A\, namely, for P-a.e. W0, Sn@),m = S0,@),m for every A € R.

By Fubini’s theorem,

/Qﬂw,n,sing(sw,m) dP(W):/Q [/RM(A,&),n,sing(s(o,&),m) dpn()\) dﬁ(&})

Noting that fix ), is the spectral measure for Hgz) + A(d,| - )0, and 4, and that the
measure p,, is absolutely continuous w.r.t. the Lebesgue measure, we have, by Lemma 2.4,

/RM(A,&J),n,sing(S(O,&),m> dpn<)\> =0

for all © € Q. Hence, fQ P sing(Swm) dP(w) = 0, and it follows that (i, sing L Hw,m.sing
for P-a.e. w. O

4 Rank one perturbations

The starting point of this and the next section is a self adjoint operator A on a separable
Hilbert space ‘H and two orthonormal vectors ¢, ¢ € H, which are a cyclic family for A.
Namely, we assume that the linear span of the set of vectors

{(A=2)" : 2€e C\R}U{(A—2)"1p : 2€ C\R}

12



is dense in H.
In this section we consider the family of operators

A=A+ AW )Y, AeR

The vectors 1, ¢ are a cyclic family for Ay, for all A € R. We denote by H) , and H,
the cyclic subspaces generated by A, and, correspondingly, ¢ and . These subspaces are
not orthogonal for all A iff they are not orthogonal for A = 0. Note, also, that H, , = Hy
for all \.

Recall the following result of [JL1]:

Theorem 4.1 (Theorem 2.4 of [JL1]) Let py, and iy, be the spectral measures for
Ay and, correspondingly, 1 and . Assume that the cyclic subspaces Hyy and Hy, are
not orthogonal. Then for Lebesque a.e. X € R, iy is absolutely continuous w.r.t. jiy .

Remark. We note that there is a minor error in the proof of Theorem 4.1 in [JL1].
Explicitly, Proposition 2.1 of [JL1] is not correct as stated. It should have been formulated
with the additional condition that the total variation of the complex spectral measure /i,
of the two vectors is not equivalent to the Lebesgue measure on R. This means that, in
essence, Theorem 4.1 is proven in [JL1] under the assumption that (¢|(4 — 2) 1) and
(¥|(A — 2)7Y¢) do not vanish identically in C,, which is stronger than assuming just
How £ Ha,. However, if either (¢|(A —2) ) or (¢|(A — 2) ') vanishes identically in
C, and if Hyy £ Hap, then by Theorem 2.2, fiy yac and piy s ac are both equivalent to
the Lebesgue measure on R, and so, by Proposition 3.1, uy 4 is equivalent to the Lebesgue
measure on R for Lebesgue a.e. A, and we see that Theorem 4.1 holds. Thus, Theorem
4.1, as well as all of the other results of [JL1] (which are mainly its consequences), are
correct as stated.

Let H sing and H 4 sing be the subspaces associated, correspondingly, with the singular
spectra of Ay and Ay [ Hy . Our goal in this section is to prove:

Theorem 4.2 Assume that the subspaces Hy  and Hy , are not orthogonal and that for
Lebesgue a.e. A € R, the measures iy and py, are equivalent. Then, for Lebesgue a.e.
A€ R; H)\,sing = H)\,w,sing-

Proof. Let 14,,(Ax) be the projection on H) ging. To prove the statement, we need to
show that for Lebesgue a.e. A, Lgng(Axr)¢ € Hapsing. We use similar notations to those
in the proof of Theorem 2.4 of [JL1]|. In particular, for ¢, ¢y € H and z € C\ R, we write
Ga(¢1, 02, 2) = (1](Ax — 2) " ¢2).

From the operator identity A= — B~ = B71(B — A)A~!, we have

GA(Qslu ¢27Z) = G0(¢17¢27 Z) - AGO(¢17w7z>G>\(w7¢2u Z). (49>
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By setting ¢1 = ¢ = 1 in (4.9), we get

. G0<w7w> Z)
G)\(wuwwz) - 1+ AGO(¢7¢72)7 (410>

and similarly, by setting ¢; = ¥, ¢2 = ¢, we get

o G0<w7907z)
G, p,2) = T AGo(.0.2)" (4.11)

By setting in (4.9) ¢1 = ¢2 = ¢, and then using both (4.10) and (4.11), we obtain (see
[JL1])

/\G0<§07 w7 z)G0<w7 ®, Z)
GO(,@Z)v wv Z)

Without loss of generality, we assume that Go(p, ¥, z) and Go(%, ¢, z) do not vanish iden-
tically in C, (otherwise, Theorem 2.2 and Proposition 3.1 would imply that for Lebesgue
a.e. A € R, pyy and py, are both equivalent to the Lebesgue measure on R, and so
Hosing = Haypsing = 0 for Lebesgue a.e. A € R). Let Sy be the set of all E € R for which
the limits Go(v, ¥, E +10), Go(1, p, E +10), Go(p, ¥, E+10), and Go(p, p, F +10) exist,
are finite, and Go(¢, ¥, E +i0) # 0, Go(g, ¢, E +10) # 0. By well-known results about
boundary values of analytic functions [Ko], the set R\ Sy has Lebesgue measure zero.

By Lemma 2.3, we see that for Lebesgue a.e. E where Go(¢, 9, E 4 i0) € R, we must
also have Go(v, ¢, E +10) = Go(1, ¢, E — 10). We define S; to be the subset of Sy where
either Go(¢, 1, E+1i0) ¢ R or else Go(¢, ¢, E+10) = Go(¢, ¢, E—i0). Then the set R\ S}
has Lebesgue measure zero.

Recall that piy ysing i supported on the set

G)\(QD7907Z) = GO(@? 2 Z) - GA(@/),%Z)- (412>

Sy :={E : Go(p,p, E+i0) = —=\"'},

a fact which can be easily seen from (4.10) (or see, e.g., [Si2]). The set Sy need not be
contained in S;. However, by Lemma 2.4,

/ fixgssing(R 1\ S1) dA = 0,
R

and so for Lebesgue a.e. A € R, 1) 4 sing 1s supported on Sy NS;. Hence, by using (4.10)
and (4.11), we see that for Lebesgue a.e. A € R, for a.e. E w.r.t. fi) . sing,

im G)\<w7 ®, E + 16) = lim GO(¢7 ®, E + 16)
elo Gy(Y, 1, B +ie)  elo Go(v, 9, E + ie)

© Go(v, 1, E +i0)

(4.13)

= —\Go(¢, ¢, E 4 10).
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In the sequel, ¢, denotes the projection of a vector ¢ on the cyclic subspace Hy, = H ) 4.
We identify H, = L*(R,duy), ¥ = 1. Then, by Theorem 2.1, for every \ € R,

lim G)\(wu P, E + 16)
€l0 G)\(wv ’QZ), E + 16)

= (Laing(Ar) )y (E)

for a.e. £ w.rt. fi)ysing. This and (4.13) yield that for Lebesgue a.e. A € R, for a.e. E
W.I. b [ g sing
(Ling(Ax) ) (E) = =AGo(1, ¢, E +10). (4.14)
Let
dpine = e Ay,
be the Lebesgue decomposition of iy, w.r.t. 1y (which is known to exist for Lebesgue

a.e. A € R by our assumption that s, and p, , are equivalent for Lebesgue a.e. A € R).
Theorem 2.1 yields that for Lebesgue a.e. A € R, for a.e. E w.r.t. i)y sing,

E .
lim GA(@a P, + 16)

0 Ga(i, 0, E +1€) Prpw(E).

Since lim_o |GA(¥, 9, E + i€)| = oo for a.e. E w.r.t. fi) ysing, it follows from (4.12) that
for Lebesgue a.e. A € R,

lim GA(907907E + 16) _ G0(9071/}> E+ 10)G0(¢7%E + 10)

10 Ga(1, ¥, E + ie) Go(1), 1, E +10)

= /\ZGO(SD7 wv E+ 10)G0(¢7 2B E + 10)7

for a.e. & w.r.t. fiyysing. It thus follows that for Lebesgue a.e. A € R, for a.e. ' w.r.t.

:u)\,w,singa
Fropw(E) = NGolp, ¢, E +10)Go (¢, ¢, E + 10).

Since Go(¥, v, E +10) is real for a.e. E w.r.t. iy sing (in fact, equal to —A\1), we have

Golp, ¥, E+10) = Go(v, ¢, E —10) = Go(¢), ¢, E +10)

for Lebesgue a.e. A € R, for a.e. £ W.I.t. f1) ysing. Lhus, by using (4.14), we see that for
Lebesgue a.e. A € R,

d,u)\,ap,sing<E) = >\2|G0(1/}7 P, E + 10) ‘2 d/i)\,w,sing<E)
= |(1sing<A>\)‘P)w<E)‘2 dﬂk,w.sing(E>-

Hence, for Lebesgue a.e. A € R, 1gng(Ax)p € Ha ypsing: U
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5 Rank two Perturbations

Let A, H, 1, and ¢ be as in the previous section. For (\,7) € R?, we define

Az = A+ A +n(e] ).

The vectors 9, p are a cyclic family for Ay, for all (A,n) € R?. We denote by Hy .
and H) , ., the cyclic subspaces generated by Ay, and, correspondingly, ¢ and ¢. These
subspaces are not orthogonal for all (\,n) € R? iff they are not orthogonal for A =7 = 0.
We denote by H) ,sing the subspace associated with the singular spectrum of A, ,.
Similarly, we denote by H ;.4 sing and H 5, sing the subspaces associated, correspondingly,
with the singular spectra of Ay, [ Haye and Ay, [ Hipe-
Recall the following theorem of [JL1], which is an easy consequence of Theorem 4.1.

Theorem 5.1 (Theorem 2.5 of [JL1]) Let puy, . and py,, be the spectral measures
for Ay, and, correspondingly, v and ¢. Suppose that the cyclic subspaces Hy, , and
Hanw are not orthogonal. Then for Lebesque a.e. (\,n) € R?, the measures jiy, and
Han,e are equivalent.

In this section we prove

Theorem 5.2 Assume that the subspaces Hy, . and Hy,,, are not orthogonal. Then
for Lebesgue a.e. (\,n) € R,

Hopsing = Hanusing = Ha e sing-

Proof. Let

Fl = {()\7 77) : H)\,n,sing = H)\,r],w,sing} 5 F2 = {(/\7 77) : H)\,n,sing = H)\,n,cp,sing} .

By Theorem 5.1, for Lebesgue a.e. (A, n) € R?, the measures p ., and jiy 4 are equiva-
lent. Fubini’s theorem and Theorem 4.2 thus yield that for Lebesgue a.e. n, the relation

HAJ]vSing = HAﬂ%vaing?

holds for Lebesgue a.e. A\. Thus, by Fubini’s theorem again, the set I} has full Lebesgue
measure in R A similar argument shows that F, has full Lebesgue measure in R? and
so we conclude that F; N Fy has full Lebesgue measure in R?. O
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6 Proofs of the main theorems

Proof of Theorem 1.4. Without loss of generality, we may assume that N’ = {n €
N : n < N}, where N is either finite or oo, and that n = 1, m = 2. We will use the
decompositions Q = R? x Q, w = (\,n, @),

dP(w) = (dp;(\) @ dpy(n)) @ dP(@).

Let €y be the set of all w’s such that Hon and H,2 are not orthogonal. Then, by
Fubini’s theorem, there exists a set QO c Q such that P(QO) = 1 and for every w € QO,
the subspaces H yz)1 and H (@2 are not orthogonal for p; ® po-a.e. (A, n) € R? (and
hence for all (\,7) € R?). Theorem 5.2 yields that for every & € €, for Lebesgue a.e.
(A,n) € R?,

Hama),1sing = Hane),2.sing- (6.15)

Since p; ® ps is absolutely continuous w.r.t. the Lebesgue measure on R?, (6.15) holds for
every w € €, for p; ® py-a.e. (\,n) € R?. By Fubini’s theorem, again, the relation

7_{w,l,sing = Hw,Q,sing

holds for P-a.e. w. O

Proof of Theorem 1.2. The linear span of the set U, csHo 5 sing 1S dense in H,, sing for
P-a.e. w. Since Hy psing = Huwmsing P-a.s. if n ~ m, and Hy psing L Hemsing P-a.s. if
n o m, we have, for any choice of n; € S,

w ,sing — @ Hw N,sing

for P-a.e. w. By Proposition 3.2, if k # j, then the measures fi, n, sing a0d [y n; sing are
mutually singular for P-a.e. w. This implies that for P-a.e. w,

r.u ,),sing — @ Hw ,Nj,sing

and so Theorem 1.2 follows. O
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